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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
31 ]. This is test number [ 149 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (31) | 0.00 (0)
Maple 96.77 (30 ) | 3.23(1)

Mathematica | 87.10 (27 ) | 12.90 (4)

Mupad 45.16 (14) | 54.84 (17)

Maxima | 45.16 (14) | 54.84 (17)
Fricas 38.71 (12) | 61.29 (19)
Sympy | 3548 (11) | 64.52 (20 )
Giac 19.35 (6) | 80.65 (25 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.548 0.000 0.000 6.452
Mathematica 70.968 3.226 6.452 19.355
Maple 54.839 6.452 29.032 9.677
Maxima 41.935 0.000 0.000 58.065
Fricas 19.355 9.677 3.226 67.742
Sympy 16.129 6.452 12.903 64.516
Giac 12.903 0.000 0.000 87.097
Mupad 0.000 38.710 0.000 61.290

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00

Maple 1 100.00 0.00 0.00
Mathematica | 4 75.00 25.00 0.00

Maxima, 17 82.35 11.76 5.88

Mupad 17 0.00 100.00 0.00

Sympy 20 60.00 40.00 0.00

Fricas 19 84.21 5.26 10.53

Giac 25 88.00 12.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.31

Rubi 0.69

Mupad 1.50

Giac 241

Sympy 5.86

Fricas 6.49
Mathematica 13.67

Maple 15.04

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Giac 180.00 1.03 210.00 1.05
Maxima 223.64 1.20 223.00 1.16
Rubi 353.81 1.01 284.00 1.01
Mupad 463.86 1.78 238.00 1.43
Mathematica | 464.67 1.19 297.00 1.10
Sympy 1409.45 7.86 345.00 1.82
Maple 2087.07 3.76 300.00 1.27
Fricas 206765.25 | 631.35 230.00 1.62

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Rubi number of steps

Rubi Mma Maple
100¢ . . o 100 . . 100 o .
.
80+ 80t ” 80t
© © el
£ 60f £ 60f £ 60f
o o [e]
@ 40 40 40
xX xX ES
20t 20t 20t
ot ot ot
1 2 3 4 1 2 3 4 2 3 4
Rubi number of steps Rubi number of steps Rubi number of steps
Fricas Giac Maxima
100¢ . 100 100 .
80t 80t 80t @
el el o
£ 60t . £ 60f £ 60
o [<} [e]
@ 40 40 % 40
S X . N
20t 20t 20
(018 . of . . of .
1 2 3 4 1 2 3 4 1 2 3 4
Rubi number of steps Rubi number of steps Rubi number of steps
Sympy Mupad
100t o 100
80¢ 80t a
o e hel
g 601 g 60
o o °
% 40} 2 40t
ES ES
20t 20t
0] 3 . OF .
1 2 3 4 1 2 3 4

Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used



CHAPTER 1. INTRODUCTION 14

1.9 list of integrals with no known antideriva-
tive

(26,27)

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {25

Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e 23]
2.1.7 Mupad ... 23]
2.1.8 SYympy . . . . oo e 23

2.1.1 Rubi

A grade { 125,756,785, 10} 1) 2 13, 14 5, 16) 7 5} 19) 20,21} 22 23,2 25,8 2
50,51}

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { 1255678010, 304 516,723, 22,24 25 20,61
B grade {[25}
C grade {[23[30}

F normal fail {[12/[19[20 }
F(-1) timedout fail {[18}
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {JEBABBAEHHEEEIEEEIE)
B grade {[10,28}

C grade { (1313167 3 [ E0E3E0 )

F normal fail {[25]}

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade {[}2[B[4[622 }

B grade {[1[821] }

C grade {24}

F normal fail { 5510} 1) (12 I3, 31516 [} 15, (9, 20 B3 25,80
F(-1) timedout fail {[31]}

F(-2) exception fail {[28,[29]}

2.1.5 Maxima

A grade {2BAERBIEBEIEHE)

B grade { }

C grade { }

P normal fail {31001 2135 1617 15 T B 25,60
F(-1) timedout fail {[14,[20]}

F(-2) exception fail {[27]}

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[21][22/[28)[29] }
B grade { }

C grade { }

F normal fail { 12,5178 5)6. 38,0 10,1} 12,13} 14 156, (7 23 24,25 50,1}

F(-1) timedout fail { [18}[19}[20] }
F(-2) exception fail { }

2.1.7 Mupad

A grade { }

B grade { LBEABMEIEIELES 95T )
C grade { }

F normal fail { }

P(-1) timedout fail {55610, LI 12 I33/15 16 17 1S [9 20,23 25,30
F(-2) exception fail { }

2.1.8 Sympy

A grade {[3[4P128[29 }

B grade {[I[2]}

C grade {[6[78,22)}

F normal fail { 5,5)(10} L1, 2 315,16, T3 1S 5,23 }

F(-1) timedout fail {[14][20[23][24,26]27}[30}[31] }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 184 185 255 246 252 264 345 0 273
N.S. 1 1.01  1.39 1.34 1.37 1.43 1.88 0.00 1.48
time (sec) N/A 0.347 0.516 2.574 0.299  0.255 0.451 0.000 0.922
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 139 218 191 186 196 262 0 197
N.S. 1 097 151 1.33 1.29 1.36 1.82 0.00 1.37
time (sec) N/A 0.309 0.475 1.485 0.289  0.257 0.371 0.000 0.868
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 110 163 119 126 133 160 0 127
N.S. 1 1.07 1.58 1.16 1.22 1.29 1.55 0.00 1.23
time (sec) N/A 0.283 0.395 1.224 0.289  0.247 0.323 0.000 0.378

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 7 7 69 71 71 87 0 67
N.S. 1 1.01 1.01 0.91 0.93 0.93 1.14 0.00 0.88
time (sec) N/A 0.249 0.009 0.418 0.266  0.250 0.249 0.000 0.438
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 138 138 138 156 0 0 0 0 0
N.S. 1 1.00 1.00 1.13 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.433 0.076 3.097  0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 94 111 110 107 116 658 0 112
N.S. 1 096 1.13 1.12 1.09 1.18 6.71 0.00 1.14
time (sec) N/A 0.249 0.232 1.576 0.281  0.268 1.503 0.000 3.760
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 146 157 192 153 214 313 2866 0 591
N.S. 1 1.08 1.32 1.05 1.47 214 19.63 0.00 4.05
time (sec) N/A 0.332 0.356 1.623 0.285 0.346 3.271 0.000 4.808

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 206 210 254 204 374 642 9202 0 0
N.S. 1 1.02 1.23 0.99 1.82 3.12  44.67 0.00 0.00
time (sec) N/A 0.402 0.678 1947  0.278 0.639 7.693 0.000 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 376 375 472 667 0 0 0 0 0
N.S. 1 1.00 1.26 1.77 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.751 0.951 3.124 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 284 312 503 0 0 0 0 0
N.S. 1 1.05 1.16 1.86 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.592 0.605 2.078 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 171 184 172 292 0 0 0 0 0
N.S. 1 1.08 1.01 1.71 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0473 0.482 1.333 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A F C F F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 223 223 0 1199 0 0 0 0 0

N.S. 1 1.00  0.00 5.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.294 0.000 68.260  0.000 0.000 0.000 0.000 0.000

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 341 350 300 513 0 0 0 0 0

N.S. 1 1.03 0.88 1.50 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.630 3.199 21.774 0.000 0.000 0.000 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F(-1) F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 496 496 479 729 0 0 0 0 0

N.S. 1 1.00 097 1.47 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 0.815 6.540 28.132 0.000 0.000 0.000 0.000 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 652 645 855 3122 0 0 0 0 0

N.S. 1 099 131 4.79 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.369 2.007 93.443 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 411 430 621 2633 0 0 0 0 0

N.S. 1 1.05  1.51 6.41 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.951 1.163 32.974 0.000 0.000 0.000 0.000 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 264 278 342 3886 0 0 0 0 0

N.S. 1 1.05 130 14.72 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.718 0.978 7927  0.000  0.000 0.000 0.000 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A F(-1) C F F F F(-1) F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 320 320 0 2398 0 0 0 0 0

N.S. 1 1.00 0.00 7.49 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.347 0.000 18.202 0.000  0.000 0.000 0.000 0.000

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A F C F F F F(-1) F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 499 502 0 2398 0 0 0 0 0

N.S. 1 1.01  0.00 4.81 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.783 0.000 22.853  0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 29
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F C F(-1) F F(-1) F(-1) F(1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 936 921 0 40258 0 0 0 0 0
N.S. 1 098 0.00 43.01 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.365 0.000 93.310 0.000 0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 250 256 252 303 323 1013 403 304 419
N.S. 1 1.02 1.01 1.21 1.29 4.05 1.61 1.22 1.68
time (sec) N/A 0.497 3.220 2.214 0.298  0.278 10.176 1.052  3.590
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 192 200 153 146 168 274 1266 184 203
N.S. 1 1.04 0.80 0.76 0.88 1.43 6.59 0.96 1.06
time (sec) N/A 0.404 0.112 0.569 0.300 0.256 6.616 0.461 2.689
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 501 469 326 138 0 0 0 0 0
N.S. 1 094 0.65 0.28 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.081 21.058 1.266 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 30

Problem 24 Optimal | Rubi MMA Maple Maxima  Fricas Sympy Giac Mupad

grade N/A A A A A C F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 328 338 321 297 287 2478078 0 0 883
N.S. 1 1.03 098 091 0.88 7555.12  0.00  0.00 2.69

time (sec) N/A 0.708 0.756  1.395 0.278 74.552  0.000 0.000 0.702

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1325 1325 4824 0 0 0 0 0 0

N.S. 1 1.00 3.64 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.309 36.630 0.000 0.000 0.000 0.000 0.000 0.000

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A TF(1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 47 36 0 22 22

N.S. 1 1.00 110 1.00 235 18 000 110 1.10

time (sec) N/A 0.183 51.612 0.450 0.618 0.230 0.000 0.280 0.385

Problem 2 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A F(2) N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 0 47 0 22 22

N.S. 1 1.00 110 1.00 000 235 000 110 1.10
time (sec) N/A 0.183 108.058 1.016  0.000 0.247 0.000 2.098 0.491

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A F(-2) A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 315 325 297 503 280 0 151 312 988
N.S. 1 1.03 0.94 1.60 0.89 0.00 0.48 0.99 3.14
time (sec) N/A 0.784 106.475 33.358 0.296  0.000 22.953 9.729 0.588
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F(-2) A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 285 297 310 305 232 0 104 236 485
N.S. 1 1.04 1.09 1.07 0.81 0.00 0.36 0.83 1.70
time (sec) N/A 0.715 0.076  0.698 0.305  0.000 10.826 0.825 0.478
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 739 687 522 172 0 0 0 0 0
N.S. 1 093 0.71 0.23 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.382 11.976 1.235 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F(-1) F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 906 913 536 862 464 0 0 0 2105
N.S. 1 1.01  0.59 0.95 0.51 0.00 0.00 0.00 2.32
time (sec) N/A 1.450 10.475 1.727 0314 0.000 0.000 0.000 0.836

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [6] had the largest
ratio of [.312500000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
#lgade| s | wine | adeiie |0 e,
] A 3 3 1.01 16 0.188
2 A 3 3 0.97 16 0.188
§ A 3 3 1.07 16 0.188
é A 3 3 1.01 14 0.214
§ A 5 4 1.00 16 0.250
§ A 5 5 0.96 16 0.312
Z A 4 4 1.08 16 0.250
§ A 4 4 1.02 16 0.250
2 A 2 2 1.00 18 0.111
E A 2 2 1.05 18 0.111
E A 2 2 1.08 16 0.125
E A 1 1 1.00 18 0.056
2 A 2 2 1.03 18 0.111
E A 2 2 1.00 18 0.111
E A 2 2 0.99 18 0.111
E A 2 2 1.05 18 0.111
H A 2 2 1.05 16 0.125
E A 1 1 1.00 18 0.056
E A 2 2 1.01 18 0.111
@ A 2 2 0.98 18 0.111
2_1 A 3 3 1.02 18 0.167
2 A 3 3 1.04 16 0.188
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand b ¢l
# | grade sheps widuie | anfiderivative |t e tegrand leaf size
23] A 3 3 0.94 18 0.167
24] A 3 3 1.03 18 0.167
25| A 2 2 1.00 18 0.111
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
28] A 3 3 1.03 18 0.167
29 A 3 3 1.04 16 0.188
30) A 3 3 0.93 18 0.167
31 A 3 3 1.01 18 0.167

2.3. Detailed conclusion table specific for Rubi results



oHapTER 3
CHAPTER

LISTING OF INTEGRALS

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17
3.18
3.19
3.20
3.21
3.22
3.23
3.24
3.25

3.26

d+ex)*(a+barctan(cz))dr . . ... ... ... ...

J )* (

J(d+ex)*(a+barctan(cz))dz . . . . ... ... ...,
J( ) (

J(

d+ex

f a+barctan(cz) dz

e I

f a+barctan(cz) dz

(d+e:l!)2 .......................

f a+barctan(cz) dz

(d+em)3 .......................

f a+barctan(cz) dz

(d+ez)4 .......................
J(d+ex)*(a+barctan(cz))®dz . . . ... ... ...,

J(d+ex)*(a+barctan(cz))®dz . . . ... ... ...,
[(d+ ez)(a+ barctan(cz))®dz . . . . ... ... ...

f (a+barctan(cz))? dz

( d—i—ex( ))2 ......................
a+barctan(cz
i e dr . .. ... .

(a+barctan(cz))?
f (d+e dx

J(d+ex) mg(a +barctan(cz))3dr .. ... ...
J(d+ex)*(a+barctan(cz))3dz . . ... .. ... ...
[(d+ ez)(a+ barctan(cz))3dz . . . . ... ... ...

f (a—i—ba,crlctz;,;:l(cx))3 dz

f (a+barctan(cz))® dz

(d+e:c)2 ......................

a+barctan(cz))3
J e da

f(d+ ea:)z) (a+barctan (cz?))dz . . . . .. ... .. ...
J(d+ez)(a+barctan (cz®))dz . . . ... ...,

a+barctan (c:cQ)

f d+ez( 2) dz
a+barctan(cr

f (d+ex)? dx

[(d+ex)(a+barctan (cz®))’ dz . . . .. ... ... ...

f (a+b arctan (ch) ) 2 dx

drex AT o oo e e

34

a+barctan(cx))dx . . . ... ...
d+ex)(a+barctan(cx))dr . . . . . .. ... ...
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3.97 f (a+b aurctaun(ch))2 dx

I L 7

328 [(d+ex)*(a+barctan(cz®))dr . . . .. ... 211

329 [(d+ex)(a+barctan(cz®))dz . ... ... 219
a+barctan(cz3)

3.30 f T dvez AT . . . e 221

331 [UREANT) gr 735
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3.1 [(d + ex)*(a + barctan(cz)) dx

3.1.1 Optimalresult . . . ... .. .. .. .. 361
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 36
3.1.3 Rubi [A] (verified) . . . . . ... .. 37
3.1.4 Maple [A] (verified) . ... ... . ... .. 38
3.1.5  Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 39
3.1.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... 39
3.1.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 40)
3.1.8 Giac [F] . . . o 41
3.1.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 41

3.1.1 Optimal result

Integrand size = 16, antiderivative size = 184

bde(2c*d® — e*)x  be?(10c*d® — e*) 2  bde’z?

/(d + ex)*(a + barctan(cz)) dz = —

c3 10¢3 3c
_ be'z*  bd(c'd* — 10c*d®e” 4 5e?) arctan(cz)
20c Scte
(d + ex)5(a + barctan(cz))
+ de
_ b(5ctd* —10c*d%e® + ¢*) log (1 + c*2?)
10¢®

output \ —b*d*ex (2%xc~2%d"2-e"2) *x/c~3-1/10%b*e 2% (10*c~2*xd"2-e~2) *x~2/c~3-1/3*b*d*e \
‘ ~3%x~3/c-1/20*%b*e”4*x"4/c-1/5%b*d* (c~4*xd~4-10*c"2*%d"2*e"2+5*e~4) *arctan(c* ‘
‘x)/c“4/e+1/5*(e*x+d)“5*(a+b*arctan(c*x))/e-1/10*b*(5*c“4*d”4-10*c”2*d“2*e“
|2+e"4)*1n(c"24x"2+1)/c"5 |

3.1.2 Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 255, normalized size of antiderivative = 1.39

/(d + ex)*(a + barctan(cz)) dx

b (0262w (—6€2(10d+ex)+c? (120d%+60d?ex+20de?z2+3e323) ) +6 (—1002d2e2 (\/ —c? d+e) +et (5\/:

(d + ex)5(a + barctan(cz)) —

5e

3.1.  [(d+ex)*(a+ barctan(cz)) dz
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input ‘ Integrate[(d + e*x)~4x(a + bxArcTan[c*x]),x]

output| ((d + e*xx) 5%(a + bxArcTan[c*x]) - (b*x(c™2*%e"2*x*(-6%e~2%(10*d + e*x) + c~
2% (120%d~3 + 60*d"2xe*x + 20*d*e”2*x"2 + 3*e”3*x"3)) + 6x(-10%c~2*d"2*e"2*
(Sart[-c~2]*d + e) + e 4*x(5*Sqrt[-c”2]*d + e) + c~4*d"4*(Sqrt[-c~2]*d + 5%
e))*Log[l - Sqrt[-c~2]*x] - 6%(c”4*d~4*(Sqrt[-c~2]*d - 5*e) - 10%*c~2xd~2x*(
Sqrt[-c"2]*d - e)*e”2 + (5xSqrt[-c~2]*d - e)*e”4)*Logl[l + Sqrt[-c~2]*x]))/
(12%c~5) )/ (5%e)

3.1.3 Rubi [A] (verified)
Time = 0.35 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.01,
number of steps used = 3, number of rules used = 3, number of rules _ 0.188, Rules used

integrand size
= {5387, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)*(a + barctan(cz)) dz

| 5387
5
(d + ex)®(a + barctan(cz)) 3 be [ (c‘é*;”j)l dzr
oe 5e
| 478

(d + ex)5(a + barctan(cz))

Se
10c2d2 —ez)we3 5d (2c2 d? —62) e2 + ctd®—10c2e2d3+5etd+e (5c4d4— 10c2e2d? +e4)m > dx

z3eb 5dz2et (

be f < c? + c? + ct + ct ct(c2z2+1)

Se

| 2009

(d + ex)5(a + barctan(cz))
oe
b darctan(cz) (c*d*—10c2d2e2+5e?) 5detx3 P 5de?z (2c2d2—e?) e322(10c2d?—e?) e(5ctd*—10c2d?e2+e*) log(c2z2+1
¢ c® + 3c? 4c? + ct + 2ct + 2¢6
Se

input | Int[(d + e*x)~4*(a + b*ArcTan[c*x]),x]

N

3.1.  [(d+ex)*(a+ barctan(cz)) dz
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output‘ ((d + e*x)"5*(a + bxArcTan[c*x]))/(56%e) - (b*c*((5xd*xe 2% (2*%c™2*d"2 - e~2) ‘
\*x)/c“4 + (e73%(10*%c™2+%d"2 - e72)*x"2)/(2%c~4) + (5xd*e~4*x"3)/(3*c"2) + (
‘e"5*x"4)/(4*c"2) + (d*(c™4*d"4 - 10*c™2xd"2*e”2 + 5*e~4)*ArcTan[c*x])/c”5 ‘
+ (e*(B%cT4*d"4 - 10%c™2%d"2%e"2 + e”4)*Logll + c™24x"2])/(2%c™6)))/ (5%e) |

3.1.3.1 Defintions of rubi rules used

rule 478 Int[((c_) + (d_.)*(x_))"(@_)/((a)) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand

'Integrand[(c + d*x)°n/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ

‘ [n, 1]

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul ‘

rule 5387‘Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(

¢/ (ex(q + 1))

Int[(d + exx)~(q + 1)/(1 + ¢c™2%x"2), x], x] /; FreeQ[{a, b |
, ¢, d, e, qF, x] && NeQ[q, -1] |

3.1.4 Maple [A] (verified)

Time = 2.57 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.34

method result
4 5 ‘
b % +ce3 arctan(cz)z?d+2c e? arctan(cx)xz3d?42ce arctan(cz)z2d3+arctan(cx)cx d4 4+ <
a(ex+d)°
parts T~ T
b M+arctan(cz)65d4z+2e arctan(cz)c5d312+262 arctan(cz)c5d213+e3 arctan(cz)c5d z4+e4L1mn5(c;
a(cem+cd)5 +
derivativedivides el
55 4 ,
b Mgceﬂc)cid+arctan(cw)csd4z+2e arctan(cz)csd3z2+232 arctan(cz)c5d2z3+e3 arctan(cz)csd zd4+ € arctan(c:
a(cew+cd)5 +
default ke
parallelrisch —12z° arctan(cz)bcde* —12z5a cPe* —60z* arctan(cz)b c®d e —60za c>d €3 — 12023 arctan(cz)b > d?e?+3z*b ctet —
. ibd® In(c2z2+1) . 3.2 . i(ex+d)°bIn(icz+1) ibd*z In(—icz+1) z5ea ie3bd
risch ———— +iebd’z’In (—icx + 1) — 100 + 5 + =+

3.1.  [(d+ex)*(a+ barctan(cz)) dz
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input‘int((e*x+d)“4*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE)

output | 1/5%a* (exx+d) “5/e+b/c* (1/5%c*e~4*arctan(c*x)*x"5+c*xe~3*arctan (c*x) *x~4*d+2
*cxe~2xarctan (c*x) *x~3*d"2+2*c*exarctan (c*x) *x~2*d"~3+arctan (c*x) *cxx*xd~4+1
/5%c/e*xarctan(cxx)*d~5-1/5/c”4/e* (10*c™4*d"3*e~2xx+5*c"4*d " 2%e " 3*x"2+5/3*c
“4xd*e”4xx"3+1/4*e bxcT4*x"4-5*%cT2xd*ke " 4xx—-1/2*xe " 5*cT2kx"2+1 /2% (5xc"4*d 4%
e-10*c”2xd"2xe"3+e"5) *1n(c~2*x"2+1)+(c"5+%d"5-10*c”~3*d"3*e~2+5*cxd*e”~4) *arc
tan(c*x)))

3.1.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.43

/(d + ex)*(a + barctan(cz)) dz
_ 12ac’e'z® + 3 (20 ac’de® — betet)z* + 20 (6 ac’d?e® — be'ded)z® + 6 (20 ac’de — 10 be'd?e? + be’et)z? +

input‘integrate((e*x+d)“4*(a+b*arctan(c*x)),x, algorithm="fricas")

output | 1/60* (12*xa*c”5*xe~4*x~5 + 3*(20*a*c~5*xd*e~3 - bxc 4*e~4)*x"4 + 20*(6*a*c™5*
d~2*xe"2 - b*c~4*d*e”3)*x"3 + 6*%(20*%a*xc”5*d"3*e - 10*bkc~4*d"2*e”2 + b*c 2%
e”4)*x72 + 60*(axc”5*d"4 - 2%b*c”4*d"3*e + bxc~2xd*e”"3)*x + 12%(b*c"5*xe"4x*
X~5 + b*bxc”5xd*e”3%x"4 + 10*b*c~5+%d"2*e”"2*x"3 + 10*b*c”~5*d"3*e*x”"2 + 5xb*
c~5*d"4*xx + 10*b*c”3*d"3*e — b¥b*ckxd*e~3)*arctan(c*x) - 6*(5xb*c™4*xd"4 - 1
O*bxc~2%d"2%e"2 + b*e"4)*log(c™2*x"2 + 1))/c”b

3.1.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 345 vs. 2(170) = 340.

Time = 0.45 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.88

/(d + ex)*(a + barctan(cz)) dx

ad*z + 2ad®ex? + 2ad®e®x® + ade’s* + %= + bd*z atan (cz) + 2bd3ex? atan (cz) + 2bd%e%? atan (cz)

a<d4x + 2d3ex? + 2d2%e2x3 + dedxt + %)

3.1.  [(d+ex)*(a+ barctan(cz)) dz
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input  integrate ((e*x+d)**4x (atb*atan(c*x)),x)

output

Piecewise ((a*d**4*x + 2xaxd**k3ke*xx**2 + 2kaxd**xQkex*xxx**3 + akxdkex*3*xx**4
+ akxe*x*4*x**5/5 + bxdxx4dxx*atan(c*x) + 2¥b*d**3xexx*x*x2xatan(ckx) + 2¥b*d*
*2xexx2xx*x*x3katan (c*x) + bkd*ex*3xxkx4dxatan(ckx) + brek*d*x**x5xatan(c*xx)/5
- bkxd**4xlog(x**2 + c**(-2))/(2%c) - 2%b*d**3*exx/c - bxd**2ke**x2xx**2/c
- bxd*e**3*x**3/(3%c) - bkex*dkxx*x4/(20%c) + 2*bkd**3*exatan(c*x)/c**2 + b
*kQ*x2xe*x2x1og (x**2 + cx*(-2))/c**3 + bxd*e**3*x/c**3 + brexx4xx*x2/(10%c*
*3) - bxdkex*3*atan(c*x)/c**4 — bkex*kdxlog(x**2 + c**(-2))/(10*c**5), Ne(c
, 0)), (ax(d*x*x4*x + 2xd**x3ke*xxk*2 + 2kdkkkex*2*xx**3 + dre*x*3kxk*kd + e*x*xdk

x**x5/5), True))

3.1.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.37

/(d + ex)*(a + barctan(cz)) dz
1 t
=~ ae*z’ +ade®z* +2 ad’e®z3 + 2 adex® +-2 <x2 arctan (cx) — ¢ (2 - w) ) bd’e

5 c? c

2 oo (222 + 1
+ (2 x> arctan (cz) — c(x—2 - Mﬁ))bd%z
c c

1 223 — 3z 3arct
+§<3x4arctan(cx)—c<cw T2 an(cx)))bde3

ct c®
ctzt — 212 N 2 log (c?z? + 1) e
ct b
(2 cx arctan (cx) — log (c?z? + 1))bd*
2c

1 5
+ 20 (4 z’ arctan (cr) — c(

+ ad*z +

inputLintegrate((e*x+d)“4*(a+b*arctan(c*x)),x, algorithm="maxima")

output

1/5%a*e”4*xx~5 + a*xd*e~3*x"4 + 2*xaxd"2*e " 2*x"3 + 2*a*xd"3xe*x"2 + 2x(x"2*arc
tan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*b*d"3*e + (2*x"3*arctan(c*x) - c*(
x"2/c”2 - log(c™2%x"2 + 1)/c”4))*bxd"2*e”2 + 1/3*(3*x"4*arctan(c*x) - cx((
c"2*x"3 - 3*x)/c”4 + 3%arctan(c*x)/c”5))*b*d*xe”3 + 1/20%(4*x"5*arctan(c*x)
- cx((c™2*x™4 - 2xx72)/c”4 + 2xlog(c™2*x"2 + 1)/c”6))*b*e”4 + axd™4x*x + 1
/2% (2*cxx*arctan(c*x) - log(c™2*x~2 + 1))*bxd~4/c

3.1.  [(d+ex)*(a+ barctan(cz)) dz
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3.1.8 Giac [F]

/(d + ex)*(a + barctan(cz)) dr = / (ex + d)*(barctan (cz) + a) dz

inputLintegrate((e*x+d)“4*(a+b*arctan(c*x)),x, algorithm="giac")

-

output | sageO*x

3.1.9 Mupad [B] (verification not implemented)

Time = 0.92 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.48

4,5 4 g (222 4+ 1 (222 41
/(d-l-ex)4(a+barctan(cw))dx=ae 7 +ad4x—bd n(c’a” + )_be n(c’z” +1)
2¢c 10¢?
betzt  bet g2
+2ad*e®z® — ;0305 + le(); + bd* v atan(cx)
betz°atan(cx) 2bd’ex

+2ad’ex® +ade’z* + 5 -
bde3x 2bd3eatan(cr) bdedatan(cx)
+ c3 + c? B ct

b 3 .3
+2bd’ex?atan(cz) + bde® z* atan(cz) — d?)ecm

bd’e* In(c®2® +1) bd*e*a?
c3 c

+2bd?e? 2’ atan(cx) +

~—

i

input int((a + b*atan(c*x))*(d + e*x)~4,x)

output | (axe~4#x75)/5 + a*d~4*x - (b*d"4*log(c~2*x~2 + 1))/(2%c) - (b*e~4xlog(c~2#
X2 + 1))/(10%c™5) + 2*axd"2xe”2xx~3 - (b*e~4*x"4)/(20*c) + (b*e~4*x~2)/(1
0*%c~3) + bxd"4*x*atan(c*x) + 2*a*d~3*e*x”2 + a*d*xe”~3*x~4 + (b*e~4*x~5*atan
(c*x))/5 - (2*b*d"3*e*x)/c + (b*d*e~3*x)/c”3 + (2*b*d~3*e*atan(c*x))/c"2 -
(bxd*e~3*atan(c*x))/c”4 + 2xbxd~3*exx"2*atan(c*x) + b*d*e”3*x"4*atan(c*x)
- (bxd*e~3%x73)/(3%c) + 2*b*d"2*e~2*x"3*atan(c*x) + (b*d~2*e~2*log(c”2*x"
2 + 1))/c”3 - (b*xd"2%e"2%x"2)/c

3.1.  [(d+ex)*(a+ barctan(cz)) dz
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3.2 [(d + ex)*(a + barctan(cz)) dx

3.21 Optimalresult . .. ... ... .. . 42]
3.2.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 42
3.2.3 Rubi [A] (verified) . . . .. ... . 43
3.24 Maple [A] (verified) . . . . ... .. .. 44
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 45
3.2.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 5]
3.2.7 Maxima [A] (verification not implemented) . . ... ... ... ....... 461
328 Giac [F] . . . . . 47
3.2.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 4

3.2.1 Optimal result

Integrand size = 16, antiderivative size = 144

202 _ 2 2,2 3,.3
/(d+ew)3(a+ barctan(cz)) dr = _bel6c’d” — )z bdex”  be'w

4¢3 2c 12¢
_ b(c*d* — 6c*de? + e*) arctan(cz)
4cte
(d + ex)*(a + barctan(cz))
+ 4e
_ bd(cd — e)(cd + e) log (1 + c*z?)
2¢3

output \ -1/4xb*ex (6%c~2*xd"2-e~2) *x/c~3-1/2*b*d*e~2*x~2/c-1/12*b*e~3*x~3/c-1/4%b*(c \
‘“4*d”4—6*c“2*d‘2*e“2+e“4)*arctan(c*x)/c“4/e+1/4*(e*x+d)“4*(a+b*arctan(c*x)
‘)/e-1/2*b*d*(c*d-e)*(c*d+e)*1n(c“2*x”2+1)/c“3 \

3.2.2 Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 218, normalized size of antiderivative = 1.51

/(d + ex)(a + barctan(cz)) dz

be (2 —c2e?x (—362 +c2 (18d2 +6dem+ezm2) ) -3 (c4d4+e3 (4\/ —52d+e> —2c2d2%e (2\/ —c2d+3e)) log(
6(—c2)%/2

(d + ex)*(a + barctan(cz)) —

4e

32.  [(d+ex)?(a+ barctan(cz)) dz
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input‘ Integrate[(d + e*x)~3%(a + bxArcTan[c*x]),x]

output | ((d + exx)"4x(a + b¥ArcTan[c*x]) - (b*c*(2*Sqrt[-c~2]*e ~2kx*(-3%e”2 + c™2%
(18+%d~2 + 6xd*exx + e”2*x"2)) - 3x(c”4*d"4 + e 3x(4xSqrt[-c~2]*d + e) - 2%
c"2xd"2%e* (2*%Sqrt [-c"2]*d + 3*e))*Logl[l - Sqrt[-c~2]*x] + 3*(c"4*%d"4 + 2%c
~2%d"2*% (2%Sqrt [-c"2] *d - 3*e)*e + e~ 3*(-4xSqrt[-c~2]*d + e))*Logl[l + Sqrtl[
-c~2]*x]))/(6%(-c~2)~(5/2)))/ (4*e)

3.2.3 Rubi [A] (verified)
Time = 0.31 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.97,
number of steps used = 3, number of rules used = 3, number of rules _ 0.188, Rules used

integrand size
= {5387, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)3(a + barctan(cz)) dz

| 5387
4
(d + ex)*(a + barctan(cz)) B be [ Sﬁ;iﬁ dzr
4e 4e
| 478

(d + ex)*(a + barctan(cz)) B

4e
2,4 3 6c2d2—e2)e2 444 _6c2e242 2 (cd— d d+e
bCf <x072e + 4dcx2€ + (6¢ 046 )e 4 ¢ 6c’e tfé2(52+f;e(c +e)xd+e )d.’L‘
4e
| 2009
(d + ex)*(a + barctan(cz))
4e
444 _0242,2 4 4 2 242_ 2 _ 2.2
bg(arctan(cz) (c dc5 6c2d?e?+et) i 2dig’”2 n e;sz?» i e :c(ﬁcc:l e?) i 2de(cd e)(cd—ic-f) log(c?x +1))

4e

-/

input LInt[(d + e*x)~3*(a + b*ArcTan[c*x]),x]

32.  [(d+ex)?(a+ barctan(cz)) dz
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output‘((d + e*x) 4*(a + bxArcTan[c*x]))/(4xe) - (b*c*x((e"2%(6*c™2*%d"2 - e72)*x)/
\c“4 + (2%d*e”3%x72)/c”2 + (e74*x73)/(3*%c”2) + ((c™4xd"4 - 6xc™2xd"2%e”2 +
‘e‘4)*ArcTan[c*x])/c“5 + (2xdx(cxd - e)*e*x(c*d + e)*Log[l + c™2xx"2])/c"4))
/(4xe)

3.2.3.1 Defintions of rubi rules used

rule 478 Int[((c_) + (d_.)*(x_))"(@_)/((a)) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
'Integrand[(c + d*x)°n/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

ruk35387‘Int[((a_.) + ArcTan([(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b
, ¢, d, e, q}, x] && NeQlq, -1]

3.2.4 Maple [A] (verified)

Time = 1.48 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.33

method result
3 4 2,2 4 6c3d%eat
bl ce arctzn(cz)w +c €2 arctan(cm)z3d+ 3ce arctanQ(cw):c d +arctan(c$)0$ d3+ carcta:e(c;c)d _ be e‘x
a(ex+d)*
parts e T -
4.4 4.2 2 3 4.4 6c3d2e2z42
b arctan(i:z:)c d +arctan(cz)c4d3z+ 3e arctan(;m)c dz Te2 arctan(cz)c4d13+e arctaxl(ca:)c z*  ©¢ e“xt2e
a(cem+cd)4
. . o . 3. T c3
derivativedivides .
b arctan(cz)c4d4 +arctan(cw)c4d3z+ 3e arctan(cz)c4d212 +e2 arctan(c:c)c4da:3+ e3 arctan(cz)c4z4 6c%d?e?a+2e
e - 2 ) -
a(cew+cd)4 +
default sede —
parallelrisch —3z* arctan(cz)b cted —3z%a cte3 —1223 arctan(cx)b ctd e2—1223a c*d €2 — 1822 arctan(cx)b ctd?e+x3b c3e3 —18z2a
. 3iebd?z? In(—icz+1) ie3bx? In(—icz+1) ibd3z In(—icz+1) i(ez+d)*bIn(icc+1) ibd* In(c?22+1)
risch 7 + 5 + 5 — Se + 160 -

32.  [(d+ex)?(a+ barctan(cz)) dz
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input‘int((e*x+d)“3*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE) ‘

output(1/4*a*(e*x+d)“4/e+b/c*(1/4*c*e“3*arctan(c*x)*x“4+c*e“2*arctan(c*x)*x“3*d+3
‘/2*c*e*arctan(c*x)*x“2*d‘2+arctan(c*x)*c*x*d“3+1/4*c/e*arctan(c*x)*d‘4-1/4
‘/c‘3/e*(6*c‘3*d‘2*e“2*x+2*e‘3*c‘3*d*x‘2+1/3*e‘4*c‘B*X‘S-C*e‘4*x+1/2*(4*c‘3
L*d‘S*e—4*c*d*e‘3)*ln(c‘2*x‘2+1)+(c‘4*d‘4-6*c‘2*d‘2*e‘2+e‘4)*arctan(c*x)))

|

3.2.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.36

/(d + ex)?(a + barctan(cz)) dx

_ 3ac'é®z" 4 (12ac'de? — bc*e®)z® + 6 (3ac'd®e — bcPde®)x? + 3 (4ac'd® — 6 bc’d?e + bee®)x + 3 (be'ePz?
B 12

inputLintegrate((e*x+d)“3*(a+b*arctan(c*x)),x, algorithm="fricas") J

output | 1/12*(3*a*xc”~4*xe"3*xx"4 + (12*a*c~4*d*e”2 - b*c~3*e~3)*x"3 + 6*(3*axc 4*xd 2%
e — b*c"3*d*e"2)*x"2 + 3*k(4*a*c”4*d"3 - 6*bxc”3xd"2*e + bkc*e”3)*x + 3*(bx*
cT4xe"3xx"4 + 4xb*c”4*xd*e”2%x"3 + 6*b*cT4*d"2*e*x"2 + 4*xbkcT4*d"3*x + 6%bx*
c"2*%d"2%e - b*e~3)*arctan(c*x) - 6%(b*c~3*d"3 - bkckd*e~2)*log(c ™ 2*x"2 + 1
))/c”4

3.2.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 262 vs. 2(129) = 258.

Time = 0.37 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.82

/(d + ex)®(a + barctan(cz)) dx

o
+ bde’z atan (cx) + w _

3bd%ex? atan (cz)

ad®z + 3L | qde?sd + €T 4 bdPx atan (cz) + :

3 3d2ex? 2,.3 Szt
a(dw+%+dex +%)

inputLintegrate((e*x+d)**3*(a+b*atan(C*x)),X) J

32.  [(d+ex)?(a+ barctan(cz)) dz
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output | Piecewise ((a*d**3*x + 3*axd**2¥e*xx**2/2 + akdkxex*2kx*x3 + akex*3xx*x4/4 +
bxd**3*x*katan(c*x) + 3*bxdx*2*exx*k*2*atan(c*x)/2 + bkd*ex*x2kx**x3*atan(c*x)
+ bkex*x3*x*x*4xatan(c*x) /4 - bkd**3*xlog(x**2 + c**(-2))/(2%c) — 3xb*xd**2xe
*x/(2%c) — bkxdkex*2*x**2/(2%c) - bxexx3*xx**3/(12%c) + 3*b*d**2xexatan(c*x)
/(2%xc*%2) + bxdke*x*2*log(x**2 + c**(-2))/(2%c**3) + bxex*3xx/(4*c**3) - bx
exx3xatan(c*x)/(4xcx*4), Ne(c, 0)), (a*x(d**3*x + 3*kd**x2xexx**2/2 + dke*x*2x
x**3 + e**3xx**4/4), True))

3.2.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.29

/(d + ex)?(a + barctan(cz)) dz

1 3 t
= -~ ae’z* + ade’x® + 3 ad’ex® + 3 (x2 arctan (cx) — c(E - M) ) bd’e

4 2 c? c3
+ % (2 % arctan (cx) — c(i—j - w> ) bde?
n % (3 2" arctan (cz) — C(c2x3c4— 3z N 3 arct;n (cx))>be3
2.2 3
+ado + (2 cx arctan (cx) gclog (c*z® +1))bd

input  integrate((e*x+d) “3*(at+b*arctan(c*x)),x, algorithm="maxima")

output | 1/4*a*e”3*x"4 + axd* e 2*x"3 + 3/2*axd"2%exx”2 + 3/2*(x"2*arctan(c*x) - c*(
x/c”2 - arctan(c*x)/c”3))*b*d"2xe + 1/2*%(2*x"3*arctan(c*x) - c*x(x"2/c”2 -

log(c™2%x™2 + 1)/c™4))*bxd*e”2 + 1/12%(3*x"4*arctan(c*x) - c*x((c™2*x"3 - 3
*x)/c”4 + 3*xarctan(c*x)/c”5))*b*e”3 + axd"3*x + 1/2%(2*c*x*arctan(c*x) - 1
og(c™2%x~2 + 1))*b*d~3/c

32.  [(d+ex)?(a+ barctan(cz)) dz
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3.2.8 Giac [F]

/(d + ex)*(a + barctan(cz)) dr = / (ex 4 d)*(barctan (cz) + a) dx

input Lintegrate ((exx+d) "3*(at+b*arctan(c*x)),x, algorithm="giac")

~—

-

output | sageO*x

-

i

3.2.9 Mupad [B] (verification not implemented)

Time = 0.87 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.37

aedzt bd* In(c?z?+1) beda?®
P _
Fade 2¢ 12¢

3ad?es? bed
+bd3a:atan(cx)+%+adezx3+ 466330

be’atan(cz)  be’z'atan(cz) 3bd’ex
4ct 4 2c
3bd?eatan(cr) 3bd?ex?atan(cz)
_|_
22 2
bde’In(c*z*+1) bde’a?
2¢3 2c

/(d + ex)®(a + barctan(cz)) dz =

+bde® z® atan(cz) +

input‘ int((a + bxatan(c*x))*(d + exx)"3,x)

output | (axe~3*x74)/4 + axd"3*x - (b*d~3xlog(c™2*x"2 + 1))/(2xc) - (bxe~3%x"3)/(12
*c) + bxd"3*xx*atan(c*x) + (3*a*d"2*exx"2)/2 + axd*e”2*x"3 + (b*e~3*x)/(4*c
~3) - (bxe"3*atan(c*x))/(4%c”4) + (b*e"3*x"4*atan(c*x))/4 - (3*b*xd~2*xexx)/
(2xc) + (3*bxd~"2*e*xatan(c*x))/(2*%c”2) + (3*b*d~2*e*x"2*atan(c*x))/2 + b*xdx*
e"2*xx"3*atan(c*x) + (b*d*e~2+log(c”2*x"2 + 1))/(2%xc~3) - (bxdxe~2xx~2)/(2*
c)

32.  [(d+ex)?(a+ barctan(cz)) dz
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3.3 [(d + ex)*(a + barctan(cz)) dx

3.3.1 Optimalresult . .. ... ... . .. .. 48]
3.3.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 43
3.3.3 Rubi [A] (verified) . . . .. ... .. 19
3.34 Maple [A] (verified) . ... ... . ... .. 50
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... b1l
3.3.6 Sympy [A] (verification not implemented) . . . . ... ... ... .. ... b1l
3.3.7 Maxima [A] (verification not implemented) . ... .. ... ... ...... 52
338 Giac [F] . . . 52
3.3.9 Mupad [B] (verification not implemented) . . ... ... ... ........ 52

3.3.1 Optimal result

Integrand size = 16, antiderivative size = 103

bdex be?z? d <d2 - 30%2) arctan(cz)
¢ 6c 3e
(d + ex)*(a + barctan(cz))
* 3e
b(3c2d? — €?)log (1 + *z?)
6¢c3

/(d + ex)*(a + barctan(cz)) dz =

output‘-b*d*e*x/c-1/6*b*e“2*x“2/c-1/3*b*d*(d“2-3*e“2/c“2)*arctan(c*x)/e+1/3*(e*x+
‘d)“3*(a+b*arctan(c*x))/e-1/6*b*(3*c“2*d“2-e“2)*1n(c”2*x“2+1)/c“3 \

3.3.2 Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.58

/(d + ex)?(a + barctan(cz)) dz
b(c262m(6d+ez)+ <—e2 <3md+e> +c2d? (md+3e)) log(l—mz) — (c2d2 (md—3e> +e2

2¢c3

(d + ex)3(a + barctan(cz)) —

3e

inputLIntegrate[(d + e*x)"2%(a + bxArcTan[c*x]),x] J

33.  [(d+ex)*(a+ barctan(cz)) dz
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output‘ ((d + exx)"3*(a + b*ArcTan[c*x]) - (bx(c™2xe"2*x*(6%d + exx) + (-(e”2%(3%S
‘qrt [-c™2]*d + e)) + c~2xd"2*(Sqrt[-c~2]*d + 3+*e))*Logl[l - Sqrt[-c~2]*x] -
‘ (c™2*%d"2x(Sqrt [-c"2]*d - 3xe) + e”2*%(-3xSqrt[-c~2]*d + e))*Log[l + Sqrt[-c
"21%x1))/(2%c"3))/ (3%e)

3.3.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.07,

number of steps used = 3, number of rules used = 3, nllrllltrgéggr?(g 1;1ilzlgs = 0.188, Rules used
— {5387, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (d+ ex)2(a + barctan(cz)) dz

| 5387
exr 3
(d + ex)3(a + barctan(cz)) B be [ (0(12:24_)1 dz
3e 3e
| 478
2d3_ 2d 2d2_ 2
(d + ex)3(a + barctan(cz)) be [ <xci23 + 3lc1262 : 3ec2(cti(23f1) : )x) dz
3e 3e
| 2009
darctan(cz) (c2d2—3e?) 3de2 32 e(3c2d?—e?) log(c?z2+1)
(d + ex)3(a + barctan(cz)) bc( 3 + 5t % 2c1 )

3e 3e

/

input‘ Int[(d + e*x)"2x(a + bxArcTan[c*x]),x]

~—

output‘(((d + e*x)”"3*(a + b*ArcTan[c*x]))/(3*e) - (b*cx((3*d*e”"2*x)/c"2 + (e"3*x"2
‘)/(2*c“2) + (d*(c™2%d"2 - 3*e"2)*ArcTan[c*x])/c”3 + (e*x(3*c™2*d"2 - e~2)*L
‘ ogll + c™2xx72])/(2%xc~4)))/(3*e)

N

33.  [(d+ex)*(a+ barctan(cz)) dz

~—
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3.3.3.1 Defintions of rubi rules used

rule 478‘Int[((c_) + (A_)*x))" (@ )/((a)) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand ‘
‘Integrand[(c + d*x)"n/(a + b*xx~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
\ [n, 1] ‘

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5387‘Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol] ‘
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 + c™2%x72), x], x] /; FreeQ[{a, b ‘

, ¢, d, e, qF, x] && NeQ[q, -1] J

3.3.4 Maple [A] (verified)

Time = 1.22 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.16

method result
d)® | be?arct 3 242 bd?In
parts aleztd) 4 berarctan(e)z” | pe arctan (cz) 2°d + barctan (cz) o d? — 2" — bdew bd 'l
e 3 (7 c
3 2 3 bin(c?2241)d?  be?ln(c2z?+1
. . .. %—i—barctan(cz)dzm—i—bw arctan(cx)dxz—i—%—bedx—bezmz— n(c m2 ) ‘ ngczz )
derivativedivides deZe . <
3 2 3 bin(c?2241)d?  be?ln(c2z2+1
defaul %—i—b arctan(cx)d?cz+bce arctan(cz)d x2+%—bedw— bezmz — n(c ﬂ; ) +2c ngcczm )
efault -
. —223 arctan(cz)b c3e?—2z3a c3e? —622 arctan(cz)b c3de—6z2%a c>de—6z arctan(cz)b c3d?+22b c?e? —6a c3d2z+3 In (
parallelrisch — 63
risch _ileatd)bln(icotl) | o002 L0 g2 _ bdew | alcla _ bePa? | iebda’In(—ica+l) | ibd’wln(—i
6e c 3 6¢ 2 2
inputLint((e*x+d)“2*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE) J

output‘1/3*a*(e*x+d)‘3/e+1/3*b*e‘2*arctan(c*x)*x‘3+b*e*arctan(c*x)*x‘2*d+b*arctan
‘(c*x)*x*d“2—1/6*b*e‘2*x“2/c—b*d*e*x/c—1/2/c*b*d‘2*ln(c“2*x*2+1)+1/6/c‘3*e*
‘ 2%b*1n(c™2*%x"2+1)+1/c”2*e*xb*d*arctan (c*x) ‘

33.  [(d+ex)*(a+ barctan(cz)) dz
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3.3.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.29

/(d + ex)?(a + barctan(cz)) dz
_ 2ac’e’z® + (6 ac’de — bc?e®)z® + 6 (ac’d® — bc’de)x + 2 (bee?x® + 3bcPdex?® 4 3bcPd?x + 3 bede) arctan

6¢c3

-

input Lintegrate ((e*x+d) “2x(at+b*arctan(c*x)) ,x, algorithm="fricas")

—

output‘ 1/6x(2*axc”~3*%e”2%x"3 + (6*axc”3*d*e — b*c"2%e"2)*x"2 + 6x(axc”3*d"2 - b*c”
\2*d*e)*x + 2% (b*c"3*%e"2xx"3 + 3*bxc~3*d*e*x"2 + 3*b*c~3xd"2*x + 3*bxcxd*e)

xarctan(c*x) - (3*b*c~2xd"2 - b*e”2)*log(c™2*x~2 + 1))/c~3

N\

input‘

output

3.3.6 Sympy [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.55

/(d + ex)*(a + barctan(cz)) dx

2 2 1
e2z3 atan (cx) _ bd” log (:c +?) __ bdex

ad’z + adex?® + “;—x?’ + bd2z atan (cx) + bdex? atan (cz) + 2 3 50

a<d2a: + dex? + %)

integrate ((e*xx+d) **2* (a+b*atan(c*x)) ,x)

Piecewise ((a*xd**2xx + axdke*x**2 + axe*x*2*x**3/3 + b*d**2kx*atan(c*x) + b*

d*exx**x2*atan(c*x) + bkex*2xx**3*atan(c*x)/3 - b*d**2xlog(x**x2 + c*x*(-2))/
(2%c) - b*d*exx/c - bxex*2xx**2/(6%c) + bxd*exatan(c*x)/c**2 + b¥e**x2xlog(

x**%2 + ckx(-2))/(6xc**3), Ne(c, 0)), (ax(d**2xx + d*e*xx**2 + e**x2*xx*x*x3/3),
True))

33.  [(d+ex)*(a+ barctan(cz)) dz

c

be2x? +

6¢
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3.3.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.22

/(d + ex)?(a + barctan(cz)) dz = % ae’z® + adex’

+ (x2 arctan (cx) — c(E - M) ) bde

2 c3
1 2 1 2..2 1
+ 5 (2 x° arctan (cx) — c(i_z — %) > be?
4 adz + (2 ez arctan (cz) — log (2% + 1))bd?
2c

inputLintegrate((e*x+d)“2*(a+b*arctan(c*x)),x, algorithm="maxima")

-/

output‘i/B*a*e‘Q*x‘S + axdxexx~2 + (x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c~3)
|)¥bxdke + 1/6%(2xx"3*arctan(cxx) - cx(x2/c™2 - log(c™2%x™2 + 1)/c"4))xbxe
‘“2 + a*d"2xx + 1/2%(2*c*x*arctan(c*x) - log(c™2*x"2 + 1))*b*d~2/c

3.3.8 Giac [F]

/(d + ex)?(a + barctan(cr)) dz = / (ex + d)*(barctan (cz) + a) dz

inputLintegrate((e*x+d)“2*(a+b*arctan(c*x)),x, algorithm="giac")

~—

p
output | sageO*x

N\

i

3.3.9 Mupad [B] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.23

2,3 2 2,2 2 2,2
/(d+6$)2(a+barctan(cx))dx: ae’s’ P bd? In(c®z*+1) +be In(cfz?+1)
3 2c 6¢c3
2 2 2 .3
- beﬁ: +adex2+bd2xatan(cx)+be ad a:;can(cx)
_bdem+bdeatan(cz)

c c?

+ bdex?atan(cz)

33.  [(d+ex)*(a+ barctan(cz)) dz
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53

input‘ int((a + bxatan(c*x))*(d + exx)"2,x)

p
output‘(a*e“Q*x‘B)/B + a*d"2*x - (b*d"2*log(c™2*x"2 + 1))/(2*c) + (b*e"2xlog(c™ 2%
\x‘2 + 1))/(6%c~3) - (b*e"2*x"2)/(6%c) + axd*exx"2 + bxd~2*x*atan(c*x) + (b
‘*e‘2*x“3*atan(c*x))/3 - (b*d*e*x)/c + (b*d*e*atan(c*x))/c”~2 + bxd*e*xx " 2*at

‘an(c*x)

|

33.  [(d+ex)*(a+ barctan(cz)) dz
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3.4 [(d+ ex)(a + barctan(cz)) dz

34.1 Optimalresult . . . ... .. ... .. B!
3.4.2 Mathematica [A] (verified) . . . . . .. . ... . L Y!
3.4.3 Rubi [A] (verified) . . . . . . ... 55
3.44 Maple [A] (verified) . . . ... ... ... 561
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 561
3.4.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... .. byi
3.4.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 57
348 Giac [F] . . . bY

3.4.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 5

3.4.1 Optimal result

Integrand size = 14, antiderivative size = 76

b(d2 - ﬁ) arctan(cz)

bex 2
/(d + ex)(a + barctan(cz)) dx = o o
4 (d + ex)?(a + barctan(cz)) _ bdlog (1 + c*x?)

2e 2c

output‘-1/2*b*e*x/c—1/2*b*(d‘2—e‘2/c“2)*arctan(c*x)/e+1/2*(e*x+d)‘2*(a+b*arctan(c
*x))/e-1/2%b*d*1n(c2%x"2+1) /c

3.4.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.01

b 1 b t
/(d + ex)(a + barctan(cz)) dz = adzr — % + éaeac2 + %zn(cx) + bdz arctan(czx)
bdlog (1 + c*z?)

1
+ §bex2 arctan(cz) — 5

input LIntegrate [(d + exx)*(a + b*ArcTan[c*x]),x]

~—

)
output‘a*d*x - (bxexx)/(2%c) + (akxe*xx~2)/2 + (b*e*ArcTan[c*x])/(2%c”2) + bkd*x*Ar
‘cTan[c*x] + (bxe*xx~2*ArcTan[c*x])/2 - (b*d*Logl[l + c~2*x72])/(2*c)

—.

34.  [(d+ex)(a+ barctan(cz)) dz
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3.4.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.01, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 914 Ryjeg used = {5387,
integrand size
478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)(a + barctan(cz)) dz

15%7

exr 2
(d + ex)?(a + barctan(cz)) be [ (cdzzz_,_)l dz

2e 2e
l 478

2 d2 2 2d 2_ .2
(d + ex)?(a + barctan(cz)) be | (%2 + cc;l(—c?xeﬁl) ° ) dz

2e 2e
l 2009

arctan(cz)(cd—e)(cd+e) delog(c?x?+1) e2x
c3 + c? =

(d + ex)?(a + barctan(cz)) bc(

2e 2e

-

input LInt[(d + exx)*(a + b¥ArcTan[c*x]),x]

~—

-

output‘ ((d + exx)"2*x(a + b*ArcTan[c*x]))/(2*xe) - (b*c*x((e"2*x)/c”2 + ((cxd - e)*(
cxd + e)*ArcTan[c*x])/c~3 + (dxexLogl[l + c~2%x~2])/c"2))/(2*e)

N J

3.4.3.1 Defintions of rubi rules used

rule 478‘Int[((c_) + (@_)*(x))" (@ )/((a) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
‘Integrand[(c + dxx)"n/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

34.  [(d+ex)(a+ barctan(cz)) dz
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ruk35387‘Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_ ) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + exx)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(ex(q + 1)) Int[(d + exx)~(q + 1)/(1 + c"2%x72), x], x] /; FreeQ[{a, b |
, ¢, d, e, q}, x] && NeQlq, -1] ‘

3.4.4 Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.91

method result
barct. 2 bd1n(c?z2+1 + b
parts a(3ez?® +dz) + w + barctan (cx) xd — % — ez gy %c(fz)e
. — arctan(cz)b c?e 22 —a c?e 22 —2bdx arctan(cz)c? —2a c>dz+bed In (c222+1) +-becex—arctan(cz)be
parallelrisch — 527
rctan(cx ec212 dcln ‘3212+1 earctan(czx

a(d62m+%626m2) b<arCtan(cw)dC2z+aca (2) -5t - ( 2 )+ = (cz)

derivativedivides : :

c

2.2
arctan(cz)e 22?2 en _ de ln(c z +1) I arctan(cz)
2 -2 2 2

2
b| arctan(cz)d c“z+
a(d02z+%62€w2)+ ( (=)

default e e

C

risch _ib(ew2+2dz) In(icz+1) + ibe 2 lngl—icx+1) + ibdwln(;icx+1) + ae2x2 + adx bdln(c?z24+1)  peg

inputLint((e*x+d)*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE) J

output ‘ a* (1/2%e*x~2+d*x)+1/2*b*arctan (c*x) *x~2*e+b*arctan (c*x) *xx*d-1/2*b*d*1n(c~2 ‘
‘*x“2+1)/c—1/2*b*e*x/c+1/2/c‘2*arctan(c*x)*b*e ‘

3.4.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93

/(d + ex)(a + barctan(cz)) dz

_ac’ex? — bedlog (P + 1) + (2 ac’d — bee)x + (bcPex? + 2bc’dx + be) arctan (cx)
B 2¢?

inputtintegrate((e*x+d)*(a+b*arctan(c*x)),x, algorithm="fricas") J

34.  [(d+ex)(a+ barctan(cz)) dz
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output‘1/2*(a*c“2*e*x‘2 - b*cxd*log(c™2*x"2 + 1) + (2*%a*c™2xd - b*c*e)*x + (b*c~2
L*e*x‘Q + 2%b*c”2*d*x + b*e)*arctan(c*x))/c"2

3.4.6 Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.14

/(d + ex)(a + barctan(cz)) dz

n bdlog (22 +% n
adz + %2° 4 bdz atan (cz) + bea” spa(e) _ = (20 5) bex 4 —beat;cz(“) forc#£0

a (dz + %) otherwise

inputLintegrate((e*x+d)*(a+b*atan(c*x)),x)

e

Piecewise((axd*x + a*e*xx**2/2 + b*d*x*atan(c*x) + b*exx**2*xatan(c*x)/2 - b
\*d*log(x**z + cx*(-2))/(2xc) - bxexx/(2*c) + b*exatan(cxx)/(2xc**2), Ne(c,
‘ 0)), (a*x(d*x + exx**2/2), True))

output

3.4.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93

/(d + ex)(a + barctan(cz)) dx = % aex® + % (z2 arctan (cx) — c(% — —arctalr; (cz) ) ) be
+ ads + (2 cx arctan (cx) — log (c2x? + 1))bd

2¢c

input

integrate ((e*x+d)*(atb*arctan(c*x)),x, algorithm="maxima")

N\

output‘ 1/2xa*exx”2 + 1/2*(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c~3))*b*e + ax
‘d*x + 1/2%(2*c*x*arctan(c*x) - log(c™2*x"2 + 1))#*b*d/c

34.  [(d+ex)(a+ barctan(cz)) dz
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3.4.8 Giac [F]

/(d + ex)(a + barctan(cz)) dx = / (ex + d)(barctan (cz) + a) dz

input Lintegrate ((e*x+d) * (at+b*arctan(c*x)) ,x, algorithm="giac")

output

sageO*x

-

3.4.9 Mupad [B] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.88

aex? bex

/(d + ez)(a + barctan(cz)) dxr = adz + + bdzxatan(cx) — e

beatan(cz)  bes’atan(cz) bdIn(c®z®+1)

2 c? 2 2¢

input Lint((a + b*atan(c*x))*(d + e*x),x)

output‘a*d*x + (a*xexx~2)/2 + bkd*x*atan(c*x) - (b*e*x)/(2xc) + (bxe*atan(c*x))/(2
*xc"2) + (bxexx~2*atan(c*x))/2 - (b*d*log(c™2*x~2 + 1))/ (2xc)

N\

34.  [(d+ex)(a+ barctan(cz)) dz
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35 f a+barctan(cx) dx

d+ex
3.5.1 Optimalresult . .. ... ... ... ... .. YY)
3.5.2 Mathematica [A] (verified) . . . . . .. ... ... Lo bY¢)
3.5.3 Rubi [A] (verified) . . .. ... .. . ... 601
3.5.4 Maple [A] (verified) . ... ... ... ... 62
355 Fricas [F] . . . . . . o 62
3.5.6 Sympy [F] . . . . . 63
3.5.7 Maxima [F] . . . . . .. 63
3.5.8 Giac [F] . . . . . 63}
3.5.9 Mupad [F(-1)] . . . . oo 64

3.5.1 Optimal result

Integrand size = 16, antiderivative size = 138

(a + barctan(cz))log ()

b .
/a + barctan(cz) dr — — T icm
d+ex e
c(d+ex
(a + barctan(cz)) log <%)
e
. . . 2¢(d+ex)
N ibPolyLog (2,1 — ) B ib PolyLog (2’ 1 (cd—‘rie)(l—icz))
2e 2e

output‘—(a+b*arctan(c*x))*1n(2/(1—I*c*x))/e+(a+b*arctan(c*x))*1n(2*c*(e*X+d)/(C*d
‘+I*e)/(1—1*c*x))/e+1/2*I*b*polylog(2,1—2/(1—I*c*x))/e—1/2*I*b*polylog(2,1—
‘2*c*(e*x+d)/(c*d+I*e)/(1—I*c*x))/e \

3.5.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00

/ a + barctan(cz) i
d+ex
2alog(d + ex) + iblog(1 — icz) log (%) — iblog(1 + icx) log (ﬁﬁj?) + ibPolyLog <2, e%;f?) — 1

2e

a+barctan(cz
3.5. f d-l-T() d.’L'
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input‘ Integrate[(a + bxArcTan[c*x])/(d + exx),x]

output‘f(2*a*Log[d + exx] + I*bkxLog[l - Ixcxx]*Logl[(c*(d + e*x))/(cxd - I*e)] - Ix
‘b*Log[l + Ikcxx]*Log[(c*(d + e*x))/(cxd + Ixe)] + I*b*PolyLog[2, (e*(1 - I
‘*c*x))/(I*c*d + e)] - Ixb*PolyLogl[2, -((ex(-I + c*x))/(c*d + Ixe))])/(2%e)

3.5.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00,

number of steps used = 5, number of rules used = 4, Bumber of rules _ 954 Ryles used

integrand size
= {5381, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barctan(cz) iz
d+ex
| 5381
1 2c‘(d+em)‘ d
be [ Og((czj;?_f_ll_m)> x be [ Cz(;sz )dx N (a + barctan(czx)) log (7(1—2;(90;(26;-?-@)) B
e e e
log (1 wx) (a + barctan(cz))
e
l 2849
tog e lg(l ) g 1 Se(dtea)
be [ (( (Ci;—m;-i(-ll )) dm ib f =z di—i N (a + barctan(cz)) log <(1_fm)(5;+ie)>
e e e
log ( = w) (a + barctan(czx))
e
l 2752

log ( —peldden) _ 2c(d+
e i) 4y (ot barctan(ea) og (2= )

+
log (1 :w) (a + barctan(cx)) b PolyLog (2 1- m)

e + 2e

l 2897

a+barctan(cz
3.5. f d-l-T() d.’L'
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output

rule 2752

rule 2849

rule 2897

rule 5381
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l—icz

(a + barctan(cz)) log ((Té%gg%gg%ﬁﬁ> log ( Z ) (a + barctan(cz))

(cd+ie)(1—icz) 1—icx

imeyLog(;;1—24¢““>) ideyLog(;i[_Q)
2e + 2e

N

'Int[(a + b*ArcTan[c*x])/(d + e*x),x]

~—

(-(((a + bxArcTan[c*x])*Log[2/(1 - I*c*x)])/e) + ((a + bxArcTan[c*x])*Logl[(
\2*c*(d + exx))/((c*xd + I*xe)*(1 - Ixcxx))])/e + ((I/2)*b*PolyLogl[2, 1 - 2/(
‘1 - I*xc*x)])/e - ((I/2)*b*PolyLogl[2, 1 - (2*cx(d + e*x))/((c*d + I*e)*(1 -
Ixc*x))])/e

-

/|

3.5.3.1 Defintions of rubi rules used

‘Int[Log[(c_.)*(x_)]/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
g[2, 1 - cxx], x] /; FreeQl{c, d, e}, x] & EqQ[e + c*d, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQ[e~2*f + d~2xg, 0]

Int[Loglu_l*(Pq_)~(m_.), x_Symbol]l :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x])1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents/[u,
x] [[2]], Expon[Pq, x]]

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))/((d_.) + (e_.)*(x_)), x_Symbol]l :> Si
mp[(-(a + b*ArcTan[c*x]))*(Log[2/(1 - I*cxx)]/e), x] + (Simp[(a + bxArcTan[
c*xx] ) *(Log[2*c*((d + e*x)/((cxd + I*e)*(1 - I*cxx)))1/e), x] + Simp[bx*(c/e)

Int[Log[2/(1 - I*c*x)]/(1 + c™2*x~2), x], x] - Simp[b*(c/e) Intl[Log[2%
cx((d + exx)/((cxd + I*e)*(1 - I*c*x)))]1/(1 + c~2%x~2), x], x]) /; FreeQ[{a
, b, c, d, e}, x] && NeQ[c"2*d"2 + e~2, 0]

a+barctan(cz
3.5. f d-l-T() d.’L'
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3.5.4 Maple [A] (verified)

Time = 3.10 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.13

method result
b < cln(ces-ed) arctan(es) _ [ _ iIn(cez—+cd) (m( 752_9‘6_;?'6 ) _1n( g‘fcfiﬁ‘z )) B i(dilog(%ﬂe ) —dilog( iegfifl
2e 2e
aln(ez+d) ©
parts - + c
acln(cex+cd) +be < In(cex+cd) arctan(cz) _ iIn(cex+cd) (— ln( _ccsi-g—eie ) -Hn( i‘iﬁi’fe )) n i (dilog(%) —dilog( iecmdizi ))
e e 2e 2e
derivativedivides .
acln(cex+cd) +be < In(cez+cd) arctan(cz) iIn(cex+cd) (— ln( _cc;i;}—eie ) +1n( ielfiizzi )) n % (dilog ( %}‘;e) —dilog ( % ))
e e 2e 2e
default .
T —idcte(—icz+1l)—e . . —idcte(—icz+1l)—e s idc+e
. h ib dllOg(T) ib ln(—zcz—}-l) IH<T) aln(idc—e(—icx+1)+e) ib d110g<7f4
risc 5 + %6 + - %

input Lint ((at+b*arctan(c*x))/(e*x+d) ,x,method= RETURNVERBOSE)

output‘a*ln(e*x+d)/e+b/c*(c*ln(c*e*x+c*d)/e*arctan(c*x)—c*(—1/2*I*ln(c*e*x+c*d)*(
‘ln((I*e—c*e*x)/(c*d+I*e))—1n((I*e+c*e*x)/(I*e—c*d)))/e—1/2*I*(dilog((I*e—c

1*e*x)/(c*d+I*e))—dilog((I*e+c*e*x)/(I*e—c*d)))/e))

3.5.5 Fricas [F]

/ a + barctan(cz) dp — / barctan (cx) + a i
d+ex er+d

inputLintegrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="fricas")

outputLintegral((b*arctan(c*x) + a)/(exx + d), x)

a+barctan(cz
3.5. f d-l-T() d.’L'
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3.5.6 Sympy [F]

a + barctan(cx) a + batan (cx)
dz = dz
d+ex d+ex

input Lintegrate ((atb*atan(c*x) )/ (exx+d) ,x)

output LIntegral((a + bkatan(c*x))/(d + e*x), x)

3.5.7 Maxima [F]

/ a + barctan(cz) dp — / barctan (cx) + a i
d+ex er+d

input Lintegrate ((atbxarctan(c*x))/(exx+d) ,x, algorithm="maxima")

output L2*b*integrate(1/2*arctan(c*x)/(e*x + d), x) + axlog(e*x + d)/e

3.5.8 Giac [F]

/ a + barctan(cz) dp = / barctan (cx) + a i
d+ex er+d

input Lintegrate ((atbxarctan(c*x))/(exx+d) ,x, algorithm="giac")

output Lsageo*x

a+barctan(cz
3.5. f d-l-T() d.’L'
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3.5.9 Mupad [F(-1)]

Timed out.

/a + barctan(cz) dp — / a + batan(cx) i

d+ex d+ex

input Lint((a + b*atan(c*x))/(d + e*x),x)

output Lint((a + b*atan(c*x))/(d + e*x), x)

a+barctan(cz
3.5. f d-l-T() d.’L'
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3.6 f a+b arctan2(cx) dx
(d+ex)

3.6.1 Optimalresult . . ... ... ... ... ... 65)
3.6.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 65
3.6.3 Rubi [A] (verified) . . . . ... .. ... 66!
3.6.4 Maple [A] (verified) . ... ... . ... ... 68
3.6.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 68}
3.6.6 Sympy [C] (verification not implemented) . . .. ... ... ... ...... 69
3.6.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... V)
3.6.8 Giac [F] . . . . . . [71]
3.6.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... (71l

3.6.1 Optimal result

Integrand size = 16, antiderivative size = 98

a+barctan(cz) ,  bc’darctan(cz) a + barctan(cz)
/ (d+ ex)? TS (2d2+e2)  e(d+ex)
belog(d +ex)  belog (1 + c?z?)
ed2+e2 2(Ad?+e?)

output ‘ bxc~2*d*arctan(c*x)/e/(c”~2*d"2+e~2)+(-a-b*xarctan(c*x))/e/ (e*xx+d)+b*c*1ln(e*
\x+d)/(c“2*d“2+e“2)—1/2*b*c*1n(c“2*x“2+1)/(c“2*d‘2+e“2)

3.6.2 Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.13

/ a + barctan(cx)
(d+ ex)?
__a+barctan(cz) n bc((@d—e) log(l— —c%c)—(@d—}-e) 10g(1+mm) +2e log(d+ez)>
d+ex 2(c2d?+e?)

e

input LIntegrate [(a + b*ArcTan[c*x])/(d + e*x)~2,x]

-/

output‘ (-((a + b*ArcTan[c*x])/(d + e*x)) + (bkcx((Sqrt[-c~2]*d - e)*Logl[l - Sqrtl[
‘—c“2] *x] - (Sqrt[-c~2]*d + e)*Log[l + Sqrt[-c~2]*x] + 2xexLogld + exx]))/(
(2%(cT2%d"2 + e72)))/e

36. [ otbucnc) g,
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3.6.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.96, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 379 Ryjeg ysed = {5387,

integrand size
479, 452, 216, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barctan(cz)

(d+ ex)?
| 5387
be | mdz _ a+barctan(cz)
€ e(d + ex)
| 479

d—ex
be c f232212+21 dz + elc;g(2d+ezz)
cid*+e cid*+e a + barctan(cx)

€ e(d+ ex)
l 452
b 2 (df ﬁfmdz—ef Qfmd@ elog(d-rez)
) cid+e? + c2d?+e?
a + barctan(cz)
¢ e(d + ex)
l 216
be ¢ (dam:n(m) -/ czf2+1dm> 4 elog(dten)
2d2 2 2 ]2 2
T e a + barctan(cx)
¢ e(d + ex)
l 240
c2 <d arctan(cz) e log(c2;2+1) >
¢ 2c 1 d
e c?d+e? +° c%gd(z-l—-i_eezw)
a + barctan(cz)
¢ e(d + ex)

inputLInt[(a + bxArcTan[c*x])/(d + e*x)"2,x]

36. [ otbucnc) g,
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output ‘

-((a + b*ArcTan[c*x])/(ex(d + e*x))) + (b*cx((exLogld + e*x])/(c™2xd"2 + e
~2) + (c”2x((d*ArcTan[c*x])/c - (exLogl[l + c~2%x72])/(2*c~2)))/(c"2*d"2 +
e”2)))/e

3.6.3.1 Defintions of rubi rules used

rule 216

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt [b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

rule 240

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

rule 452

Int[((c_) + (d_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simplc Int[1/
(a + b*xx~2), x], x] + Simp[d Int[x/(a + b*x~2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c~™2 + axd~2, O]

rule 479

rule 5387

N\

Int[1/(((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)), x_Symbol] :> Simp[d*(Log
[RemoveContent [c + d*x, x]1/(b*c™2 + a*d~2)), x] + Simp[b/(b*c™2 + axd"2)
Int[(c - d*x)/(a + b*xx"2), x], x] /; FreeQ[{a, b, c, d}, x]

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
c/(ex(q + 1))) Int[(d + exx)~(q + 1)/(1 + c~2*x~2), x], x] /; FreeQ[{a, b
, ¢, d, e, qF, x] & NeQ[q, -1]

36. [ otbucnc) g,
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3.6.4 Maple [A] (verified)

Time = 1.58 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.12

method result
eln(c2m2+1)
o2 eln(cex+cd)+—7+dcarctan(cz)
2 c2d? +e2 c2d2+e2?
c“ arctan(cz)
bl - (cexz+cd)e + e
parts ——2— 4+
(ez+d)e c
eln(c2a:2+1)
eln(cex+cd) | — +dcarctan(cz)
ac? b2 arctan(cz) c2d21e2 + c2d21e2
_m+ €| ~ (ceatcde e
derivativedivides

[

eln (02:1:2+1)

eln(cex+cd) i +dcarctan(cz)
_%_i_b 2| - arctan(cz) c2d21e2 c2d2 12
(cez+cd)e (cez+cd)e e

default .

llelrisch —2bdz arctan(cz)cte+1n(c2z2+1)xb c3e2—21In(ex+d)xb c3e?+1n(c2x2+1)b c3de—2In(ex+d)b c>de+2a c*d2+2be? ¢
parallelrisc - 2(ez+d)c2e(c2d?+e?)
risch ibIn(icz+1) + —ibc?d? In(—icz+1)—ibe? In(—icx+1)+2 In(—ex—d)bc e2z+2 In(—ex—d)bcde—2a c2d? —2a €2 —In (-

2e(ex+d)

input Lint ((at+b*arctan(c*x))/(e*x+d) ~2,x,method=_RETURNVERBOSE)

output ‘ -a/(exx+d) /e+b/cx (-c~2/ (cxexx+c*d) /exarctan(c*x) +c~2/e*(e/ (c™2*%d"2+e”2) *1n ‘

‘ (cxexx+cxd)+1/(c~2%d"2+e"2) *x (-1/2*e*x1n(c~2%x~2+1) +d*c*arctan(c*x)))) ‘

3.6.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.18

dzr =

/ a + barctan(cz)
(d+ ex)?

_ 2ac*d® +2ae® — 2 (bc*dex — be?) arctan (cx) + (bee’x + bede) log (*z® + 1) — 2 (bee*x + bede) log (ea

2(c?d3e + de? + (c?d?e? + e*)x)

input Lintegrate ((a+bxarctan(c*x))/(e*x+d)~2,x, algorithm="fricas") J

36. [ otbucnc) g,
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output‘ -1/2%(2%a*xc”~2+%d~2 + 2*axe”2 - 2% (bxc”~2*d*e*x - b*e~2)*arctan(c*x) + (b*cxe ‘
|"2%x + b¥cxdke)*log(c 2¥x™2 + 1) - 2¢(bxcke™2%x + bxcxdke)*log(exx + d))/(
\c*z*d*s*e + d*e”3 + (c™2xd"2%e"2 + e~4)*x) \

3.6.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.50 (sec) , antiderivative size = 658, normalized size of antiderivative = 6.71

a + barctan(cz)
(d+ ex)?
(az
a2
blog m2+ 1
az+bzx atan (cx)— <T?Z)
22
—__a_
dete?x
- 2ad ibd atanh (%) ibd ibex atanh (£%)
T 2d%e+2de?x 2d?e+2de?x + 2d%2e+2de?x ~  2d2e+2de’x
%d ibd atanh (%) ibd ibex atanh (%)
T 2d%e+2de?x T 2d%2e+2de?x  2d%2e+2de’x 2d?e+2de’x
2,1
_ 2ac2d? _ 2ae2 + 2bc2dex atan (cz) _ bedelog (ac +c7>
\ 2c2d%e+2c?d?e2z+2de3+2ets  2c2dBe+2c?d?e?z+2ded+2etx | 2c2die+2c?de2z+2ded+2ets 2c2dBe+2c?d?e?z+2ded+2etx

p
input tintegrate ((atb*atan(c*x) )/ (exx+d) **2,x)

~—

36. [ otbucnc) g,



output
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Piecewise((a*x/d**2, Eq(c, 0) & Eq(e, 0)), ((a*x + b*x*atan(c*x) - b*log(x
**2 + c*x(-2))/(2*c))/d**2, Eq(e, 0)), (-a/(d*e + e*x2xx), Eq(c, 0)), (-2%
a*xd/ (2*%d*x*2*e + 2kd*ex*x2*x) + I*bxd*atanh(e*x/d)/(2*d**2%e + 2kd*ex*2*x) +
Ixb*xd/ (2xd**2xe + 2xd*e**2xx) - Ixbkexx*atanh(e*xx/d)/(2*d**2*e + 2xd*ex*2
xx), Eq(c, -I*xe/d)), (-2*axd/(2*d**2*e + 2*kd*e**2*x) - Ixb*d*atanh(e*x/d)/
(2xd**2xe + 2xdke**2xx) — Ixbkd/(2xd**2xe + 2xd*e**2xx) + Ixbke*x*atanh(ex*
x/d)/ (2xd**2%e + 2*d*e**2xx), Eq(c, Ixe/d)), (—2kakxck*x2xd**2/(2*c**kd**3*
e + 2kckk2kdk*kke*kx2kx + 2kdkex*k3 + kekkdxx) — 22kake*x*2/(2kck*2kxd**3ke +
KOk 2kA¥Kke**¥2%X + 2%d*ke**3 + 2kex*4*x) + 2xbxcx*2kd*kexx*katan(c*x)/(2%c*
*kkdkkIke + 2kCHA2kAk*k2kexk*¥2%X + kdke**3 + 2xex*4xx) - brckdrexlog(xk*2 +
ck*(=2)) / (2*c*k*2kd*x*x3kxe + kck*xkd**kex*x2xx + kdkex*x3 + kexxdxx) + 2%b
xckxd*exlog(d/e + x)/(2kck*2kdx*3ke + 2kCk*kdk*2kex*2kx + 2%d*ke*x*3 + 2xexx
4%x) - bkcxexx2*xxlog(x**2 + c**(-2))/(2kck*2*¢d**3ke + 2*kCk*2kd**2kex*2*x
+ 2kdxe**3 + 2kexx4d*x) + 2¥bxckex*2xx*log(d/e + x)/(2xc**2kd**3*e + 2kck*2
*dkk2kek*k2kx + 2kdke*x*3 + kekkdkx) — 2kbkekx2xatan(ckx)/(2kxck*2xd**3ke +
2kck*2kd**kQkek*k2kx + 2kdkex*3 + 2kexx4xx), True))

3.6.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.09

/ a + barctan(cz)
T
(d+ ex)?
_ 1 ((2cdarctan (cz) log(c*a®+1) 2 log(ex +d) . 2 arctan (cx) ;
2 c2d%e + €3 c2d? + e? c2d? + e? e2z + de
a
ez +de

p
inputLintegrate((a+b*arctan(c*x))/(e*x+d)“2,x, algorithm="maxima")

~—

;
output‘1/2*((2*c*d*arctan(c*x)/(c‘2*d‘2*e + e73) - log(c™2*x"2 + 1)/(c™2%d"2 + e~

12) + 2+log(exx + d)/(c™2%d™2 + e72))*c - 2*arctan(cxx)/(e"2%x + d¥e))*b -
‘a/(e"2%x + d¥e)

36. [ otbucnc) g,
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3.6.8 Giac [F]

dz

/ a + barctan(cz) .- / barctan (cx) + a
(d+ ex)? (ex + d)?

input Lintegrate ((atb*arctan(c*x))/(exx+d)"2,x, algorithm="giac")

-/

output LsageO*x J

3.6.9 Mupad [B] (verification not implemented)

Time = 3.76 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.14

dz

/ a + barctan(cz)
(d+ ex)?
d2 <bC 1n(d+6_’[})—%+a62m+bc2xatan(6x)) _de(batan(cx)_bcm ln(d+6x)+bcwh

- d(c2d*+¢€?) (d+ex)

input Lint((a + bxatan(c*x))/(d + e*x)~2,x)

N

Output‘ (d~2* (bxc*log(d + e*x) - (bxc*xlog(c™2*x™2 + 1))/2 + a*c™2*x + b*c™2xx*atan
‘ (c*x)) - dxex(b*atan(c*x) - bkc*xxlog(d + exx) + (b*cxx*log(c™2*x"2 + 1))/
Lz) + ake™2xx)/(dx(e™2 + ¢ 2%d"2)*(d + e*x))

~

36. [ otbucnc) g,
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3.7 f a+barctan(cx) dx

(d+ex)?
3.71 Optimalresult . . . ... .. . .. ... 721
3.7.2 Mathematica [A] (verified) . . . . . .. . ... . L 72
3.7.3 Rubi [A] (verified) . . .. ... ... ... 73]
3.74 Maple [A] (verified) . ... ... .. ... (74
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 75
3.7.6  Sympy [C] (verification not implemented) . . . ... ... ... ... .... 761
3.7.7 Maxima [A] (verification not implemented) . ... ... ... . ... ... .. e
3.7.8 Giac [F] . . . . (77
3.7.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 78

3.7.1 Optimal result

Integrand size = 16, antiderivative size = 146

a+ barctan(cz) , be bc*(cd — e)(cd + €) arctan(cz)
/ (d+ ex)? T= 7 (d? + €2) (d + ex) %e (2d? + e2)?
a+barctan(cz) bcldlog(d+ex) bcidlog (1 + *z?)
"~ 2e(d + ex)? (2d? + €2)* 2 (c2d? + e2)?

output ‘ -1/2%b*c/(c~2%xd"2+e"2) / (e*xx+d) +1/2*b*xc~2% (c*d-e) * (c*d+e) *arctan (c*x) /e/(c” ‘
|2%d~2+e"2) "2+1/2x (-a-b*arctan(c¥x)) /e/ (exx+d) “2+bxc™3*d*1n(exx+d) / (c™2%d"2
\+e*2)*2—1/2*b*c*3*d*1n(c*2*x*2+1)/(c*2*d*2+e*2)*2 \

3.7.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.32

dr =

/ a + barctan(cz)
(d+ex)3
be(d+ex) (26 (C2d2+62) — (c2d<md—2e) —\/TCQCZ> (d+ezx) log (l—mz) — ( —6262—62d<md+26)

(c2d?+e2)?
de(d + ex)?

2(a + barctan(cz)) +

input LIntegrate [(a + b*ArcTan[c*x])/(d + e*x)~3,x]

-/

37. [ —“*ﬁjf{jj&” dz
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-1/4%(2x(a + b*ArcTan[c*x]) + (bxcx(d + e*x)*(2xex(c”2*xd"2 + e72) - (c™2xd
*(Sqrt[-c"2]*d - 2xe) - Sqrt[-c”2]*e"2)*(d + e*x)*Log[l - Sqrt[-c~2]*x] -
(Sqgrt[-c~2]*e”2 - c~2xd*(Sqrt[-c~2]*d + 2xe))*(d + exx)*Log[l + Sqrt[-c~2]
*xx] - 4xc”2xd*ex(d + exx)*Logld + e*x]))/(c™2xd"2 + e72)72)/(ex(d + e*x)"2
)

3.7.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.08,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 954 Ryles used

integrand size
= {5387, 480, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barctan(cx)

(d+ ex)3
l 5387
be [ (d+ez)2%62m2+l)dx _ a+ barctan(cz)
2e 2e(d + ex)?
l 480
d—ezx
bc 02 f (d+ex) (c2z2+1) dz e
2 ]2 2 - 2 ]2 2
c2d2+e (c2d?+e?)(d+ex) a+ barctan(c:r:)
2e 2e(d + ex)?
l 657
52 2C2— 6162—82
62 f < (c2d2+2:2) (d+ex) + (c(;d2+e22‘3 (0212+1) >d:1:
bc 3121 o2 - 5
c2d?+e (c2d?+e2?)(d+ex)
_a+ barctan(cz)
% 2e(d + ex)?
l 2009
c2 arctan(cz)(cd—e)(cd+e) de log(5222+1) 2de log(d+ex)
C(Cde_,_ez) c2d24e2 c2d2+e2 e
be 2d21e? " (c2dZ+e2)(d+ex)
a + barctan(cz)
% 2e(d + ex)?

input‘ Int[(a + bxArcTan[c*x])/(d + exx)~3,x]

37. [ —“*’ggf;;;f“’ dz
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output -1/2x(a + bxArcTan[c*x])/(ex(d + exx)"2) + (bxcx(-(e/((c™2%d™2 + e"2)*(d +
‘ exx))) + (c"2%(((c*xd - e)*(c*d + e)*ArcTan[c*x])/(cx(c™2*d"2 + e72)) + (2
‘*d*e*Log[d + exx])/(c™2*d"2 + e72) - (d*exLog[l + c™2%x72])/(c"2*d"2 + e~2
1))/ (c2%d™2 + €72)))/(2%e)

3.7.3.1 Defintions of rubi rules used

ruk3480‘Int[((c_) + (d_)*(x_))"(n_)/((a) + (b_.)*(x_)"2), x_Symbol] :> Simp[d*((c
‘ + d*x)"(n + 1)/((n + 1)*(b*c™2 + axd"2))), x] + Simp[b/(b*c”2 + a*d™2) I
‘ntl(c + d*xx)"(n + 1)*((c - d*x)/(a + b*x"2)), x1, x] /; FreeQl{a, b, c, d},
\ x] && ILtQ[n, -1]

rule 657 Int [(((d_.) + (e_.)*(x_))~(m_)*((f_.) + (g_)*(x_))"(m_.))/((a) + (c_.)x(
‘x_)“2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)"n/(a + c*xx~
‘2)), x], x] /; FreeQl[{a, c, 4, e, f, g, m}, x] & IntegersQ[n]

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e

rule 5387 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(ex(q + 1)))  Int[(d + exx)"(q + 1)/(1 + c"2%x72), x], x] /; FreeQ[{a, b

L, c, d, e, q}, x] && NeQ[q, -1]

~

3.7.4 Maple [A] (verified)

Time = 1.62 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.05

3.7. j‘ﬁi%;ggg¥ﬁldm
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method result
\
3| . 2ecd In(cex+cd) —cde ln(c2z2+l)+(c2dz—ez) arctan(cz)
b| — 3 arctan(cz) + (c2d2+52)(cez+cd) (C2d2+62>2 (62d2+e2)2 /
2(cex+cd)2e 2e
parts —— 0+
2(ex+d)%e c
B 2ecd In(cex+cd) —cdeln (c2z2+1) + (c2d2—e2) arctan(cz)
- 2 2
_ a3 b3 — arctan(cz) (c2d2+e2)(cez+cd) (c2d2+e2) (02d2+52)
2(cez+cd)?e 2(cez+cd)2e 2e
derivativedivides -
3 . 2ecd In(cex+cd) —cdeln(c2z2+1)+(c2d2—e2) arctan(cx)
2 2
_ﬁﬁ'b 03 _ arctan(cx) (82d2+e2)(cem+cd) (02d2+e2) (62d2+52)
2(cex+cd)2e 2(cez+cd)2e 2e
default .
. bed e24-e3a—z2a ctd?e—2bd3 arctan(cx)z ¢t —x2b c3d e2 —xb c3d2e+3 arctan(cx)b c2d2e—2za cd3+1n (222 +1) b 3a
parallelrisch —
risch Expression too large to display
inputLint((a+b*arctan(c*x))/(e*x+d)‘3,x,method=_RETURNVERBOSE) J

output‘—1/2*a/(e*x+d)‘2/e+b/c*(—1/2*c‘3/(c*e*x+c*d)‘2/e*arctan(c*x)+1/2*c‘3/e*(—e
‘/(c*2*d‘2+e*2)/(c*e*x+c*d)+2*e*c*d/(c‘2*d‘2+e‘2)‘2*ln(c*e*x+c*d)+1/(c‘2*d“
| 2+e72) 2% (~ckdrexln(c 2+x"2+1)+(c"2+d"2-e"2) *arctan(cx)))) |

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 313 vs. 2(138) = 276.

Time = 0.35 (sec) , antiderivative size = 313, normalized size of antiderivative = 2.14

dz =

a + barctan(cz)

/ (d+ex)3
ac*d* + bc3d3e + 2 ac’d?e? + bede? + ae* + (bcPd2e? + beet)x + (3bc?d2e? + be* — (bctd?e? — be’et)x?
a 2 (c*dbe + 2 c2d*e3 + d?e5 +

inputLintegrate((a+b*arctan(c*x))/(e*x+d)‘3,x, algorithm="fricas") J

3.7. j‘ﬁi%;ggggﬁldz



CHAPTER 3. LISTING OF INTEGRALS 76

output | -1/2%(a*c~4*d"4 + b*c~3*%d"3%e + 2%axc 2%d"2%e"2 + b¥ckxd*e~3 + axe~4 + (b*c
“3*%d"2*xe"2 + bkcke"4)*x + (3*%b*c"2xd"2*xe”2 + b*e"4 - (b*c"4*d"2*xe"2 - b*c”

2%e"4)*x"2 - 2x(bxc"4*d"3*e - b*c"2*d*e”3)*x)*arctan(c*x) + (b*c”3*d*e”3*x
“2 + 2%bxc”3*%d"2*%e"2%x + bxc”3*%d"3*e)*log(c”2*x"2 + 1) - 2k (b*c"3*d*e”3*x~
2 + 2*%bkc~3*d"2*e"2*x + b*c~3*d"3*e)*log(e*x + d))/(c”4*d"6%e + 2%c~2%d"4*
e”3 + d"2xe”5 + (c74*xd"4*e”3 + 2*c”2*d"2*e”5 + e”7)*x"2 + 2x(c”"4*d"5*e”2 +
2%xc~2%d"3%e"4 + d*e”6)*x)

N J

3.7.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 3.27 (sec) , antiderivative size = 2866, normalized size of antiderivative = 19.63

barct
/ a+ barctan(cz) dxz = Too large to display

(d+ ex)3

input‘integrate((a+b*atan(c*x))/(e*x+d)**3,x)

output  Piecewise((a*x/d**3, Eq(c, 0) & Eq(e, 0)), ((a*xx + bxxxatan(c*x) - bxlog(x
**2 + cxx(-2))/(2%c))/d**3, Eq(e, 0)), (-a/(2xd**x2%e + 4xd*e*x*2xx + 2%e*x*3
*x*%%2) , Eq(c, 0)), (-4xa*xdx*2/(8*d*x*4xe + 16xd**3kex*2*x + 8kd**2ke*x*Ixkx**
2) + 3xIxbxd**2*atanh(e*xx/d)/(8*d**4*e + 16*dx*3*e**2xx + 8kdx*2ke**kJkx**2
) + 2%xI*xbkd**2/(8kd*x*4*e + 16*d**3ke**k2kx + 8Skd**ke**3*kx**x2) — 2*kI*bkd*e*
x*atanh (exx/d)/ (8xdx*4*e + 16xdx*3ke**x2xx + 8xd**ke*x*3*x**2) + Ixb*d*e*x/
(8*d*x*4xe + 16*%d**3*kex*2*xx + 8kd*x*kex*3xx**2) — I*bkex*2xx*x*2xatanh (exx/d
)/ (8*d*x4*e + 16kdx*3kex*2kx + 8*dk*2*ke*x*3*x**2), Eq(c, -I*e/d)), (-4xa*dx*
*2/ (8xd**4%xe + 16*d**3ke*x*2*x + 8kd**ke*x*3*kx**x2) — 3*kI*bkd**x2*xatanh(exx/d
)/ (8*%d**4*xe + 16%d**x3kex*k2kx + 8kd*x*2ke*x*x3kxx*x*2) — 2*kxI*xbkd*x*2/(8kxd*x*4*e +

16*d**3ke*x*2*x + 8kd**x2kex*k3*kx**x2) + 2kxIkxbkd*exx*atanh(e*x/d)/(8xd*x*4*e +

16%d**3ke*x*2*x + 8kd**x2kex*k3*kx**x2) — Ixbkdkexx/(8kd**4d*xe + 16%d**x3ke*x*2*xx

+ 8xdx*2%e**3xx**2) + Ixbkex*2xx**x2xatanh(exx/d)/(8+dx*d*e + 16%xd**kIke*x*2x
X + 8kdk*2kexx3*x*x2), Eq(c, I*e/d)), (-akck*dkd¥*4/(2kckxd*xdxx6*e + 4kck*
Axd*k5kxekxD*kX + kck*hkd**k4dxe*k3Ixkx*k*kD + 4xCkkkdkkdkekx3 + 8Skckxkdxk3kex*k
Axx + 4kck*x2kdk*2kex*5kx**2 + kd**kke**k5 + 4kdkexkBkx + ke kTkx*¥*) — 2%
akck*2xd*kke**k2/ (2kck*4xd*kBke + 4kckkdkdxk5kex*kx + kckkdkdkkL*kekk3kx*k
*¥2 + 4Akck*k2kd¥k4dke* k3 + 8kCkkkAkk3kekkdkx + AkCk*kkd*¥kkekkEkxkkD + kdk*
2ke*x*x5 + 4xdkexkBkx + 2kekxTxx*x*k2) — axexkx4/(2kck*k4kxd*x*6*e + 4xck*k4kd*x*5ke
*kQkx + kckkbkdkkdkex*kIkx*k*kD + Akckkkdkkdke* k3 + 8kckkkdkk3kekkdkx +. ..

37. [ —“*’ggfgg;}f“’ dz
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3.7.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.47

/ a + barctan(cz) dp —
(d+ex)3
1 Pdlog (c*z® +1)  2c%dlog(ex+d)  (c'd? — Pe?) arctan (cx) 1
2 \\cdd*+2c2d?e? + et cAdi+2c2d%e? et (ctdle+2c2d%e3 4+ €d)c  AdB + de? + (c2d?e +.
a

 2(e322 + 2de?x + d2e)

input  integrate((a+b*arctan(c*x))/(e*x+d)~3,x, algorithm="maxima")

N

output | -1/2*((c"2*d*log(c™2*x"2 + 1)/(c™4*d™4 + 2xc”™2%d"2*e"2 + e74) - 2xc~2x*dxlo
glexx + d)/(c™4*d"4 + 2*c™2xd"2*e"2 + e74) - (c™4*d"2 - c"2*e”"2)*arctan(c*
x)/((c"4*d~4*e + 2xc~2x%d"2*e”3 + e”b)*c) + 1/(c”2*xd"3 + d*e”2 + (c"2xd"2*e

+ e73)*x))*c + arctan(c*xx)/(e"3*x"2 + 2*d*e”2*x + d"2*xe))*b - 1/2*a/(e”3*

X"2 + 2%d*xe"2*xx + d"2*e)

3.7.8 Giac [F]

/ a + barctan(cz) / barctan (cz) + a
3 T = s dr

inputLintegrate((a+b*arctan(c*x))/(e*x+d)‘3,x, algorithm="giac") J

output‘sageo*x

37. [ —“*ﬁjf{jj&” dz
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3.7.9 Mupad [B] (verification not implemented)

Time = 4.81 (sec) , antiderivative size = 591, normalized size of antiderivative = 4.05

a + barctan(cz)
3 dx
(d+ex)
T <ac2d2+b02de+ae2> _ ba,tan(c:z:) + 932 <a022d2e+bcgez+%) + z4 (ac42d26+b032d62+a0263> + (E'?’ (ac4d2+b032de+ac2€2)
. d(c? d?+e?) 2e d? (c? d?+e?) d? (c? d?+e?) d(c? d?+e?)
cdd?z?2+2c2dex? + ezt +d?+2dex + e x2

b*dln(d+ex)  bldln(2®+1)
cAdt+2c2d?e?2+et 2 (cAdi+2c2d?e? +e?)
atan(‘j—%) (@) (Ad*+8c2d2 e +2¢*) (B3P d +26cd? e + 4 c2et) (2Th M0 dl0 4
2¢ (81?6 d?0 e + 1662 c?* d'8 e3 4 11515 ¢?2 d'6 €5 4 32306 ¢2° d'4 e + 43705 c'8 d'2 e + 2814216 d0 e

_|_

-

input Lint((a + bxatan(c*x))/(d + e*x)~3,x)

~—

output | ((xx(a*e~2 + a*c™2*d~2 + (bxckxd*e)/2))/(d*x(e”2 + c~2%d~2)) - (b*atan(c*x))
/(2xe) + (x"2x((a*e”3)/2 + (bxcxd*e~2)/2 + (axc™2xd"2xe)/2))/(d"2x(e"2 + ¢
~2%d"2)) + (x~4x((axc™2%e~3)/2 + (axc™4xd~2%e)/2 + (bxc~3xd*e~2)/2))/(d~2*
(e”2 + c™2%d"2)) + (x"3*%(a*xc™4*d"2 + a*c™2%e”2 + (bxc~3xdxe)/2))/(d*x(e”2 +
c"2%d"2)) - (bxc~2xx"2xatan(c*x))/(2xe))/(d"2 + e~2*x"2 + 2kd*e*xx + c~2*d
“2%x72 + cT2%e"2*%x"4 + 2%c"2*d*e*x”"3) + (b*c~3*d*xlog(d + exx))/(e”4 + cT4x
d~4 + 2*%c"2*%d"2+e”"2) - (b*c~3*d*xlog(c™2*x"2 + 1))/(2%(e”4 + c™4xd”4 + 2xc”
2xd"2xe"2)) + (atan((c”™2*x)/(c”2)"(1/2))*(c"2)"(7/2)*(2%e”™4 + c~4*%d"4 + 8%
c72*d"2xe”2) * (3*kc”"6*%d"4 + 4xc”2%e"4 + 26*xc”4*d"2*e”2)*x(3*bxe”10 + 27*b*c”1
0xd"10 + 7*bxc™2*%d"2*xe”"8 - 26%bxc " 4*d"4*e”6 - 34xbkc 6*%d"6*e”"4 + 23*b*c 8%
d"8%e~2))/(2%c*(81*%c~26*xd"20*%e — 24*c”6*e”21 - 380*c~8*xd"2*xe~19 - 2054*c”1
Oxd"4*e~17 - 3650%c”12*d"6xe~15 + 4857*c~14*%d"8*e”13 + 28142*%c~16*d"10*e"1
1 + 43705*%c™18*%d"12*xe”9 + 32306*c~20*%d"14*xe”7 + 11515*%c™22*%d"16*e”5 + 1662
*C~24%d~18%e”3))

37. [ —“*’ggf;;;f“’ dz
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3.8 f a+barctan(cx) dx

(d+ex)?
3.8.1 Optimalresult . .. ... ... ... ... .. [79]
3.8.2 Mathematica [A] (verified) . . . . . .. ... .. . Lo 79
3.8.3 Rubi [A] (verified) . ... ... ... ... 80)
3.84 Maple [A] (verified) . ... ... ... ..o 82
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... R2
3.8.6 Sympy [C] (verification not implemented) . . .. .. ... ... ... .... 83
3.8.7 Maxima [A] (verification not implemented) . ... ... ... ... . ..... R
3.88 Giac [F] . . . . . e 85i
3.89 Mupad [F(-1)] . .. . o 85

3.8.1 Optimal result

Integrand size = 16, antiderivative size = 206

a+barctan(cz) , be 2bc3d
/ (d+ ex)* 776 (c2d? +€2) (d+ex)?  3(c2d2 + e2)? (d + ex)
bctd(c?d? — 3e?) arctan(cx)  a + barctan(cz)
3e (2d? + €2)°  3e(d + ex)?
b3 (3c2d? — e?)log(d + ex)  bc*(3c%d? — €?) log (1 + c*z?)
3 (c2d? + e2)° - 6 (c2d? + €2)°

output \ -1/6%b*c/ (c"2xd"2+e"2) / (e*xx+d) ~2-2/3*b*xc~3*d/ (c"2*d"2+e~2) "2/ (e*xx+d)+1/3*b \
‘*c‘4*d*(c‘2*d‘2—3*e“2)*arctan(c*x)/e/(c‘2*d‘2+e‘2)‘3+1/3*(—a—b*arctan(c*x)
‘ )/e/ (exx+d) ~3+1/3%b*c"3* (3*xc~2*xd"2-e"2) *1n (e*x+d) / (c"2*d"2+e”~2) "3-1/6%b*c” ‘
‘ 3% (3*c"2xd"2-e"2) *1n(c~2*x"2+1) / (c~2*d"2+e"2) "3 ‘

3.8.2 Mathematica [A] (verified)

Time = 0.68 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.23

dr =

/ a + barctan(cz)
(d+ ex)*
be(d+ex) (e (c2d?+e?) 2 44c2de (c2d%+e?)(d+ex)—c? (czd2 (\/ —ch—3e> +e? (—3\/ —c2d+e)) (d+ex)? log(l—

(c
6e(d + ex)?

2(a + barctan(cz)) +

38. [ otbucnc) g,
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input‘ Integrate[(a + b*ArcTan[c*x])/(d + e*x)"4,x]

output

-1/6%(2*(a + bxArcTan[c*x]) + (b*c*(d + exx)*(ex(c™2*d"2 + €72)72 + 4xc™2%
d*e*x(c”2+%d"2 + e72)*(d + e*x) - c”2x(c"2*d"2*(Sqrt[-c~2]*d - 3*e) + e 2x(-
3xSqrt[-c”2]*d + e))*(d + e*xx) 2xLogl[l - Sqrt[-c”2]*x] - c™2x(e"2*(3*Sqrt[
-c”2]*d + e) - c”2%d"2*(Sqrt[-c~2]*d + 3*e))*(d + e*x) 2*Logl[l + Sqrt[-c~2
I*x] - 2%c”2*%ex(3*c”2+%d"2 - e"2)*(d + e*x) "2*Logl[d + e*x]))/(c"2*d"2 + e~2
)~3)/(ex(d + exx)~3)

3.8.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.02,
number of steps used = 4, number of rules used = 4, number of rules _ 0.250, Rules used

integrand size
= {5387, 480, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barctan(cx)

(d + ex)?
J,5387
be f (d+ez)3%02:1;2+1) dzx _a + barctan(cm)
3e 3e(d + ex)3
l 480
b 62 f (d+ez)é_(z§z2+l> dx e
‘ i re? - AET RN (dhe)? a + barctan(cx)
3e ~ 3e(d + ex)3
l 657
(62—302d2)62 2d62 ch(czdz—SeQ) —625(302d2—e2)z
d <_ (c2d2+62)2(d+ea:) * (c2d2+e2) (d+ex)? + (02d2+52)2 (c22241) de .
be 2d2+e2 T 2(c2d%+e?)(d+ex)?

3e
a + barctan(cz)
3e(d + ex)?

l 2009

38. [ otbucnc) g,
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2 cdarctan(cz) (02d273€2) _ e(3c2d27e2) log(c2z2+1) _ 2de 6(3C2d27€2) log(d+ex)
b (62d2+£2)2 2(62d2+€2)2 (c2d2+e2)(d+ew) (C2d2+£2)2 .
¢ c2d?+e? T 2(c2d2+e?)(d+rex)?

e
a + barctan(cx)
3e(d + ex)3

inputLInt[(a + b*ArcTan[c*x])/(d + e*x)~4,x] J

output | -1/3%(a + b*ArcTan[c*x])/(ex(d + exx)~3) + (bkxckx(-1/2%e/((c™2*d"2 + e~2)*(

d + e*x)”2) + (c™2x((-2*d*e)/((c™2xd"2 + e”2)*(d + e*x)) + (cxd*(c™2*d"2 -
3xe"2)*ArcTan[c*x])/(c™2%d"2 + €72)72 + (e*(3*c™2xd"2 - e~2)*Logl[d + ex*x]
)/(c™2%d"2 + e72)72 - (ex(3*%c™2xd"2 - e"2)*Log[l + c™2*x72])/(2*(c"2*d"2 +
€72)72)))/(c”2%d"2 + e72)))/(3*e)

3.8.3.1 Defintions of rubi rules used

rule 480 | Int[((c_) + (d_.)*(x_))"(n_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[d*((c
+ d*x)"(n + 1)/((n + 1)*(b*c™2 + axd~2))), x] + Simp[b/(b*c™2 + a*d™2) I

ntl(c + d*x)"(n + 1)*((c - d*x)/(a + b*x"2)), x], x] /; FreeQ[{a, b, c, d},
x] && ILtQ[n, -1]

rule 657 Int [(((d_.) + (e_.)*(x_))"(m_.)*((£_.) + (g_.)*(x_))"(n_.))/((a_) + (c_.)*(
x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)~n/(a + c*x~
2)), x1, x] /; FreeQl[{a, c, d, e, f, g, m}, x] && IntegersQ[n]

ruka2009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruka5387‘Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(e*(q +1))) Int[(@ + exx)"(q + 1)/(1 + c™2*x72), x], x] /; FreeQ[{a, b

, ¢, d, e, q}, x] && NeQ[q, -1] J

38. [ otbucnc) g,
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3.8.4 Maple [A] (verified)

Time = 1.95 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.99

method result
—302
Al . +e(3c2d2—e2) ln(c;z+cd) _ 2ec2d (
4 (o) 2(c2d2+62) (cex+cd)? (c2d2+e2) (62d2+e2) (cex+cd)
c™® arctan(cx
- 3(cez+cd)3e + 3e
parts ——3a +
3(ex+d)3e c
—3c242¢-
3 . +e(302d2—e2) 1n(c;a:+cd) N 2602(1 ( Setdme
2
_ act +b Al - arctan(cz) 2(02d2+62>(cew+cd) (C2d2+52) (02d2+52) (cex+cd)
3(cex+cd)de 3(cex+cd)3e 3e
derivativedivides .
—3c2d2e-
3 . + 6(302d2—e2) 1n(c;:v+cd) B 2ec2d ( 3
_ act +bct| — arctan(cz) 2 (c2d2 +62) (ceated)® (02d2+e2) (02d2+82) (cezcd)
3(cex+cd)3e 3(cez+cd)3e 3e
default .
. 5bc’de3+6bc’d3e®+bc3d e’ +6 In(ex+d)z?bc®de”’—31n(c2z?+1)xb c®d?eb+6 In(ex+d)zb c®d?e8 —223 arctan(cz).
parallelrisch —
risch Expression too large to display
input Lint ((at+b*arctan(c*x))/(e*x+d) ~4,x,method=_RETURNVERBOSE) J

output ‘ -1/3%a/ (e*x+d) ~3/e+b/c*(-1/3%c~4/ (cke*x+c*d) “3/e*arctan(c*x)+1/3%c"4/ex (-1 ‘
\/2*e/(c‘2*d‘2+e‘2)/(c*e*x+c*d)‘2+e*(3*c‘2*d‘2—e‘2)/(c‘2*d‘2+e‘2)‘3*1n(c*e*
 x+coxd) -2kexcxd/ (cT2%d"2+e"2) "2/ (cxexx+ckd)+1/ (cT2%d"2+e"2) 3% (1/2% (~3xc 2%
|d™2xe+e"3)*1n(c 2xx"2+1)+(c"3xd"3-3*c*d*e"2) *xarctan(c*x)))) |

3.8.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 642 vs. 2(194) = 388.

Time = 0.64 (sec) , antiderivative size = 642, normalized size of antiderivative = 3.12

/ a + barctan(cz)
(d+ ex)*
_2ac’d® +5bc’de + 6actd’e? + 6bcPde® + 6ac’dPe* + bede® +2ae’ + 4 (be’dPe® + be’de®)x? 4 (9 be®

38. [ otbucnc) g,
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input‘integrate((a+b*arctan(c*x))/(e*x+d)”4,x, algorithm="fricas")

output | -1/6%(2%a*xc~6*%d"6 + 5xb*c”~5xd~5xe + 6*axc”4*d"4*e”2 + 6%b*xc”3*xd"3*%e”3 + 6%
axc~2xd"2*%e"4 + bxc*d*e”5 + 2*xa*e”6 + 4x(b*c"5*d"3*e”3 + b*c~3*d*e”5)*x"2

+ (9%b*c~5*%d"4*e”2 + 10*bxc”3*d"2%e"4 + b*c*e"6)*x + 2x(6*bkc~4*d"4%e”2 +

3*b*c"2*%d"2*%e"4 + b*e"6 - (b*c"6+%d"3*e"3 - 3*bxc"4*xd*e”5)*x"3 - 3*(b*c~6*d
“4%xe~2 - 3*bxc"4*d"2%e"4)*x"2 - 3x(b*c"6*xd"5*e - 3*bxc~4*d"3*e”3)*x)*arcta
n(c*x) + (3*bxc"5*%d"5*e - b*c”"3*d"3*e”3 + (3*b*c"5*xd"2*e”4 - b*c~3*e”6)*x"
3 + 3%(3xb*c”"5*d"3%e”3 - b*c"3*kd*e~5)*x"2 + 3*(3*bxc~5*d"4*e”2 — b*kc~3xd"2
*xe”"4) *xx)*log(c™2%x72 + 1) - 2% (3*b*c”5*d"5*e - b*c~3*d"3%e”3 + (3xbxc~5*d”
2xe~4 - bxc"3*%e”6)*x"3 + 3*(3*bxc”~5*d"3*%e”3 - bxc~3*d*e”5)*x"2 + 3% (3*bxc”
B*d~4%e”2 - bxc~3xd"2+e"4)*x)*log(e*x + d))/(c”6*d"9*e + 3*c"4*d"T7xe"3 + 3
*c"2%d"5*e”5 + d"3*e”7 + (c"6*d"6*e”4 + 3*c"4*d"4*e"6 + 3*c"2*xd"2*%e”8 + e~
10)*x73 + 3*(c"6*%d"T7*e"3 + 3*c~4*xd"5*e”5 + 3*c"2*%d"3*e”7 + d*e”9)*x"2 + 3*
(c™6*%d"8*e"2 + 3*c~4*d"6*e”4 + 3*c"2*%d"4*xe"6 + d"2*e”8)*x)

3.8.6 Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 7.69 (sec) , antiderivative size = 9202, normalized size of antiderivative = 44.67

barct
/ a+ barctan(cz) dz = Too large to display

(d+ex)*

input | integrate((a+b*atan(c*x))/(exx+d)**4,x)

38. [ otbucnc) g,
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output | Piecewise((a*x/d**4, Eq(c, 0) & Eq(e, 0)), ((a*x + b*x*atan(c*x) - b*log(x
*¥*2 + c*x(-2))/(2*c))/dx*4, Eq(e, 0)), (-a/(3*dx*3ke + O*d*k*2*e*x*2*x + 9*d
xe**x3kx*xx2 + 3kex*4xx*x3), Eq(c, 0)), (-24*axd**3/(72*d**6*xe + 216xd**5*xex
*¥2xx + 216kdkkdkerk3kx*¥*2 + T2xd**x3kexx4dxx**3) + 21*I*b*d**3*atanh(exx/d)/
(72*d*x*6%e + 216%d**x5kex*2%xx + 216%kd**4*ex*x3kx*k*2 + T2kdA*k*3kekkdxx*kx*3) + 1
O*I*b*d**3/ (72*d**6%e + 216%d**x5kxex*2*kx + 216%kd**4*ke*x*x3kx**2 + T2kd*k*3ke*k*
4xx*%3) - 9*I*bkd**2xexx*atanh(exx/d)/(72xd**6%e + 216*d**5xex*2xx + 216*d
*kdkekxk3kx*k*kD + T2kdA*k*k3kekkdxx*k*3) + 9xIxbkd*x*22kexx/(72*d**6%e + 216%d**5%
ex*k2%x + 216%kd**k4kekk3kxk*k2 + 72*d**3*e**4*x**3) — OxIxbxd*e**x2*xx*x*2%atanh
(exx/d) / (72*%d**6*e + 216*d*x*Ske*x*x2xx + 216k d**xdke**3xx*k*2 + T2kd*x*3ke**d*xx
*%x3) + 3*kIxbkdke*x*x2xx*x*2/ (72*d**B%e + 216%d**k5ke*x*2*xx + 216*d**4ke*x*3*kx**x2
+ T2xd*k*3*kex*kd*xx**x3) — 3xI*bkex*x3*kx**x3katanh(e*x/d)/(72*xd**6*e + 216*d**5
ke**¥2%X + 216*dxkdxe*x*3xx**x2 + T2xd**3kexx4*x**3), Eq(c, -Ixe/d)), (-24*ax
d*x*3/ (7T2xd**6*%e + 216kd**5kex*2xx + 216kd**4dke*x*3kx**2 + T2xd*k*k3ke*k*k4*x*k*3
) — 21*xI*xbkd**3*atanh(e*xx/d)/(72xd**6*e + 216*d**5xex*x2xx + 216*kdkkd*xe**3*
X*k*2 + T2+dx*k3kexxdkx**x3) — 10*xI*b*d**3/(72xd**6%e + 216*d**5xe*x*2*x + 216
kdkkdkexk3kxk*k2 + T2kd**k3kek*4xx*x3) + OxIxbkd**22kexx*katanh(e*x/d)/ (72xd**
B%e + 216*d**x5kex*2*xx + 216%kd**k4dkex*k3kx*k*x2 + T2kd**k3kex*x4xx*x*3) — O*kI*kbkdx*
*2*e*x/(72*d**6*e + 216%d**k5ke*x*k2%x + 216%kd**k4kekk3kxk*k2 + T2kd*k*k3kek*k4kxk
*3) + 9*I*bkdke*x2xxx*2*katanh(e*xx/d)/(72xd*x*6%e + 216*d**5*xe**2xx + 216...

3.8.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.82

/ a + barctan(cz) dp —
(d+ ex)t
1 (Bc'd® — Pe?)log (Pz® +1)  2(3cd? — cPe?)log (ex + d)
6 Sdb + 3ctde? + 3c2d%et + €8 BdS + 3ctde? +3c2d?et + €5 cAdS + 2 c2dte? + d?et + (ct
a

 3(e'ad + 3dedz? + 3d%e%x + die)

e N
integrate((a+b*arctan(c*x))/(e*x+d)~4,x, algorithm="maxima")

N J

input

38. [ otbucnc) g,
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-1/6%(cx((3*%c™4xd"2 - c"2xe”2)*log(c™2*x72 + 1)/(c”6xd"6 + 3*c™4*d"4*e”2 +
3xc"2*%d"2%xe"4 + e76) - 2%(3xc"4*d"2 - c"2*e"2)*log(e*x + d)/(c"6*d"6 + 3
cT4xd"4*xe”2 + 3*kc"2*%d"2%e"4 + e76) + (4xc”2xd*e*xx + 5%c”2*%d"2 + e72)/(c”4x*
d"6 + 2*%c”2xd"4*xe"2 + d"2*xe"4 + (cT4*xd"4*e”2 + 2*%c”2*d"2*xe"4 + e 6)*x"2 +

2% (c"4*d"5*%e + 2xc"2*xd"3*%e”3 + d*e”5)*x) - 2x(c"6*d"3 - 3*c"4*d*e”2)*arcta
n(c*x)/((c™6%d"6%e + 3*c~4*xd~4*e~3 + 3*c~2*%d"2%e”5 + e~7)*c)) + 2*arctan(c
*x)/(e74*xx"3 + 3*kd*e~3*x"2 + 3*d"2*e"2*x + d"3*e))*b - 1/3*a/(e”4*xx"3 + 3%
d*e~3*x”2 + 3*%d"2xe"2%x + d"3%*e)

3.8.8 Giac [F]

/ a + barctan(cz) / barctan (cz) + a
. T = T dr
(d + ex) (ex + d)

inputLintegrate((a+b*arctan(c*x))/(e*x+d)“4,x, algorithm="giac")

-

outputtsageO*x

e—

3.8.9 Mupad [F(-1)]

Timed out.

/ a + barctan(cx) / a + batan(cx)
L dzr = T dx
(d+ ex) (d+ex)

inputtint((a + bxatan(c*x))/(d + e*xx)~4,x)

-/

outputtint((a + bxatan(c*x))/(d + e*x)”4, x)
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3.9 [(d + ex)*(a + barctan(cz))? dz

39.1 Optimalresult . .. ... ... . .. ... 80

3.9.2 Mathematica [A] (verified) . . . . . ... ... . o 87
3.9.3 Rubi [A] (verified) . . . ... ... 88
3.9.4 Maple [A] (verified) . ... ... . ... .. 89
3.9.5 Fricas [F] . . . . . o o 90
3.9.6 Sympy [F] . . . . . 90
3.9.7 Maxima [F] . . .. ... OT]
3.9.8 Giac [F] . . . . . OT]
3.9.9 Mupad [F(-1)] . . . . o 92
3.9.1 Optimal result
Integrand size = 18, antiderivative size = 376

blde’r  abe(6c’d? —e*)x  bPedz?

3 2 _ _

/(d + ex)’(a + barctan(cz))® dx = 2 503 192

_ b’de?arctan(cz)  b’e(6c’d” — €?) warctan(cz)

c 2¢3
_ bde’z*(a + barctan(cz))  be’z*(a + barctan(cz))
c 6c
N id(cd — €)(cd + e)(a + barctan(cz))?
3
_ (c*d* —6c*d*e? + ¢*) (a + barctan(cz))?
4cte
(d + ex)*(a + barctan(cz))?
+ 4e
N 2bd(cd — e)(cd + €)(a + barctan(cz)) log (12
3
_ bPellog (1+c%2?) | bPe(6c’d® — e?) log (1 + c*x?)
12¢4 4ct
N ib?d(cd — e)(cd + e) PolyLog (2,1 — 22)
3

39. [(d+ex)’(a+barctan(cz))?dz
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output | b~ 2xd*e~2*x/c"2-1/2%a*bke* (6*xc~2%d~2-e"2) *x/c~3+1/12%b"2%e~3*x~2/c~2-b"2*d
*e~2*arctan(c*x)/c”3-1/2%b"2*%e* (6*xc~2+%d~2-e"2) *x*arctan(c*x)/c " 3-b*d*e~2*x
~2x (a+b*arctan(c*x))/c-1/6*b*e”3*x"3* (a+b*arctan(c*x)) /c+I*d* (c*d-e) * (cxd+
e)* (a+b*arctan(c*xx)) ~2/c”3-1/4% (c"4*d~4-6*c~2xd"2*e"2+e"4) * (a+b*arctan (c*x
))"2/c”4/e+1/4% (e*x+d) ~4* (a+b*arctan(c*x)) ~2/e+2*b*d* (cxd—e) * (c*d+e) * (a+b*
arctan(c*x))*1n(2/(1+I*c*x))/c”~3-1/12%b"2*e"3*1n(c"2*x"2+1) /c"4+1/4%b"2*ex*
(6%c~2*d"2-e72) ¥1n(c~2*x"2+1) /c~4+I*b~2*d* (cxd-e) * (cxd+e) *polylog(2,1-2/(1
+I*c*x))/c”3

N

3.9.2 Mathematica [A] (verified)

Time = 0.95 (sec) , antiderivative size = 472, normalized size of antiderivative = 1.26

/(d + ex)?(a + barctan(cr))? dx
__6263-+-12a204d3x-—-36abc3d26x-+-12b202d62z-+-6abce3x-+-18a204d26x2-— 12abc3de?x? + b*c?e3z? + 12a°c

;
input Integrate[(d + e*x)~3*(a + b*ArcTan[c*x])~2,x]

output | (b~2%e”~3 + 12*a"~2%c~4*d"3*x — 36*axbkc”3*d"2%exx + 12xb"2xc " 2xd*e”"2*x + 6%
a¥xb*c*e”3%x + 18*%a~2%xc"4*xd"2%xexx"2 - 12%axb*c”3*kd*e"2*%x"2 + b T2%c 2%e " 3*x”
2 + 12%a"2xc"4xd*xe”2*x"3 - 2*a*b*c"3*%e"3*x"3 + 3*a~2kc"4*e"3*x"4 + 3xb~2x%(
(-4xI)*c”3*d"3 + 6*%c”2*%d"2%e + (4xI)*cxd*xe”2 — e”3 + c 4*x*(4*d"3 + 6xd~2*
e*x + 4xd*e”2xx"2 + e”3*x"3))*ArcTan[c*x] "2 + 2xbxArcTan[c*x]* (- (b*c*ex (18
*CT2xd"2xx + e"2kx*k (=3 + cT2%x72) + 6xdx(e + c"2%e*x"2))) + 3*ax(6xc”2xd"2
xe — 73 + cT4xx*k(4*%d"3 + 6xd"2%exx + 4xdke 2xx"2 + e73*%x73)) + 12*bkckd*(
c"2xd"2 - e"2)*Log[1 + E~((2*I)*ArcTan[c*x])]) - 12%a*b*c~3*d"3*Log[l + c~
2%x~2] + 18%b~2*c"2*d"2*exLog[l + c”2*x"2] + 12*axbxcxd*e~2xLog[1l + c™2*x~
2] - 4xb~2%e~3xLogl[l + c~2%x~2] - (12%I)*b~2%cxd*(c 2%d"2 - e~2)*PolyLog[2
, "E7((2*I)*ArcTan[c*x])])/(12*c~4)

39. [(d+ex)’(a+barctan(cz))?dz
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3.9.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 375, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 111 Ryles used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)3(a + barctan(cz))? dz

| 5389
(d + ex)*(a + barctan(cz))? B

4e
bcf (x2(g:,—i—ba,rcta,n(cx))e‘1 + 4dz(a+barctan(cz))ed + (6c2d?—e?) (a+barctan(cz))e? 4 (ctd*—6c2e?d?+4c? (cd—e)e(cd+e)zd+e?) (a+b:
2 2

C

c ct cA(c2z2+1)

2e
l 2009

(d + ex)*(a + barctan(cz))? B
4e

e*z3 (a+barctan(,

2ide(cd—e)(cd+e)(a+barctan(cx))? 4de(cd—e)(cd+e) 10g<1+%> (a+barctan(cz)) 2de3z? (a+barctan(cz))
bC - 4 - + +

be ct c2

3c?

input‘ Int[(d + ex*x)"3*(a + b*ArcTan[c*x])~2,x]

output

((@ + exx)"4x(a + bxArcTan[c*x])"2)/(4*e) - (b*cx((-2*bxd*e~3*x)/c~3 + (a*
e 2% (6%c™2xd"2 - e"2)*x)/c”4 - (b*e"4xx72)/(6*c"3) + (2*b*d*e”3*ArcTan[c*x
1)/c”4 + (b*e™2%(6*xc™2*xd"2 — e~ 2)*x*ArcTan[c*x])/c”4 + (2*d*e”3*x"2%(a + b
xArcTan[c*x]))/c™2 + (e"4*x~3*(a + b*ArcTan[c*x]))/(3*%c™2) - ((2%I)*d*(c*d
- e)xex(cxd + e)x(a + bxArcTan[c*x])~2)/(b*c™4) + ((c"4*d"4 - 6xc”2xd"2*e
2 + e"4)*(a + bxArcTan[c*x])~2)/(2*%bxc”5) - (4*d*(cxd - e)xe*x(c*d + e)*(a
+ bxArcTan[c*x])*Log[2/(1 + Ixc*x)])/c™4 + (b*e~4xLog[l + c™2%x~2])/(6%c”
5) - (bxe~2*(6*c~2%d"2 - e~2)*Logl[l + c™2*x72])/(2%c~5) - ((2*I)*b*d*(c*d
- e)*ex(cxd + e)*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c”4))/(2xe)

39. [(d+ex)’(a+barctan(cz))?dz
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3.9.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 5389

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*c*x(p/(ex(q + 1))) Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c"2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQ[q]l && NeQlq, -1]

3.9.4 Maple [A] (verified)

Time = 3.12 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.77

2 arctan(cz)2c4d4 3e arctan(cw)2c4d2w2
- 4e - 22

+arctan(cz)2c4 d3:17+

a? (cez+cd)4 +

+e2 arctan(cz)2c4d :r3+

&3

arctan(cz) 2

method result
6 a
3 2. 4 2,22 2,4
p2| ce arcta4n(cw) T +C€2 arctan(cx)2x3d+ 3ce arctan2(cw) z“d +arctan(cz)zca: d3+carcta1;icw) a=_
arts @ extd) |
p 4e

6 arc

derivativedivides e
6 arc
b2 amctan(ca:)zc"‘d4= +arctan(cz)264d31‘+ 3e arctan(cQz)zc4d2x2 +52 arctan(cz)264dz3+63 arctan(c:z:)2
arctanioe) ¢ &
112(ct»1a::‘;|—cd)4 +
default dece
risch Expression too large to display

input Lint ((exx+d) ~“3*(a+b*arctan(c*x))~2,x,method=_RETURNVERBOSE)

39. [(d+ex)’(a+barctan(cz))?dz



output

input

output

input

output
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1/4xa~2x (exx+d) "4/e+b~2/cx(1/4*cxe”3*xarctan(c*x) “2%x"~4+c*xe~2*arctan (cxx) ~2
*x~3*%d+3/2*c*exarctan (c*x) ~2*xx"2*d”~2+arctan (c*x) ~2*c*x*d~3+1/4*c/e*arctan (
c*x) "2xd~4-1/2/c”3/e* (6*arctan(c*x)*c~3*d"2*e” 2*x+2*arctan (c*x) *e~3*c”~3*xdx*
x~2+1/3*arctan(c*x)*e~4d*xc”3*x"3-arctan (c*x) *e 4*cxx+2*xarctan (c*x) *1n (c™2*x
~2+1)*c"3*d"3*e-2*arctan (c*x) *1n(c”2*x"2+1) *ckd*e”~3+arctan (c*x) “2*xc~4*xd"4-
6*arctan(c*xx) "2xc”2*d"2*e " 2+arctan(c*x) "2xe"4-1/12% (6*xc"4*d~4-36*c~2*d"2*e
~2+6xe~4)*arctan(c*x) "2-1/3*%e~ 2% (6*xc " 2kd*e*x+1/2xc"2xe " 2*xx"2+1 /2% (18*c~2*d
~2-4%e”2)*1n(c"2*x"2+1) -6*e*arctan(c*x) xc*d) —2*c*kd*rex (c"2xd"2-e"2) * (-1/2*I
*(1n(c*x-I)*1n(c™2%x"2+1)-dilog(-1/2*I* (c*x+I))-1n(c*x-I)*1n(-1/2*I* (c*x+I
))-1/2%1n(cxx-1)"2)+1/2*%I*(In(cxx+I)*1n(c™2*%x"2+1)-dilog(1/2*I*(c*x-I))-1n
(c*x+I)*1n(1/2*I*(cxx-I))-1/2%1n(c*x+I)"2))) ) +2*a*b/c*(1/4*c*e"3*arctan(c*
X) *x~4+c*e~2*xarctan (c*x) *x~3*d+3/2*c*e*arctan (c*x) *x~2+d~2+arctan (c*x) *c*x
*d~3+1/4xc/e*arctan(c*xx) *d~4-1/4/c”3/e* (6*c™3*%d"2%e ~2xx+2*e~3*kc " 3*xd*x"2+1/
3*e~4*c"3xx"3-cxe " 4*x+1/2% (4xc”3*%d"3*ke-4xckd*e”3) *1n(c"2*x"2+1) +(c"4*d"4-6
*Cc"2xd"2xe"2+e"4) *arctan(c*x)))

3.9.5 Fricas [F]

/(d + ex)3(a + barctan(cz))* dzr = / (ex + d)*(barctan (cz) + a)* dz

‘integrate((e*x+d)“3*(a+b*arctan(c*x))“2,x, algorithm="fricas")

p
‘integral(a“2*e“3*x“3 + 3%a”~2xdxe”2*%x"2 + 3*a"2xd"2%e*x + a"2*%d"3 + (b"2%e”
\3*x‘3 + 3*%b"2*d*e"2*xx"2 + 3*b"2*xd"2*e*x + b~2*%d"3)*arctan(c*x) "2 + 2*(axbx*
‘e‘3*x‘3 + 3xaxb*d*e”2xx"2 + 3*kaxbxd"2*e*x + axb*d”3)*arctan(c*x), x)

-

3.9.6 Sympy [F]

/(d + ex)®(a + barctan(cz))? dz = / (a + batan (cz))’ (d + ex)® dz

‘integrate((e*x+d)**3*(a+b*atan(c*x))**2,x)

‘Integral((a + bxatan(c*x))**2x(d + e*x)**3, x)

39. [(d+ex)’(a+barctan(cz))?dz
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3.9.7 Maxima [F]

/(d + ex)*(a + barctan(cz))? dz = / (ex 4 d)*(barctan (cz) + a)’ dz

p
input

integrate ((e*x+d) ~“3*(atb*arctan(c*x))~2,x, algorithm="maxima")

output

N

inputt

1/4%a~2%e"3%x"4 + a"2+d*e”2*x"3 + 12*b~2xc"2*e"3*integrate(1/16*x"5*arctan
(c*x)~2/(c”2*x"2 + 1), x) + b"2*c"2xe"3*integrate(1/16*x " 5*log(c™2*x"2 + 1
)"2/(c”2*x"2 + 1), x) + 36xb~2*c"2*d*e"2*xintegrate(1/16*x 4*arctan(c*x) "2/
(c™2*%x"2 + 1), x) + b~ 2*c"2*e"3xintegrate(1/16*x"5xlog(c™2*x"2 + 1)/(c™2*x
"2 + 1), x) + 3*b"2xc"2*d*e”2xintegrate(1/16*x"4*xlog(c~2*x"2 + 1)72/(c”2#*x
"2 + 1), x) + 36%b"2%c”2*d"2*e*integrate(1/16*x"3*arctan(c*x)~2/(c"2*x"2 +
1), x) + 4*b"2*c"2*d*e"2*integrate(1/16*x"4*log(c™2*x"2 + 1)/(c™2*x"2 + 1
), x) + 3%b"2%c"2*d"2*e*integrate(1/16*x"3*log(c™2*x"2 + 1)72/(c™2*x"2 + 1
), x) + 12%xb~2*c”"2*d"3*integrate(1/16*x"2*arctan(c*x)~2/(c"2*x"2 + 1), x)
+ 6%b~2xc"2xd"2*exintegrate(1/16*x~3*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) +
b~2*c"2+d"3*integrate (1/16xx"2*log(c™2*x"2 + 1)72/(c”2*x"2 + 1), x) + 4xb~
2%c~2*d"3*integrate(1/16%x"2*log(c™2*x™2 + 1)/(c™2*x"2 + 1), x) + 3/2*a"2x
d"2xexx"2 + 1/4xb~2xd"3*arctan(c*x) ~3/c - 2xb~2xcxe”3xintegrate(1/16*x"4*a
rctan(c*x)/(c™2*x"2 + 1), x) - 8%b~2*kcxdxe~2*integrate(1/16*x"3*arctan(c*x
)/(c™2%x"2 + 1), x) - 12%b~2*c*d"2*exintegrate(1/16*x"2*arctan(c*x)/(c™2+*x
"2 + 1), x) - 8*xb"2xc*d"3*integrate(1l/16*x*arctan(c*x)/(c"2*x"2 + 1), x) +
3x(x"2xarctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”3))*a*bxd~2%e + (2*x"3*arct
an(c*x) - cx(x"2/c”2 - log(c™2*x"2 + 1)/c”4))*axb*d*e”2 + 1/6%(3*x"4*arcta
n(c*x) - c*((c™2%x73 - 3*x)/c”4 + 3xarctan(c*x)/c”5))*axb*e”3 + a~2*d"3*x
+ 12%b~2%e”3*integrate(1/16*x"3*arctan(c*x)~2/(c”2*¥x"2 + 1), x) + b"2x*e...

3.9.8 Giac [F]

/(d + ex)?(a + barctan(cz))? dzr = / (ex + d)®(barctan (cz) + a)® dz

integrate((e*x+d) ~3*(at+b*arctan(c*x))~2,x, algorithm="giac")

7

output

sage0*x

39. [(d+ex)’(a+barctan(cz))?dz
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3.9.9 Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cr))? dx =

/ (a + batan(cz))® (d + ex)’ dz

input Lint((a + b*atan(c*x))"2*x(d + e*x)~3,x)

outputtint((a + b*atan(c*x))~2%(d + e*x)~3, x)

39. [(d+ex)’(a+barctan(cz))?dz



output
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3.10 [(d + ex)*(a + barctan(cz))? dz

3.10.1 Optimalresult . . . . . . .. . ... 93]
3.10.2 Mathematica [A] (verified) . . . . . . . . ... Lo 94
3.10.3 Rubi [A] (verified) . . . . . . ... .. 94
3.10.4 Maple [B] (verified) . . . . ... ... ... 96
3.10.5 Fricas [F] . . . o . o o 9T
3.10.6 Sympy [F] . . . . . . 97

3.10.7 Maxima [F] . . . . . ...
3.10.8 Giac [F] . . . o o
3.10.9 Mupad [F(-1)] . . . . o o

3.10.1 Optimal result

Integrand size = 18, antiderivative size = 270

2abdex  b’e’r  b%e? arctan(cr)

/(d + ex)?(a + barctan(cz))? dz =

c 3c? 3c3
_ 2b%dexarctan(cz)  be*a*(a + barctan(cz))
c 3c
i(3c*d* — €) (a + barctan(cz))?
_|_
3c3
d(d2 — 3%;) (a + barctan(cz))?
- 3e
(d + ex)®(a + barctan(cz))?
* 3e
2b(3c*d® — €?) (a + barctan(cz)) log (3= )
3c3
b’delog (1 + *z?)
+ 2
c
ib?(3c?d® — €?) PolyLog (2,1 — 1+2m)
+ 3c3

-2%ax*b*d*exx/c+1/3%xb~2%e~2%x/c~2-1/3%b"2*xe~2*xarctan (c*x) /c~3-2*b~2*d*e*x*a

rctan(c*x)/c-1/3*b*xe~2*x~2* (a+b*arctan(c*x) ) /c+1/3*I*(3*c~2+%d"2-e"2) * (a+b*
arctan(c*x))~2/c~3-1/3*d*(d~2-3%e~2/c"2) * (a+b*arctan(c*x)) ~2/e+1/3* (e*xx+d)
~3*(at+b*arctan(c*x)) ~2/e+2/3*b* (3*c~2*d~2-e"2) * (a+b*arctan(c*x) ) *1n(2/ (1+I
*xC*x) ) /c”3+b"2*d*ex1n(c”2*x"2+1) /c"2+1/3*I*b" 2% (3*c~2*d"2-e"2) *polylog(2,1
-2/ (1+I*c*x))/c”3

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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3.10.2 Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 312, normalized size of antiderivative = 1.16

/(d + ex)?(a + barctan(cz))? dx

_ 3a’d’x — 6abc’dex + bce’x + 3a’cPdex® — abc’e’x? + a’cPe’x® 4 b°(—3ic’d” + 3cde + ie? + c*x(3d” A

-

input LIntegrate[(d + exx)"2%(a + b*ArcTan[c*x])"2,x]

| —

output | (3*a~2*c~3*xd"2*x — 6*a*b*c”2*d*exx + b 2xckxe"2kx + 3*a”~2*c”3*d*exx"2 - axb
*CT2xe"2%x"2 + a"2%c " 3*%e”2%x"3 + b72x((-3*I)*kc"2*d"2 + 3*c*d*e + I*xe"2 + C
“3xx*(3*%d"2 + 3kdke*x + e72%x72))*ArcTan[c*x] "2 + b*ArcTan[c*x]* (6*xaxcxd*e
- bxe*x(e + 6*%c™2xd*x + c”2%exx”2) + 2*axc”3*x*(3*d"2 + 3*kdrexx + e"2*x"2)
+ 2%b* (3*%c"2%d"2 - e”2)*Log[1 + E~((2*I)*ArcTan[c*x])]) - 3*axbxc™2*d~2xL
ogll + c™2xx~2] + 3*b~2*cxdxexLog[l + c”2*x"2] + a*bxe”2*xLog[l + c~2*x"2]
- Ixb"2%(3xc"2%d"2 - e~2)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])/(3%c"~3)

3.10.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.05,
number of steps used = 2, number of rules used = 2, Lumber of rules _ 0.111, Rules used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)?(a + barctan(cz))? dz

| 5389
(d + ex)3(a + barctan(cz))? B

3e
2bcf (m(a—i—barcct;,n(cx))e?f n 3d(a+barcc:;an(cx))62 n (d(52d2_3e2)+e(?;32((cl22x—2ej)1§c) (a+barctan(cz))> de

3e
l 2009

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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(d + ex)3(a + barctan(cz))? B
3e
2bc <e3w2 (at+barctan(cz)) i€ (302d2—62) (a+barctan(cz))? _ € (3C2d2 _62) 10g(1+%) (a+barctan(cz)) 4 d(c2d2 —362) (a+barctan(cz))

2c2 2bct ct 2bc3

3e

input‘Int[(d + e*x)"2*(a + bkArcTan[c*x])"2,x]

output| ((d + e*xx)~3x(a + bxArcTan[c*x])~2)/(3*%e) - (2*bxc*x((3*axd*e~2*xx)/c"2 - (b
*e"3%xx)/(2*xc"3) + (b*e"3*ArcTan[c*x])/(2*xc"4) + (3*b*d*e”2*x*ArcTan[c*x])/
c™2 + (e”3*x"2*(a + b*ArcTan[c*x]))/(2*xc”2) + (d*(c"2%d"2 - 3*e"2)*(a + bx*
ArcTan[c#*x])~2)/(2xb*c~3) - ((I/2)*ex(3*c™2*xd"2 - e~2)*(a + b*ArcTan[c*x])
~2)/(b*c™4) - (e*x(3*c™2%d"2 - e~2)*(a + b*ArcTan[c*x])*Log[2/(1 + Ixc*x)])
/c”4 - (3*bxd*e"2*xLogl[l + c™2*x72])/(2%c™3) - ((I/2)*b*e*(3*xc™2xd"2 - e~2)
*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c~4))/(3*e)

3.10.3.1 Defintions of rubi rules used

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d.) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S

imp [b*cx(p/(e*x(q + 1))) Int [ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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3.10.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 502 vs. 2(250) = 500.

Time = 2.08 (sec) , antiderivative size = 503, normalized size of antiderivative = 1.86

method result
2 Sarctan(cz)czde2m+ﬂ
2 2.3 2,3
p2 | ce”arctan(ez)”2” +cearctan(cw)2x2d+arctan(c:c)2cxd2+Carcmgfﬁcx) = _
a?(ex+d)>
parts e~ T
2 3arctan(cz)c2d62z+m
2.3,3 2 233
b2 7arctan(gz;) e’d +arctan(cz)263d2w+earctan(cz)203dw2+e arctanécz) cr _
a2(cez+cd)3+
. . . . 2
derivativedivides dcZe
2 3arctan(cz)02de2z+M
2.3,3 2 2.3.3
b2 arctan(c::) c°d +arctan(cz)2c3d2x+earctan(cm)203dm2+e arctan:(}cz) oz
a2(cez+cd)3+
default -
. 22 7b2deln(c2z2+1 17b2e? arct 20 72 3.2 2 .
risch b;jzz — 2“1’;1” + 8(02 R i ;ézgan(cx) —¢ %"c’” + z%ed a® + T Stz d*a® + i

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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input‘

int ((e*x+d) "2* (a+b*arctan(c*x)) ~2,x,method=_RETURNVERBOSE)

output

1/3%a~2* (e*x+d) “3/e+b”2/c*(1/3*c*xe”2*arctan (c*xx) ~2*x~3+c*e*arctan (c*x) ~2*x
~2xd+arctan(c*x) “2*c*x*d"2+1/3*c/exarctan(c*x) “2*d"3-2/3/c"2/ex (3*arctan(c
*x) *Cc"2xd*e”2*x+1/2*arctan (c*x) *e~3*c”2xx"2+3/2*arctan (c*x) *1n(c~2*xx"2+1) *
e*c”2*%d"2-1/2*arctan(c*x) *1n(c~2*x"2+1) *e~3+arctan(c*x) ~2*%c~3*d"~3-3*arctan
(c*x) "2xc*kd*e”2-1/2%ex (3*c™2*xd"2-e"2) * (-1/2*%I* (In(c*x-I) *1n(c”"2*x~2+1) -dil
og(-1/2*%I* (c*x+I))-1n(c*x-I)*1n(-1/2%I*(c*x+I))-1/2*1n(c*x-I)~2)+1/2*I*(1n
(cxx+I)*1n(c™2*x"2+1)-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))-1/2
*1n(cxx+I)~2))-3/2xe"2*1n(c"2*%x"2+1) *c*d+1/2*e"3*arctan(c*x)-1/2*c*x*e~3-1
/2xd*c* (c"2%d"2-3*e”2) *arctan(c*x) ~2) ) +2/3*a*b*e~2*arctan (c*x) *x~3+2*axbxe
*xarctan (c*x) *x"2xd+2*a*b*arctan (c*x) *x*d~2-1/3/c*xe”2xb*a*x~2-2*a*bkd*e*x/c
—-1/c*a*b*xd~2*x1n(c~2*x"2+1)+1/3/c”3*e"2xb*a*1ln(c~2*x~2+1) +2/c”2*d*e*b*a*arc
tan (c*x)

3.10.5 Fricas [F]

/(d + ex)*(a + barctan(cz))? dz = / (ex 4+ d)*(barctan (cz) + a)’ dz

p
input

N\

integrate((e*x+d) “2*(atb*arctan(c*x))~2,x, algorithm="fricas")

output‘
|
|

integral (a”2*e”2#x"2 + 2*a~2xdxexx + a”2xd"2 + (b"2%e"2xx"2 + 2%b~2kxd*e*x
+ b"2%d"2) *arctan(c*x) "2 + 2*x(axb*e~2*%x"2 + 2*axbxd*exx + a*b*d”~2)*arctan(

c*X), X)

input

N

3.10.6 Sympy [F]

/(d + ex)*(a + barctan(cz))? dz = / (a + batan (cz)) (d + ex)’® dx

integrate ((exx+d) **2x (a+b*atan (c*x) ) **2,x)

output

N

Integral((a + bxatan(ckx))**2*(d + e*x)**2, x)

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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p
input

3.10.7 Maxima [F]

/(d + ex)?(a + barctan(cz))? dz = / (ex 4 d)*(barctan (cz) + a)’ dz

integrate ((e*x+d) “2*(atb*arctan(c*x))~2,x, algorithm="maxima")

output

1/3*a"2%e"2xx"3 + 36*%b"2*c"2xe”"2*integrate(1/48*x"4*arctan(c*x) "2/ (c”2*x"2
+ 1), x) + 3%b"2%c”2*e"2xintegrate(1/48*x"4*log(c™2*x"2 + 1)72/(c”™2*x"2 +
1), x) + T72*¥b"2xc"2*d*exintegrate(1/48*x"3*arctan(c*x)~2/(c™2*%x"2 + 1), x
) + 4xb~2%c"2*e"2xintegrate(1/48*x"4xlog(c™2*x~2 + 1)/(c™2*%x"2 + 1), x) +
6xb~2xc~2xd*e*xintegrate (1/48*x"3*log(c™2*%x"2 + 1)72/(c™2*x"2 + 1), x) + 36
*b~2%c"2xd"2*integrate (1/48%x"2*arctan(c*x) ~2/(c”2*x"2 + 1), x) + 12%xb~2%*c
“2xd*exintegrate(1/48*x~3*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 3%b"2%c"2*d
~2xintegrate(1/48*x~2xlog(c™2*x"2 + 1)72/(c”™2*x"2 + 1), x) + 12%b~2%c~2*d"
2xintegrate(1/48*x~2*log(c™2%x"2 + 1)/(c™2%x"2 + 1), x) + a"2*xd*exx"2 + 1/
4*b~2+d"2*arctan(c*x) “3/c - 8xb~2*c*e”2xintegrate(1/48xx"3*arctan(c*x)/(c”
2*%x72 + 1), x) - 24*b"2*cxd*exintegrate(1/48*x 2*arctan(c*x)/(c~2*x"2 + 1)
, X) — 24%b~2xcxd"2*integrate(1/48*x*arctan(c*x)/(c”2*x"2 + 1), x) + 2x(x~
2*arctan(c*x) - cx(x/c”2 - arctan(c*x)/c”3))*a*b*dxe + 1/3%(2*x"3*arctan(c
*x) - c*(x72/c”2 - log(c™2*x"2 + 1)/c”4))*a*b*e”2 + a~2xd"2%x + 36*b~2xe"2
xintegrate(1/48*x"2*arctan(c*x)~2/(c”2*x"2 + 1), x) + 3*b~2xe"2*integrate(
1/48%x"2*%log(c™2*%x"2 + 1)72/(c™2%x"2 + 1), x) + 72%¥b~2*d*e*integrate(1/48%
x*arctan(c*x)~2/(c™2*%x"2 + 1), x) + 6xb~2xd*exintegrate(1/48*x*log(c™2*x"2
+ 1)72/(c”2%x"2 + 1), x) + 3*%b"2xd"2*integrate(1/48*log(c”2*x"2 + 1)~2/(c
“2%x72 + 1), x) + (2*c*x*arctan(c*x) - log(c™2#x"2 + 1))*a*bxd~2/c + 1/12x%
(b~2%e"2%x"3 + 3%b~2xd*e*x”2 + 3*b~2%d"2x*x)*arctan(c*x)”2 - 1/48%(b"2xe...

3.10.8 Giac [F]

/(d + ex)?(a + barctan(cz))? dzr = / (ex + d)*(barctan (cz) + a)® dz

inputt

integrate((e*xx+d) "2*(atb*arctan(c*x))~2,x, algorithm="giac")

7

output

sage0*x

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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3.10.9 Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cr))?® dx =

/ (a + batan(cz))® (d + ex)’ dz

inputtint((a + b*atan(c*x)) "2*%(d + e*xx)~2,x)

outputtint((a + bkatan(c*x))"2%(d + e*x)~2, x)

3.10.  [(d+ ex)*(a+ barctan(cz))? dz
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3.11 [(d + ex)(a + barctan(cz))? dz
3.11.1 Optimalresult . . . . . . .. . ... 100l
3.11.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 101
3.11.3 Rubi [A] (verified) . . . . . . .. .. 101
3.11.4 Maple [A] (verified) . . . ... . ... ... 102
3.11.5 Fricas [F] . . . o o o o o 103
3.11.6 Sympy [F] . . . . . 103
3.11.7 Maxima [F] . . . . . . 104
3.11.8 Giac [F] . . . o o 104
3.11.9 Mupad [F(-1)] . . . o o 105
3.11.1 Optimal result
Integrand size = 16, antiderivative size = 171

2

/(d + ex)(a + barctan(cz))* dz =

_abex b’ex arctan(cr) N id(a + barctan(cz))

c c
(d2 - i—;) (a + barctan(cz))?
2e
(d + ex)*(a + barctan(cz))?
+ 2e
N 2bd(a + barctan(cz)) log (1325)
c
ib?d PolyLog (2,1

b%elog (1 + 2z
+ g ( ) 4

2
1+icz

)

2c2

Cc

output‘-a*b*e*x/c-b“2*e*x*arctan(c*x)/c+I*d*(a+b*arctan(c*x))“2/c-1/2*(d”2-e“2/c“
‘2)*(a+b*arctan(c*x))“2/e+1/2*(e*x+d)”2*(a+b*arctan(c*x))“2/e+2*b*d*(a+b*ar
‘ctan(c*x))*ln(2/(1+I*c*x))/c+1/2*b“2*e*ln(c‘2*x‘2+1)/c‘2+I*b‘2*d*polylog(2

,1-2/(1+I*c*x))/c

3.11.

J(d + ex)(a+ barctan(cz))? dz
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3.11.2 Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.01

/(d + ex)(a + barctan(cr))? dx
_ 2d’Pdx — 2abcex + a’Pex’ + b*(—i + cx)(2cd + ie + cex) arctan(cz)? + 2barctan(cx) (—beex + a(e +

input Integrate[(d + e*x)*(a + b*ArcTan[c*x])~2,x]

output | (2*xa~2+c”2kd*x — 2*kaxbkcke*x + a~2*%c 2xexx"2 + b~24(-I + c*x)*(2xcxd + I*e
+ ckxexx)*ArcTan[c*x] "2 + 2*bxArcTan[c*x]*(-(b*cxe*xx) + a*(e + 2%c™2*d*x +
c"2xe*x"2) + 2xbkcxd*Log[l + E~((2*I)*ArcTan[c*x])]) - 2*axbk*cxd*Log[l +

c"2%x72] + b~2*exLogl[l + c~2*%x~2] - (2*I)*b~2xc*d*PolyLog[2, -E~((2*I)*Arc

Tan[c*x])]1)/(2%c™2)

3.11.3 Rubi [A] (verified)
Time = 0.47 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.08,

number of steps used = 2, number of rules used = 2, number of rules _ 0.125, Rules used
integrand size
— {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)(a + barctan(cz))? dz

| 5389
(a+barctan(cz))e? (d?c?+2dexc?—e?) (a+barctan(cz))
(d + ex)®(a + barctan(cz))® be | ( ST A(P2?+1) ) dz
2e e
| 2009
(d + ex)?(a + barctan(cz))? B
2e
b (cd—e)(cd+e)(a+barctan(cz))?  ide(atbarctan(cz))? 2de log<l+%>(a+barcta,n(cac)) ae?z |, belzarctan(cz) ibde PolyLoy
¢ 2bc3 be? c? + c? c?
e
input LInt [(d + exx)*(a + bxArcTan[c*x])"2,x] J

3.11.  [(d+ ex)(a+ barctan(cz))?dz



output
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((d + exx)"2+(a + bxArcTan[c*x])~2)/(2xe) - (b*c*((a*xe”~2*x)/c”2 + (b*e~2*x
*ArcTan[c*x])/c™2 - (I*d*ex(a + b¥ArcTan[c*x])~2)/(b*xc™2) + ((c*d - e)*(c*
d + e)*(a + b*ArcTan[c*x])~2)/(2%bxc~3) - (2*d*e*(a + bkArcTan[c*x])*Log[2
/(1 + I*xcxx)])/c”2 - (bxe"2xLogl[l + c™2%x72])/(2xc~3) - (Ixb*d*exPolyLogl2
, 1 -2/(1 + Ixc*x)])/c"2))/e

3.11.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5389

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S

imp [bxc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + bxArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[q]l && NeQ[q, -1]

3.11.4 Maple [A] (verified)

Time = 1.33 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.71

method result
2 2 arctan(cz)2e el
In (c T +1) arctan(cz)cd— =————5——— tarctan(cz)ecz— —
2, .2
b2 7”““(6;) czr e +arctan(cx)2cxd—
parts a*(ies® +dz) +
2,22 2 In(c2:
b2 arctan(cm)zd 2at arctan(cz)7ec’x —In (czx2+l) arctan(cz)chrMW —arctan(cz)ecz+ ij
a2 (d c2z+%cze z2>
derivativedivides <
2, ,2,2 2 In (.
b2 arctan(cw)Qd Aot w —In (02w2+1) arctan(cw)cd—!—%m —arctan(cz)ecz+ ¢ n(c 3
a2 (d 02z+115c2e xz)
default <
. abex b2eln(c?z?+1) 2 a2ex? eb? In(—icz+1)2 eb?In(—icz+1) eb? In(—icz+1)2z>
risch c T 42 +a*dr + 45 82 + 22 8

e

inputtint((e*x+d)*(a+b*arctan(c*x))‘2,x,method=_RETURNVERBOSE)

~—

3.11.  [(d+ ex)(a+ barctan(cz))?dz



output
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a~2* (1/2*e*x~2+d*x)+b~2/c* (1/2*arctan (c*x) “2*c*xx~2*e+arctan (c*x) ~2*cxx*d-1
/c*(In(c™2*x~2+1) *arctan(c*x) *c*d-1/2*arctan (c*x) “2*e+arctan (c*x) *e*xc*x-1/
2xe*1n(c”2*x"2+1) -d*c* (-1/2*I* (ln(c*x-I)*1n(c~2*x"2+1)-dilog(-1/2*I* (c*x+I
))-1n(c*x-I)*1n(-1/2*I* (c*x+I))-1/2*1n(c*x-I) "2)+1/2*I* (In(c*x+I)*1n(c”2*x
~2+1)-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))-1/2*%1n(c*x+I)"2))))
+axb*arctan (cxx) *x”2*e+2*a*b*arctan (c*x) *x*d-1/c*axb*d*1n(c~2*x"2+1) —a*b*e
*x/c+1/c”2xexbxa*arctan (c*x)

3.11.5 Fricas [F]

/(d + ex)(a + barctan(cz))? dz = / (ex + d)(barctan (cz) + a)’ dz

inputLintegrate((e*x+d)*(a+b*arctan(c*x))“2,x, algorithm="fricas")

output‘integral(a“2*e*x + a”2+%d + (b"2*%exx + b~2xd)*arctan(c*x)”2 + 2x(axbxe*x +

La*b*d)*arctan(c*x), x)

3.11.6 Sympy [F]

/(d +ex)(a + barctan(cz))? dz = / (a + batan (cz))® (d + ex) dz

input‘integrate((e*x+d)*(a+b*atan(c*x))**2,x)

outputtlntegral((a + bkatan(cx))**2%(d + e*x), x)

| —

3.11.  [(d+ ex)(a+ barctan(cz))?dz



p
input
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3.11.7 Maxima [F]

/(d + ex)(a + barctan(cz))? dr = / (ex 4 d)(barctan (cz) + a)® dx

integrate((e*x+d)*(at+b*arctan(c*x))~2,x, algorithm="maxima")

~—

output

12xb~2*c"2xexintegrate (1/16*x"3*arctan(c*x) "2/(c”2*%x"2 + 1), x) + b~ 2%c™2%
exintegrate(1/16*x~3%log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 12%b~2%c”2*d*i
ntegrate(1/16*x"2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 2*b"2*c"2xexintegrate (
1/16*x"3*1log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + b~2xc~2*d*integrate(1/16*x~2
*log(c™2*x"2 + 1)72/(c”2*%x"2 + 1), x) + 4*xb~2kc"2*d*integrate(1/16*x"2x1log
(c™2*%x72 + 1)/(c™2%x"2 + 1), x) + 1/2*%a"2*xe*x"2 + 1/4xb~2+d*arctan(c*x) "3/
c - 4%b~2*c*exintegrate(1/16*x"2*arctan(c*x)/(c™2*x"2 + 1), x) - 8%b~2*c*d
*integrate(1/16%x*arctan(c*x)/(c™2*%x~2 + 1), x) + (x"2*arctan(c*x) - c*(x/
c"2 - arctan(c*x)/c”3))*a*b*e + a~2*d*x + 12xb~2*exintegrate(1l/16*x*arctan
(c*x)~2/(c™2*%x"2 + 1), x) + b~ 2xexintegrate(1/16*x*log(c™2*x~2 + 1)~2/(c"2
*x"2 + 1), x) + b"2*d*integrate(1/16%log(c™2*x~2 + 1)72/(c™2*x"2 + 1), x)
+ (2*cxx*arctan(c*x) - log(c™2#x"2 + 1))*axb*d/c + 1/8*%(b"2xe*x"2 + 2xb~2%
d*x)*arctan(c*x) "2 - 1/32%(b"2%e*x"2 + 2*b~2xd*x)*log(c™2*x~2 + 1)72

-

inputt

output

\

3.11.8 Giac [F]

/(d + ex)(a + barctan(cz))* dx = / (ex 4 d)(barctan (cz) + a)’ dx

integrate ((exx+d)* (a+b*arctan(c*x))~2,x, algorithm="giac")

~—

sageO*x

3.11.  [(d+ ex)(a+ barctan(cz))?dz
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3.11.9 Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctan(cz))? dx = / (a + batan(cx))® (d + ex) dzx

inputtint((a + bxatan(c*x) ) 2*(d + e*x),x)

output Lint((a + bxatan(c*x)) " 2*(d + e*x), x)

3.11.  [(d+ ex)(a+ barctan(cz))?dz



output
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3.12 f (a+b acrlctan(cac))2 dx
+ex

3.12.1 Optimalresult . . . . . . . . . . ... .. e 106
3.12.2 Mathematica [F] . . . . . . . .. . . . 107
3.12.3 Rubi [A] (verified) . . . . .. ... .. 107
3.12.4 Maple [C] (warning: unable to verify) . . . . . . .. ... ... ... ... .. T08]
3.12.5 Fricas [F] . . . . . o o o 109
3.12.6 Sympy [F] . . . . o o 110
3.12.7 Maxima [F] . . . . . . . 1101
3.12.8 Giac [F] . . . . o 1101
3.12.9 Mupad [F(-1)] . . . o o o 111

3.12.1 Optimal result

Integrand size = 18, antiderivative size = 223

/ (a + barctan(cz))? do— (a + barctan(cz))?log (=)
d+ex N e
. (a + barctan(cz))? log (%)
e
N ib(a + barctan(cz)) PolyLog (2,1 — %)

e

ib(a + barctan(cz)) PolyLog (2, 1-— %)

€
2¢(d+ex)

b PolyLog (3,1 — ) b* PolyLog <3’ 1- (cd—‘rie)(l—icz))

1—icx
+

2e 2e

- (atb*arctan(c*x)) “2*1n(2/(1-I*c*x))/e+(atb*arctan(c*x)) “2*x1n(2*c* (exx+d) /
(c*d+I*xe)/(1-Ixc*x))/e+Ixb* (atb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/e-I*
bk (atb*arctan(c*x))*polylog(2,1-2%c* (exx+d)/(c*d+I*e)/(1-I*c*x))/e-1/2%b~2
*polylog(3,1-2/(1-I*c*x))/e+1/2¥b"2*%polylog(3,1-2*%c* (e*xx+d) /(c*d+I*e)/(1-I
*ckx)) /e

3.12. [ (letbarctan(en)? g,
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3.12.2 Mathematica [F]

dx

/ (a + barctan(cz))? (a + barctan(cz))?
dr =
d+ex d+ex

input | Integrate[(a + b¥ArcTan[c*x])"2/(d + e*x),x]

output LIntegrate[(a + bxArcTan[c*x])"2/(d + e*x), x] J

3.12.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 1, Bumber of rules _ 456 Ryles used
integrand size
— {5383}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + barctan(cz))?
d+ex

l 5383

dz

~ (cd+ie)(1—icx) (1—icz)(cd+ie)

ib(a + barctan(cz)) PolyLog (2, 1 M) (a + barctan(cz))? log (M)
+

€ €
ib PolyLog (2, 1- L) (a+ barctan(cz)) log ( 2 > (a + barctan(cz))?

l—icx 1—icx

+
[&

€
2¢(d+ 2
b? PolyLog (3, 1- %) _ 0*PolyLog (3, 1- ch)

2e 2e

-

input LInt[(a + bxArcTan[c*x])~2/(d + e*xx),x]

| —

output | -(((a + bxArcTan[c*x]) "2*xLog[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c#*x]) ~2*L

ogl(2%c*x(d + exx))/((cxd + I*xe)*(1 - I*c*x))])/e + (I*bx(a + b*ArcTan[c*x]

)*PolyLog[2, 1 - 2/(1 - Ixc*x)])/e - (I*bx(a + b*ArcTan[c*x])*PolyLog[2, 1
- (2%cx(d + exx))/((c*d + Ixe)*(1 - Ixc*x))])/e - (b~2+PolyLogl[3, 1 - 2/(

1 - Ixc*x)])/(2%e) + (b~2*PolyLogl[3, 1 - (2*c*(d + e*x))/((cxd + I*e)*(1 -
Ixc*x))])/(2xe)

3.12. [ (letbarctan(en)? g,
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3.12.3.1 Defintions of rubi rules used

rule 5383 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :
Simp[(-(a + b*ArcTan[c*x])~2)*(Log[2/(1 - I*c*x)]1/e), x] + (Simp[(a + bxArc
Tan[c*x]) “2* (Log[2*c*x((d + e*x)/((cxd + I*e)*(1 - I*cx*x)))]/e), x] + Simpl[I
*b*(a + b*ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - I*c*x)]/e), x] - Simp[I*b*(a
+ b*ArcTan[c*x])*(PolyLog[2, 1 - 2%c*((d + e*x)/((c*d + I*e)*(1 - I*c*x)))]
/e), x] - Simp[b~2*(PolyLogl[3, 1 - 2/(1 - I*c*x)]/(2%e)), x] + Simp[b~2*(Po
lyLog[3, 1 - 2%c*((d + e*x)/((cxd + Ixe)*(1 - Ixc*x)))]1/(2*e)), x]) /; Free
Q[{a, b, c, d, e}, x] && NeQ[c~2*d"2 + e~2, 0]

3.12.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 68.26 (sec) , antiderivative size = 1199, normalized size of antiderivative = 5.38

method result size

derivativedivides | Expression too large to display | 1199
default Expression too large to display | 1199
parts Expression too large to display | 1202

e

inputLint((a+b*arctan(c*x))‘2/(e*x+d),x,method=_RETURNVERBOSE)

~—  /

3.12. [ (letbarctan(en)? g,



output
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1/c*x(a~2*cx1n(cxexx+c*d) /e+b”2xc* (In(cxe*x+ckd) /exarctan(c*x) "2-2/ex(1/2*a
rctan(c*x) "2*1n(-I*e* (1+I*c*x) "2/ (c™2%x"2+1) +cxd* (1+I*c*x) "2/ (c™2%x"2+1) +1
xe+cxd) -1/4*I*Pikcsgn (I* (~I*xex (1+Ixc*x) "2/ (c”2*x"2+1)+c*xd* (1+I*c*x)~2/(c”2
*x”"2+1) +I*ke+c*d) / (1+(1+I*c*xx) "2/ (c™2+x72+1)) ) *(csgn (I* (-I*xex (1+I*c*x) "2/ (c
“2%x72+1)+cxd* (1+I*c*x) "2/ (c"2%x"2+1) +I*e+c*d) ) *csgn(I/ (1+(1+I*c*x) ~2/(c™2
*x"2+1)) ) -csgn(I* (—I*e* (1+I*c*x) "2/ (c™2*x"2+1) +c*d* (1+I*c*x) "2/ (c™2*x"2+1)
+Ikxe+cxd) /(1+(1+Ixc*x) 2/ (c™2*x"2+1)) ) *csgn(I/(1+(1+I*c*x) "2/ (c"2%x"2+1)))
—csgn(I* (-Ixex (1+I*c*x) "2/ (c™2*x"2+1)+c*xd* (1+I*c*x) "2/ (c™2*x"2+1) +I*e+c*d)
)*xcsgn (Ix (-Ixex (1+I*c*xx) "2/ (c™2xx"2+1)+cxd* (1+I*c*x) "2/ (c™2%x"2+1) +I*e+c*d
)/ (1+(1+I*c*x) 2/ (c™2%x~2+1) ) ) +csgn (I* (Ixex (1+Ixckxx) "2/ (c™2xx~2+1) +c*d* (1
+Ixcxx) "2/ (c™2xx"2+1) +I*e+c*d) / (1+(1+I*c*x) "2/ (c"2*%x"2+1))) "2) *arctan(c*x)
~2-1/2*Ixarctan(c*x)*polylog(2,-(1+I*c*x) "2/ (c"2*x"2+1))+1/4*polylog(3,-(1
+Ixc*x) "2/ (c™2*x"2+1) )+1/2*%I*c*d/ (cxd-I*e)*arctan(c*x)*polylog(2, (I*e-c*d)
/ (c*d+I*e)* (1+I*c*x) "2/ (c™2*x"2+1))-1/2*c*d/ (c*xd-I*e)*arctan(c*x) "2*1n(1-(
Ixe-c*d)/(c*kd+I*e)*(1+I*c*x) "2/ (c™2%x"2+1))-1/4*c*d/ (c*d-I*e)*polylog(3, (I
xe-c*d) / (cxd+Ixe)* (1+Ixc*xx) "2/ (c”2*x~2+1))+1/2xIxe*arctan(c*x)*polylog(2, (
Ixe-c*d)/(c*kd+I*e)* (1+I*c*x) "2/ (c™2*%x"2+1))/(e+I*d*c)-1/2*e*arctan (c*x) ~2%
1n(1-(I*e-c*d)/(cxd+I*xe)*(1+I*c*xx) "2/ (c"2*x"2+1))/(e+I*d*c)-1/4*expolylog(
3, (I*xe-c*d) / (c*xd+Ixe)* (1+Ixcxx) "2/ (c™2%x72+1))/ (e+I*d*c)))+2*axbxc* (1n(cxe
*xx+cxd) /exarctan(c*x)-1/2*Ix1n(ckexx+c*d) * (-1n((I*e-c*e*xx)/(c*xd+I*e))+1...

3.12.5 Fricas [F]

2 2
/ (a + barctan(cx)) dp — / (barctan (cz) + a) i
d+ex er+d

input‘integrate((a+b*arctan(c*x))”2/(e*x+d),x, algorithm="fricas")

.
outputLintegral((b‘2*arctan(c*x)‘2 + 2%akbxarctan(c*x) + a”2)/(e*x + d), x)

~—

312. [ (““’a;‘jj;(“ dz
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3.12.6 Sympy [F]

(a + barctan(cz))? / (a + batan (ca:))
dr =
d+ex d+ex

input Lintegrate ((atb*atan(c*x))**2/ (exx+d) ,x)

output LIntegral((a + b*atan(c*x))**2/(d + e*x), x)

3.12.7 Maxima [F]

2 2
/ (a + barctan(cx)) dp — (barctan (cz) + a) i

d+ex er+d

input tintegrate ((atb*arctan(c*x)) 2/ (exx+d) ,x, algorithm="maxima")

output‘ a"2*log(e*x + d)/e + integrate(1/16*(12xb~2*arctan(c*x)~2 + b~2*log(c~2*x"

‘2 + 1)72 + 32%a*b*arctan(c*x))/(e*x + d), x)

3.12.8 Giac [F]

dz

/ (a + barctan(cz))? (barctan (cz) + a)’
dz =
d+ex ex+d

input Lintegrate ((atb*arctan(c*x)) "2/ (e*x+d) ,x, algorithm="giac")

output LsageO*x

3.12. [ (letbarctan(en)? g,
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3.12.9 Mupad [F(-1)]

Timed out.

/ (a + barctan(cz))? dp — / (a + batan(c x))

d+ex d+ex

input Lint((a + b*atan(c*x))~2/(d + e*x),x)

outputtint((a + b*atan(c*x))~2/(d + e*x), x)

3.12. [ (letbarctan(en)? g,
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3.13 f (a+barctan(cz))? dx

(d+ex)?
3.13.1 Optimalresult . . .. .. ... . ... .. . 112
3.13.2 Mathematica [A] (verified) . . . . . . ... ... oo 113]
3.13.3 Rubi [A] (verified) . . . . .. ... .. 113
3.13.4 Maple [A] (verified) . .. ... .. ... ... 115
3.13.5 Fricas [F] . . . . . . o o 176!
3.13.6 Sympy [F] . . . . . o 116
3.13.7 Maxima [F] . . . . . . 117
3.13.8 Giac [F] . . . . . 117
3.13.9 Mupad [F(-1)] . . . . o 117

3.13.1 Optimal result

Integrand size = 18, antiderivative size = 341

(d+ ex)? v c2d? + e? + e(cd? + e?)
(a+ barctan(cz))?  2bc(a + barctan(cz)) log ()
B e(d + ex) B 2d? + e?
2bc(a + barctan(cx)) log (125
* c2d? + e?
. 2bc(a + barctan(cx)) log (%)
2d2 + ¢2

N ib?cPolyLog (2,1 — ) N ib?cPolyLog (2,1 — 2-)

/ (a + barctan(cz))? ic(a + barctan(cz))?  cd(a + barctan(cr))?

1—icx 1+icx
02d2 + 62 C2d2 + 82

) _ 2¢(d+ex)
~ tb“c PolyLog (2, 1 dtio) (i) +ie)(1_icx)>

c2d? + e?

output | I*c*(a+b*arctan(c*x)) "2/ (c"2*xd"2+e"2) +c~2*d* (a+b*arctan(c*x)) ~2/e/(c~2*d"2
+e”2) - (at+b*arctan(c*x)) “2/e/ (e*xx+d) -2*b*c* (a+b*arctan(c*x) ) *1n(2/ (1-I*c*x)
)/ (c™2xd"2+e"2) +2*b*c* (a+bxarctan(c*x) ) *1n(2/ (1+I*c*x))/(c™2*d"2+e~2) +2xb*
cx (at+b*arctan(c*x) ) *1n(2*cx (exx+d) / (cxd+Ixe) /(1-I*c*x))/(c~2*d"2+e~2) +I*b~
2*c*polylog(2,1-2/(1-I*c*x))/(c~2*%d"2+e"~2) +I*b~2*c*polylog(2,1-2/ (1+I*c*x)
)/ (c™2%d~2+e~2)-I*b~2*c*polylog(2,1-2*c* (e*xx+d) / (ckd+Ixe) / (1-I*c*x))/(c™2x*
d~2+e"2)

a arctan(cr 2
3.13. [ letbzceno)) gy
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3.13.2 Mathematica [A] (verified)

Time = 3.20 (sec) , antiderivative size = 300, normalized size of antiderivative = 0.88

(a + barctan(cz))?

dteny
_ a? N ab(—2(e — c*dz) arctan(cz) + c¢(d + ex) (21log(c(d + ex)) — log (1 + c*z?)))
e(d + ex) (c2d? 4 €2) (d + ex)

cd (—i (7r—2 arctan ( %) ) arctan(cz)—m log(1+e~2¢arctan(ez)) o (arctan ( %) +arc

; cd
b2 _elamtan(c‘f ) arctan(cz)? + zarctan(cz)?
c2d? d+ex
14+ 3-€

input‘ Integrate[(a + b*ArcTan[c*x])~2/(d + ex*x)~2,x]

output

-(a”2/(ex(d + e*x))) + (a*bx(-2*(e - c”2xd*x)*ArcTan[c*x] + c*(d + e*x)*(2
*Log[ck(d + exx)] - Logl[l + c™2%x72])))/((c™2%d"2 + e72)*(d + e*x)) + (b~2
*(-((E~(I*ArcTan[(c*d)/e])*ArcTan[c*x]~2)/(Sqrt[1 + (c~2+%d"2)/e"2]*e)) + (
xxArcTan[c*x]"2)/(d + e*x) - (c*d*((-I)*(Pi - 2%ArcTan[(c*d)/e])*ArcTan[c*
x] - PixLog[l + E~((-2*I)*ArcTan[c*x])] - 2*(ArcTan[(c*d)/e] + ArcTan[c*x]
)*Logl[l - E~((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))] - (Pi*Logl[l + c~2*x"2
1)/2 + 2*ArcTan[(c*d) /el *Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyL
ogl2, E~((2*I)*(ArcTan[(cxd)/e] + ArcTan[c*x]))]1))/(c”2xd"2 + e72)))/d

3.13.3 Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 350, normalized size of antiderivative = 1.03,
number of steps used = 2, number of rules used = 2, number of rules _ 0.111, Rules used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + barctan(cz))? de

(d+ ex)?
l 5389
d— +barct 2 2(a+barct
e | (et rredied) % (at barctan(er))?
e e(d + ex)
l 2009

a arctan(cr 2
3.13. [ letbzceno)) gy
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__(a-+-barctan.(c:c))2
e(d + ex)
cd(a+barctan(cz))? ie(a+barctan(cz))? elog(ﬁ) (a+barctan(cz)) elog(ﬁ) (a+barctan(cz)) e(a+barctan(cz)) lo
2bc 2b(c2d2+e2) + 2b(c2d?+€2) - c2d?+e? + c2d?+e? + c2d?-

e

inputpnt[(a + b*ArcTan[c*x])~2/(d + e*x)~2,x]

~—

output | -((a + b*ArcTan[c*x])~2/(e*x(d + e*x))) + (2xb*c*((cxd*(a + b*ArcTan[c*x])~
2)/(2¥b*(c™2%d"2 + e72)) + ((I/2)*ex(a + b*ArcTan[c*x])~2)/(bx(c"2%d"2 + e
~2)) - (ex(a + b*ArcTan[c*x])*Log[2/(1 - Ixc*x)])/(c"2*d"2 + e72) + (ex(a
+ b*ArcTan[c*x])*Log[2/(1 + Ixc*x)])/(c”2%d"2 + e72) + (e*(a + b*ArcTan[c*
x])*Log[(2%c*(d + exx))/((c*d + Ixe)*(1 - I*c*x))])/(c™2%d"2 + e72) + ((I/
2)*b*exPolyLog[2, 1 - 2/(1 - I*c*x)])/(c"2%¥d"2 + e~2) + ((I/2)*b*exPolyLog
[2, 1 - 2/(1 + Ixc*x)])/(c™2*%d"2 + e72) - ((I/2)*bxe*PolyLog[2, 1 - (2%c*(
d + exx))/((cxd + Ixe)*(1 - Ixc*x))])/(c™2*d™2 + e72)))/e

3.13.3.1 Defintions of rubi rules used

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5389 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x])“p/(ex(q + 1))), x] - 8
imp [bxc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQlp, 1] && IntegerQ[ql && NeQ[q, -1]

a arctan(cr 2
3.13. [ letbzceno)) gy
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3.13.4 Maple [A] (verified)

Time = 21.77 (sec) , antiderivative size = 513, normalized size of antiderivative = 1.50

method result
2 ( iIn(cex+cd) (—
2 2 2e —_—
2 arctan(cz)eln(cex+cd) arctan(cz)e In (C x +1> 2 arctan(cz)zcd _
4?2 22 arctan(cz)? c2d? 2 c2d?te? 2c2d2 +2¢2
- (cew+cd)e+b C - (cez+cd)e +
derivativedivides
2 ( iIn(cex+cd) (—
2 2 24| ————
2 arctan(cz)eln(cex+cd) arctan(cz)eln (C z +1) 2arctan(cm)2cd
a?c? 2.2 arCtan(Cz)2 c2d? te? B c2d? te2? 2c2d2 422
- (cew+cd)e+b S (cex+cd)e +
default
2 ( iln(cex+c
202 arctan(cz)eln(cex+cd) arctan(cm)eln(02x2+l) arctan(c:c)zcd _
2d2te2 2(C2d2+62) 2c2d2 4262
2 2
2 c“ arctan(cz)
b T " (cexFcd)e +
t o’
parts (ex+d)e +
input Lint ((atb*arctan(c*x)) "2/ (e*x+d) ~2,x,method=_RETURNVERBOSE) J

a arctan(cr 2
3.13. [ letbzceno)) gy
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1/c*(-a~2%c~2/ (c*exx+c*d) /e+b " 2*xc” 2% (-1/ (c*exx+c*d) /e*arctan (c*x) "2+2/e*(a
rctan(c*x)*e/(c™2*xd"2+e~2) *1n(c*ke*x+c*d)-1/2*arctan(c*x)/(c"2*xd~2+e~2) *xe*1
n(c™2xx"2+1)+1/2/(c"2*d"2+e"2) *d*c*arctan(c*x) "2-e"2/(c"2xd"2+e"2) * (1/2*I*
1n(c*e*xx+c*d) * (-1n((I*e-c*e*x) /(c*d+I*e))+1n((I*e+c*xe*xx)/(I*e-c*d)))/e-1/2
*I*(dilog((I*e-c*exx)/(c*d+I*e))-dilog((I*xe+ckexx)/(I*e-c*d)))/e)+1/2%e/(c
~2xd"2+e”2) *(-1/2*%I* (In(c*x-I)*1n(c~2*x"2+1)-dilog(-1/2*I* (c*x+I))-1n(c*x-
I)*1n(-1/2*I*(c*x+I))-1/2*1n(c*x-I)"2)+1/2*I* (In(c*x+I)*1n(c"2*x"2+1)-dilo
g(1/2xIx(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))-1/2*1n(c*x+I)"2))))+2*axb*c”2
*(-1/(c*e*x+cxd) /exarctan(c*x)+1/ex(e/(c"2*d"2+e"2) #¥1n(c*e*x+cxd)+1/(c™2x*d
~2+e72) *(-1/2%e*1n(c~2*x"2+1)+d*c*karctan(c*x)))))

3.13.5 Fricas [F]

(a +barctan(cz))® . [ (barctan (cz)+a)? "
/ (d + ex)? de = / (ex + d)? 4

inputLintegrate((a+b*arctan(c*x))“2/(e*x+d)‘2,x, algorithm="fricas")

p
output\ integral ((b"2*arctan(c*x) "2 + 2*xaxb*arctan(c*x) + a~2)/(e”2*x"2 + 2xd*e*x

‘+ d~2), x)

3.13.6 Sympy [F]

(a+barctan(cz))® , [ (a+batan (cx))
re =) (d+ ex)

input Lintegrate ((atbkatan(cxx) ) **2/ (exx+d) **2,x)

313. [ (““’gjg‘;g“ dz
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3.13.7 Maxima [F]

(a +barctan(cz))® . [ (barctan (cz) + a)? .
/ (dtezp = / @td?

inputLintegrate((a+b*arctan(c*x))‘2/(e*x+d)‘2,x, algorithm="maxima")

output | ((2*c*d*arctan(c*xx)/(c"2xd"2xe + e73) - log(c™2*x"2 + 1)/(c"2*d"2 + e72) +
2xlog(e*x + d)/(c”2*d"2 + e72))*c - 2*xarctan(c*x)/(e”2*x + dxe))*a*b - 1/
16*(4*arctan(c*x) "2 - 16*(e”2*x + d*e)*integrate(1/16*(12*(c"2*e*x"2 + e)*
arctan(c*x) "2 + (c"™2*e*x"2 + e)*log(c™2%x"2 + 1)72 + 8*(c*e*x + c*d)*arcta
n(c*x) - 4*%(c™2%e*x"2 + c”2*d*x)*log(c™2*x"2 + 1))/(c™2%e™3*%x"4 + 2%c™2%d*
e"2xx"3 + 2xd*e”2*%x + d"2%e + (c"2xd"2*e + e73)*x72), x) - log(cT2*x"2 + 1
)"2)*b"2/(e"2%x + d*e) - a~2/(e"2*x + d*e)

3.13.8 Giac [F]

T

(a + barctan(cz))? (barctan (cz) + a)?
/ (d+ ex)? dz = (ex + d)2 d

p
inputLintegrate((a+b*arctan(c*x))‘2/(e*x+d)‘2,x, algorithm="giac")

—

output | sageO*x

'S

-/

3.13.9 Mupad [F(-1)]

Timed out.

(a + barctan(cz))? _ / (a + batan(cz))”
(d+ex)? (d+ex)’

inputtint((a + b*atan(c*x))~2/(d + e*x)~2,x)

outputtint((a + bxatan(c*x))~2/(d + e*xx)~2, x)

a arctan(cxr 2
3.13. [ (etbarctan(rl) gy
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3.14 f (a+b arctangcx))2 d
(d+-ex)

3.14.1 Optimal result . . . . . . . . .. . ... . . . 118}
3.14.2 Mathematica [A] (verified) . . . . . . . . ... L 17191
3.14.3 Rubi [A] (verified) . . . . . . . . . ... 1201
3.14.4 Maple [A] (verified) . . . . ... .. ... 121
3.14.5 Fricas [F] . . . . . o o o 122
3.14.6 Sympy [F(-1)] . . . . o 1221
3.14.7 Maxima [F(-1)] . . . . . . . 123]
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3.14.1 Optimal result

Integrand size = 18, antiderivative size = 496

(a + barctan(cz))?

_ b?c*darctan(cr)

_ be(a + barctan(cz))

(d+ex)? (c2d? + €2)?

(@& + €2) (d + ex)

ic3d(a + barctan(cz))?

(c2d? + 62)2

c*(cd — €)(cd + €)(a + barctan(cz))?

2e (c2d? + €2?)?

(a + barctan(cz))?

2bc*d(a + barctan(cz)) log (

=)
1—icz

2e(d + ex)?

2bc3d(a + barctan(cz)) log (

(c2d? + €2)?
b’c’elog(d + ex)

1+2icx )

(d? + 62)2
2bc3d(a + barctan(cz)) log (

_|_

(c2d2 + 62)2

2¢(d+-ex) )
(cd+ie)(1—icz)

(C2d2 + 62)2

_ bcPelog(1+c’z

2)+

ib?c®d PolyLog (2 1-—

i)

2 (d? + e2)?
ib*cd PolyLog (2,1 —

(d? + 62)

1+zcz )

(2 + ¢2)?
ib*c3d PolyLog (2, 1-—

2c(d+-ex) )
(cd+ie)(1—icz)

(02d2 + 62)2

3.14.

(a+barctan(cz))?
f T (d4ex)d dzx
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output | b~2*c~3*d*arctan(c*x)/(c~2*%d"2+e”2) “2-b*xc* (at+b*arctan(c*x))/(c"2*xd"2+e"2)/
(exx+d) +I*c~3*d* (a+b*arctan(c*x)) 2/ (c"2+%d"2+e"2) "2+1/2*c”2x (c*d-e) * (cxd+e
)*(atb*arctan(c*x))~2/e/(c"2*d"2+e"2) "2-1/2* (at+b*arctan(c*x)) ~2/e/ (e*x+d) "~
2-2xb*c~3*d* (a+b*arctan(c*x) ) *1n(2/(1-I*c*xx) )/ (c~2*d"2+e”2) "2+2*b*c~3*d* (a
+b*xarctan(c*x))*1n(2/ (1+I*c*x))/(c"2*%d"2+e"2) “2+b"2*c” 2xe*x1n (e*x+d) / (c"2*d
"2+e72) "2+2*bxc”3*d* (atb*arctan(c*x) ) *1n(2xc* (exx+d) / (cxd+I*e) / (1-Ixc*x))/
(c™2xd"2+e"2) "2-1/2xb"2xc " 2*e*1n(c"2*x"2+1) / (c"2*d"2+e"2) "2+I*b~2*c "~ 3*d*po
lylog(2,1-2/(1-I*c*x))/(c"2*d"2+e”2) "2+I*b~2*c"3*d*polylog(2,1-2/ (1+I*c*x)
)/ (c™2%d"2+e~2) "2-I*b~2%c~3*d*polylog(2,1-2*c* (e*xx+d) / (ckd+I*e)/(1-I*c*x))
/(c™2xd"2+e"2) "2

3.14.2 Mathematica [A] (verified)

Time = 6.54 (sec) , antiderivative size = 479, normalized size of antiderivative = 0.97

(a + barctan(cz))? - a?
(d+ ex)? ~ 2e(d +ex)?
N ab((—e® + c*d?x(2d + ex) — c*e(3d? + 2dex + e*x?)) arctan(cx) + c(d + ex) (—c2d? — €2 + 2c%d(d + e

(22 + e2) (d + ex)?

c(d+tex

V 1+02:z

—2¢? arctan(cz)+2cde log (
cd3+cde?

242, c?(d+ex)? cd(d+ex)
2
€

cd
b2c2 (_ 2¢" amtan( ) arctan(cz)? e(1+02x2) arctan(cz)? + 2z arctan(cz)(e+cd arctan(cz)) +

input‘Integrate[(a + bxArcTan[c*x])~2/(d + e*x)~3,x]

output | -1/2%a"~2/(e*(d + e*x)~2) + (a*bx((-e~3 + c~4*d 2*x*(2*xd + e*x) - c~2*xex*(3*
d~2 + 2*dxe*x + e"2%x72))*ArcTan[c*x] + c*(d + e*x)*(-(c"2*d"2) - e~2 + 2%
c"2xd*(d + exx)*Loglc*(d + e*x)] - c”2xd*(d + e*x)*Logl[l + c™2%x72])))/((c
“2xd"2 + e72)72x(d + e*xx)"2) + (b~2*c”2x((-2+E~(I*ArcTan[(c*d)/e])*ArcTan[
c*x]72)/(Sqrt[1 + (c™2xd~2)/e"2]*e) - (ex(1 + c~2*x"2)*ArcTan[c*x]~2)/(c"2
*(d + exx)”2) + (2*x*xArcTan[c*x]*(e + cxd*ArcTan[c*x]))/(c*xd*x(d + e*x)) +

(-2xe~2xArcTan[c*x] + 2xcxd*exLog[(c*(d + ex*x))/Sqrt[1l + c~2xx~2]])/(c"3*d
"3 + c*dxe”2) - (2xcxd*x((-I)*(Pi - 2*ArcTan[(c*d)/e])*ArcTan[c*x] - PixLog
[1 + E~((-2*I)*ArcTan[c*x])] - 2*(ArcTan[(c*d)/e] + ArcTan[c#*x])*Logl[l - E
~((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))] - (PixLog[l + c”2*x72])/2 + 2%Ar
cTan[(c*d) /e]l*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyLog[2, E~((2
*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))]))/(c™2+%d"2 + €72)))/(2*x(c"2*xd"2 + e~
2))

314. [ (““’gjf;‘;g“ dz



inputtlnt[(a + bxArcTan[c*x])"2/(d + e*x)"3,x]

output

p
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3.14.3 Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 496, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 111 Ryles used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + barctan(cz))?
(d+ ex)?

l 5389

dz

be f ( 2de? (a+barctan(cz))c? (d2c?—2dexc?—e?) (a+barctan(cz))c? e?(a+barctan(cz)) ) d
(c2d?+e2)%(d+ex) (c2d2+€2)?(c2z2+1) (c?d?+e?)(d+ex)?

e
(a + barctan(cz))?

2e(d + ex)?
| 2009
_(a+ barctan(cz))?
2e(d + ex)?
be ic*de(a+barctan(cz))? + c(cd—e)(cd+e)(a+barctan(cz))®  e(at+barctan(czr)) 2¢%de log( - wz) (a+barctan(cz)) = 2cde 1°g<1T-;
b(c2d2+e2)? 2b(c2d2+e2)? (c2d?+e2)(d+ex) (c2d2+e2)? (c

~—

-1/2%(a + bxArcTan[c*x])~2/(e*(d + e*x)"2) + (bxcx((b*c~2*d*e*ArcTan[c*x])
/(c™2%d"2 + e72)72 - (ex(a + b*ArcTan[c*x]))/((c™2*d"2 + e"2)*(d + exx)) +
(I*c~2*d*e*(a + b*ArcTan[c*x])~2)/(b*(c™2*xd"2 + €72)72) + (cx(cxd - e)*(c
*d + e)*(a + bxArcTan[c*x])~2)/(2*b*(c™2*d"2 + €72)72) - (2*c™2xd*ex(a + b
*ArcTan[c*x])*Log[2/(1 - I*c*x)])/(c™2%d"2 + e72)72 + (2%c™2xd*e*(a + b*Ar
cTan[c*x])*Log[2/(1 + I*c*x)])/(c™2%d"2 + e72)"2 + (bxc*e 2*Logld + e*x])/
(c™2%d"2 + e72)"2 + (2*c™2*d*ex(a + b*ArcTan[c*x])*Log[(2*c*x(d + ex*x))/((c
*d + I*ke)*(1 - Ixcxx))])/(c™2xd"2 + e72)"2 - (bxcxe " 2*xLog[1l + c™2*x~2])/(2
*(c™2*d"2 + e72)72) + (I*bxc~2xd*exPolyLogl[2, 1 - 2/(1 - I*c*x)])/(c™2xd"2
+ e72)72 + (I¥b*c~2xd*e*PolylLogl[2, 1 - 2/(1 + I*c*x)])/(c™2*d"2 + e72)"2
- (I*bxc~2*d*e*PolyLogl[2, 1 - (2*cx(d + e*x))/((c*d + Ixe)*(1 - Ixc*x))])/

(c™2xd"2 + e~2)72)) /e

3.14. t[(“+b5;ﬁ;3§m de
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3.14.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*c*x(p/(ex(q + 1))) Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c"2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQ[q]l && NeQlq, -1]

3.14.4 Maple [A] (verified)

Time = 28.13 (sec) , antiderivative size = 729, normalized size of antiderivative = 1.47

method result
_ arctan(cz)e 2 arctan(cz)ecdIn(cex+cd) arctan(cm)2c2d2 _ arctan(cz) ln(c2‘
023 +b2 3| arctan(cm)z (c2d2+e2)(cez+cd) (c2d2+e2)2 (c2d2+e2)2 (02d2+62
2(cez+cd)ze 2(cez+cd)2e
derivativedivides
_ arctan(cz)e 2 arctan(cz)ecd In(cex+cd) arctan(cz)202d2 _ arctan(cz) In (62‘
| s, RS () () (e
2(cex+cd)2e 2(ce:v+cd)2&
default
3| _ arctan(cz)e 2 arctan(cz)ecd In(cex+cd) arctan(cz)2c2d2 _ arctan(cz)
(c2d2+e2)(cez+cd) (c2d2+62)2 (c2d2+62)2 (c2
3 2
2| _ ¢ arctan(cz)
b 2(cez+cd)26 +
arts @ 4
p 2(ex+d)%e

a arctan(cxr 2
3.14. [ (etbarctan()) gy
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input‘int((a+b*arctan(c*x))”2/(e*x+d)“3,x,method=_RETURNVERBOSE)

output

1/c*(-1/2*%a~2xc"3/ (cxe*x+c*xd) "2/e+b"2*xc~ 3% (-1/2/ (c*xexx+c*d) “2/e*arctan(c*x
)"2+1/ex(-arctan(c*x)*e/(c”2*xd"2+e"2) / (c*e*x+c*d)+2*arctan (c*xx) *e*xc*d/(c~2
*d"2+e”"2) “2x1n(cke*x+c*d)+1/ (c"2*%d"2+e"2) “2*arctan (c*x) "2*c"2*d"2-arctan(c
*x) /(c”2*xd"2+e"2) "2*%1n(c"2*x"2+1) *cxd*e—1/(c"2*d"2+e"2) "2*arctan (c*xx) “2*e”
2-1/2/(c™2*d"2+e”2) "2* (c"2*d"2-e"2) *arctan (c*x) “2+e”~2/(c"2*d"2+e~2) "2*1n(c
xe*xx+c*d)-1/2%e~2/(c"2*xd"2+e"2) "2x1n(c”2*x"2+1) +e/ (c"2*d"2+e"2) “2*d*c*arct
an(c*x)+exc*d/(c"2*d"2+e"2) "2% (-1/2*I* (In(c*x-I)*1n(c”"2*x~2+1)-dilog(-1/2%
I*(c*x+I))-1n(cxx-I)*1n(-1/2%I* (c*x+I))-1/2%1n(c*x-I)"2)+1/2*I* (In(c*x+I) *
1n(c™2*x"2+1)-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*%I*(c*x-I))-1/2*1n(c*x+
I)~2))-2xe~2%c*xd/ (c™2xd"2+e~2) ~2% (1/2*I*1n (c*xe*x+c*d) * (-1n( (I*e-cxe*x) / (c*
d+Ix*e))+1ln((I*e+cxex*x)/(Ixe-c*d)))/e-1/2%I*(dilog((I*e-cxe*x)/(cxd+I*e))-d
ilog((Ixe+cxe*x)/(Ixe-c*d)))/e)))+2*axb*c~3*(-1/2/(cxe*x+c*d) ~"2/e*arctan(c
*x)+1/2/ex(-e/(c"2*d"2+e"2) / (c*xexx+c*xd) +2xe*xc*xd/ (c"2*%d"2+e~2) "2*1n (cxe*xx+c
*d)+1/(c”2xd"2+e"2) 2% (—c*d*e*x1n(c”2*x"2+1)+(c"2*d"2-e"2) *arctan(c*x)))))

-

3.14.5 Fricas [F]

2 2
/ (a + barctan(cz)) dp — (barctan (cz) + a) s

(d+ ex)3 (ex + d)®

inputLintegrate((a+b*arctan(c*x))‘2/(e*x+d)‘3,x, algorithm="fricas")

~—

output‘integral((b‘2*arctan(c*x)“2 + 2xaxbxarctan(c*x) + a~2)/(e"3*x"3 + 3*xd*e” 2%

input

X2 + 3%d"2%exx + d~3), x)

/)

3.14.6 Sympy [F(-1)]

Timed out.
2
/ (a + barctan(cz)) dx = Timed out
(d+ ex)3
(integrate((a+b*atan(c*x))**2/(e*x+d)**3,x)

N

outputLTimed out

314. [ W*”&fjg‘;g“ dz
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3.14.7 Maxima [F(-1)]

Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ ex)3

input Lintegrate ((atb*arctan(c*x)) 2/ (exx+d) "3,x, algorithm="maxima")

output LTimed out

3.14.8 Giac [F]

2 2
/ (a + barctan(cx)) dr = (barctan (cz) + a) i

(d+ ex)? v (ex + d)®

input tintegrate ((atb*arctan(c*x)) 2/ (exx+d) "3,x, algorithm="giac")

output LsageO*x

3.14.9 Mupad [F(-1)]

Timed out.

(a + barctan(cz))? _ / (a + batan(cz))”
(d+ex)3 (d+ex)®

input Lint((a + b*atan(c*x))~2/(d + e*x)~3,x)

output Lint((a + b*atan(c*x))"2/(d + e*xx)~3, x)

a arctan(cxr 2
3.14. [ (etbarctan()) gy
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3.15 [(d + ex)*(a + barctan(cz))? dz
3.15.1 Optimal result . . . . .. .. . .. 124
3.15.2 Mathematica [A] (verified) . . . . . . . ... .. Lo
3.15.3 Rubi [A] (verified) . . . . ... . . . ... 1261
3.15.4 Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... .. 128
3.15.5 Fricas [F] . . . . . o o o 129
3.15.6 Sympy [F] . . . . .. 129
3.15.7 Maxima [F] . . . . . ... 129
3.15.8 Giac [F] . . . o . o 130
3.15.9 Mupad [F(-1)] . . . . o o [131]
3.15.1 Optimal result
Integrand size = 18, antiderivative size = 652
/(d + ex)?(a + barctan(cr))? dz
_ 3ab’de’r  be’z b€’ arctan(cr) N 3b3de?z arctan(cz)
e 4¢3 4ct c?
b’ez%(a + barctan(cz))  3bde?(a + barctan(cz))?
+ —
4¢? 2¢3
ibe3(a + barctan(cz))?  3ibe(6c*d? — €?) (a + barctan(cz))?
+ —
4ct 4ct
_ 3be(6c*d® — €?) x(a + barctan(cr))®  3bde’s*(a + barctan(cz))?
4c3 2c
_ be’z®(a + barctan(cz))? N id(cd — €)(cd + €)(a + barctan(cz))3
4c c3
_ (c'd* — 6c*d®e® + ¢*) (a + barctan(cx))® N (d + ex)*(a + barctan(cz))?
4cte 4e
b*e3(a + barctan(cz)) log (1525)  3b%e(6c’d® — €?) (a + barctan(cz)) log (3)
+ —
2c¢t 2ct
3bd(cd — €)(cd + e)(a + barctan(cz))? log (3 me) 3b3de? log (1 + c*x?)
+ c3 B 2¢3
N ib®e? PolyLog (2,1 — :2) B 3ib%e(6c*d® — €?) PolyLog (2,1 — %)
4ct 4ct
N 3ib*d(cd — e)(cd + €)(a + barctan(cz)) PolyLog (2,1 — 2)
3
N 3b%d(cd — e)(cd + ) PolyLog (3,1 — ::2)
2¢3

3.15.

J(d+ ex)3(a+ barctan(cz))? dz
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output | 3xa*b~2xd*e”~2*x/c"2-1/4*b~3*e"3*x/c"3+1/4*b"3*e " 3*arctan(c*x) /c~4+3*b~3*d*
e~ 2xx*arctan(c*x)/c”2+1/4*%b"2xe"3*%x~2* (a+b*arctan(c*x))/c~2-3/2*b*d*e”2* (a
+b*arctan(c*x)) ~2/c”3-3/4*I*b"3xe* (6*c~2*d"2-e~2) *polylog(2,1-2/ (1+I*c*x))
/c”4+3*Ixb~2*d* (c*d—e) * (ckd+e) * (a+b*arctan(c*x) ) *polylog(2,1-2/ (1+I*c*x))/
c~3-3/4xb*e* (6xc~2+%d"2-e"2) *x* (a+b*arctan(c*x)) ~2/c~3-3/2*b*xd*e~2xx"2* (a+b
*arctan(c*x) ) ~2/c-1/4%bxe”3*x"3* (a+b*arctan (c*x)) ~2/c+I*d* (c*d-e)* (c*xd+e) *
(a+b*arctan(c*x)) ~3/c”3-1/4*(c~4*d"4-6*c~2*d"2*e~2+e"4) * (a+b*arctan(c*x) )~
3/c”4/e+1/4x (exx+d) “4* (at+b*arctan(c*x)) “3/e+1/2xb~2xe~3* (at+b*arctan(c*x) ) *
1n(2/(1+I*c*x))/c™4-3/2%b"2xex (6xc~2*d~2-e~2) * (a+b*arctan (c*x) ) *1n(2/ (1+I*
c*x))/c”~4+3%bxd* (cxd-e) * (c*d+e) * (a+b*arctan (c*x)) “2*1n(2/ (1+I*c*x))/c~3-3/
2*b~3*kd*e~2*1n(c~2%x"2+1) /c~3-3/4*Ixbxex (6*c~2*d"2-e~2) * (a+b*arctan(c*x) )~
2/c”4+1/4xIxbxe” 3% (at+b*arctan(c*x))~2/c"4+1/4xI*xb"3*e~3*polylog(2,1-2/(1+I
*Cc*x))/c”4+3/2%b"3*d* (cxd-e) * (ckd+e) *polylog(3,1-2/(1+I*c*x))/c”3

3.15.2 Mathematica [A] (verified)

Time = 2.01 (sec) , antiderivative size = 855, normalized size of antiderivative = 1.31

/(d + ex)®(a + barctan(cz))® dz
_d’c(4ac’d® + 3be(—6c°d” + €?)) x + 6a’cPde(acd — be)z? + a’c’e?(4acd — be)x® 4 a’c'e’z* + 3a®b(6c?d”,

inputlIntegrate[(d + e*xx)~3%(a + bxArcTan[c#*x])~3,x] ‘

3.15.  [(d+ ex)*(a+ barctan(cz))® dz
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output | (a~2xc*(4*a*c~3*d~3 + 3kbxex(-6%c™2%d"2 + e72))*x + 6%a”~2%c 3xd*e*(a*xc*d -
bxe)*x"2 + a"2xc"3*%e”2%(4*axcxd - b*e)*x"3 + a"3*kc"4*e"3*x"4 + 3xa~2%b*(6
*xc"2*%d"2xe - e”3)*ArcTan[c*x] + 3%a”~2xbxc 4*x*(4*d"3 + 6*%d"2xexx + 4xdxe”2
*x"2 + e73xx"3)*ArcTan[c*x] + a*b™2*%e"3*(1 + c™2*x72 + (6*c*x - 2%c~3*x"3)
*ArcTan[c*x] + 3*(-1 + c”4*x"4)*ArcTan[c*x]~2 - 4*Log[l + c™2*x72]) - 6*a”
2xbxc*d* (c"2%d"2 - e”2)*Logl[l + c™2*x"2] + 18%axb”2%c”~2xd"2%e* (-2*c*x*ArcT
an[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Logl[l + c™2*x"2]) + 12%a*b~2xc~3*d
~3*(ArcTan[c*x]*((-I + c*x)*ArcTan[c*x] + 2+Log[1l + E~((2*I)*ArcTan[c*x])]
) - I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 12xa*b~2*c*kdxe ™ 2x(c*x + (I + ¢
~3%x~3)*ArcTan[c*x] "2 - ArcTan[c*x]*(1 + c™2*x"2 + 2*Logl[l + E~((2*I)*ArcT
an[c*x])]) + I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3*c~2*d"~2*ex (ArcT
an[ckx] *((3*I - 3*cxx)*ArcTan[c*x] + (1 + c"2*x~2)*ArcTan[c*x]~2 - 6xLog[1
+ E"((2*I)*ArcTan[c*x])]) + (3*I)*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b
“3xe"3x(-(c*x) - (4*%I - 3*c*kx + c~3*x"3)*ArcTan[c*x]~2 + (-1 + c™4*x"4)*Ar
cTan[c*x] "3 + ArcTan[c*x]*(1 + c™2*x"2 + 8*Log[1 + E~((2*I)*ArcTan[c*x])])
- (4*I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + 2xb~3*c*d*e 2% (6*c*x*ArcTan
[c*x] - 3*ArcTan[c*x] "2 - 3*c~2*x"2xArcTan[c*x] "2 + (2*I)*ArcTan[c*x]"3 +

2xc~3*x"3*ArcTan[c*x] "3 - 6*ArcTan[c*x] "2+Log[1l + E~((2*I)*ArcTan[c*x])] -
3*Log[1 + c™2*x~2] + (6*I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])]
- 3%PolyLog[3, -E~((2*I)*ArcTan[c*x])]) + 2¥b~3%c~3*d"3*(2*ArcTan[c*x]...

3.15.3 Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 645, normalized size of antiderivative = 0.99,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.111, Rules used

= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)3(a + barctan(cz))3 dzx

| 5389
(d-+-ex)4(a-+-barctan(cm))3__

4e
z2(a+barctan(cz))?e* | 4dz(a+barctan(cz))?ed (6c2d?—e?) (a+barctan(cz))?e? (c*d*—6c2e2d?+4c? (cd—e)e(cd+e)zd+e?) (
3be f c? + c? + A + cA(c?z2+1)

4e

l 2009
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(d + ex)*(a + barctan(cz))3 B
4e
3be (_ iet(a+barctan(cz))? 2bet 10g<1+%> (a+barctan(cz)) n 2de3(a+barctan(cx))? 4ibde(cd—e)(cd+e) PolyLog (2,1—%) (a+

3cd 3cd ct ct

input‘Int[(d + e*x)"3%(a + bkArcTan[c*x])"3,x]

output | ((d + e*x)~4x(a + bxArcTan[c*x])~3)/(4*e) - (3*bxck((-4*a*b*xd*e~3*x)/c”3 +
(b~2%e~4*x)/(3%c™4) - (b~2*e~4*ArcTan[c*x])/(3*c~5) - (4%b~2*d*e~3*x*ArcT
an[c*x])/c”™3 - (b*e~4xx"2*(a + bxArcTan[c*x]))/(3*%c”3) + (2*d*e~3x(a + b*A
rcTan[c*x])~2)/c"4 - ((I/3)*e~4*(a + bxArcTan[c*x])~2)/c"5 + (Ixe~2x(6%c"~2
*d"2 - e"2)x(a + bxArcTan[c*x])~2)/c”5 + (e 2% (6xc™2*d"2 - e”2)*x*(a + b*A
rcTan[c*x])~2)/c”4 + (2+d*e”3*x"2*(a + b*ArcTan[c*x])~2)/c"2 + (e"4*x"3*(a
+ bxArcTan[c*x])~2)/(3*c™2) - (((4%I)/3)*d*(c*d - e)*ex(cxd + e)*(a + b*A
rcTan[c*x]) ~3)/(b*c~4) + ((c™4*d"4 - 6%c~2%d"2%e~2 + e~4)*x(a + b*ArcTan[c*
x])~3)/(3%b*c~5) - (2%bke~4*(a + bxArcTan[c*x])*Log[2/(1 + Ikc*x)])/(3*c"5
) + (2xbxe”~2%(6*c”2%d"2 - e~2)*(a + b*ArcTan[c*x])*Log[2/(1 + Ixc*x)])/c”5
- (4%d*(c*xd - e)*ex(c*d + e)*(a + bkArcTan[c*x]) 2*%Log[2/(1 + I*c*x)])/c”
4 + (2xb~2xd*e”3xLog[l + c™2*x"2])/c"4 - ((I/3)*b~2*e~4*PolyLog[2, 1 - 2/(
1 + I*c*x)])/c”5 + (I*b~2xe"2%(6*%c"2*d"2 - e~2)*PolylLog[2, 1 - 2/(1 + TIx*cx
x)]1)/c”5 - ((4*I)*bxd*(c*d - e)*ex(ckd + e)*(a + b*ArcTan[c*x])*PolyLogl[2,
1 - 2/(1 + I*xc*x)])/c”4 - (2*b"2*d*(c*d - e)*ex(c*d + e)*PolyLog[3, 1 - 2
/(1 + Ixc*x)])/c”4))/(4xe)

3.15.3.1 Defintions of rubi rules used

-

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_)*((d.) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*cx(p/(e*x(q + 1))) Int [ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(@ + exx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]
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3.15.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 93.44 (sec) , antiderivative size = 3122, normalized size of antiderivative = 4.79

method result size

parts Expression too large to display | 3122
derivativedivides | Expression too large to display | 3153
default Expression too large to display | 3153

input‘int((e*x+d)‘3*(a+b*arctan(c*x))‘3,x,method=_RETURNVERBOSE)

output

1/4%a~3* (e*x+d) ~4/e+b~3/c*(1/4*c*e"3*arctan (c*x) ~3*x~4+c*e”2*arctan(c*x) "3
*xx~3xd+3/2xc*exarctan (ckxx) “3*x"2*d"2+arctan(c*x) “3*c*x*d~3+1/4*c/exarctan(
c*x) "3*d"4-3/4/c”3/e* (2+¥I*e " 3xcxd*Pixcsgn (I* (1+I*c*xx)/(c™2*x"2+1)~(1/2) ) *c
sgn (I* (1+I*c*x) "2/ (c™2*%x"2+1) ) “2*arctan(c*x) “2-I*e*c~3*d~3*Pi*csgn(I*(1+(1
+Ixc*x) "2/ (c™2*x"2+1))) "2*csgn (I* (1+(1+I*c*x) "2/ (c"2+%x"2+1)) "2) *arctan(c*x
) "2-2%I*e*c~3*d~3*Pi*csgn (I*(1+I*c*x)/(c™2*xx"2+1)~(1/2))*csgn(I*(1+I*c*x)"
2/(c”™2*x"2+1)) "2*arctan(c*x) "2+I*exc”3*d"3*xPixcsgn(I* (1+I*c*x)/(c™2%x"2+1)
~(1/2)) "2*csgn(I*(1+Ixc*x) 2/ (c™2*x"2+1) ) *arctan(c*x) "2-Ixe*c”3*d"3*Pixcsg
n(I/(1+(1+I*c*x) "2/ (c™2%x"2+1)) "2) *csgn (I* (1+I*c*x) "2/ (c™2*x"2+1) / (1+(1+Ix*
cxx) "2/ (c"2%x"2+1))"2) "2xarctan(ckx) “2+2xI*exc~3*d"3*Pi*csgn (I* (1+(1+Ixc*x
)"2/(c™2xx72+1) ) ) *csgn (I* (1+(1+I*c*x) "2/ (c~24x"2+1)) ~2) "2*arctan(c*x) ~2-I*
e*c”3xd"3*Pixcsgn (I* (1+I*xc*x) "2/ (c™2*x"2+1)) *csgn (I* (1+I*c*x) "2/ (c™2*%x"2+1
)/ (1+(1+I*c*x) "2/ (c™2*x"2+1) ) "2) "2*arctan (c*x) ~2+I*e " 3xcxd*Pi*xcsgn (I* (1+(1
+Ixc*x) "2/ (c™2*x"2+1))) "2*csgn (I* (1+(1+I*c*x) "2/ (c"2+%x"2+1)) "2) #arctan(c*x
) "2-2xIxe~3*c*d*xPixcsgn (I*(1+(1+I*c*x) "2/ (c™2*x~2+1))) *csgn(I* (1+(1+I*c*x)
~2/(c”2%x72+1) ) ~2) "2*arctan(c*x) “2+I*e~3*c*d*Pixcsgn (I/(1+(1+I*c*x)~2/(c"2
*x"2+1)) "2) *csgn (I* (1+I*c*x) ~2/(c™2*x"2+1) / (1+(1+I*c*x) "2/ (c™2%x"2+1))"2)~
2*arctan(cxx) ~2+Ixe”~3*c*d*xPi*csgn (I* (1+Ixcxx) "2/ (c™2xx"2+1) ) *csgn (I* (1+Ixc
*x) "2/ (c”2%x72+1) / (1+(1+I*c*x) "2/ (c™2*x"2+1) ) "2) "2*arctan(c*x) “2-I*e”~3*c*d
*Pixcsgn (I* (1+I*cxx)/(c™2%x72+1) " (1/2)) "2*csgn(I* (1+I*c*x) "2/ (c™2*%x™2+1. ..
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3.15.5 Fricas [F]

/(d + ex)?(a + barctan(cr))? dz = / (ex 4 d)*(barctan (cz) + a)° dz

inputLintegrate((e*x+d)“3*(a+b*arctan(c*x))‘3,x, algorithm="fricas")

output

input

~—

integral(a~3*e”3*x"3 + 3*a~3*d*¥e"2*x"2 + 3*a~3*%d"2*exx + a~3*d"3 + (b"3*e”
3*xx~3 + 3*%b~3*d*e"2*x"2 + 3*b~3%d"2*e*x + b~3*d"3)*arctan(c*x)~3 + 3*(axb”
2%xe~3%x"3 + 3*a*b"2xd*e”2%x”~2 + 3*axb~2%d"2kexx + ax*b~2*d"3)*arctan(c*x) 2
+ 3% (a"2%b*e"3*%x"3 + 3*a~2*bkd*e"2*x"2 + 3*a~2xbxd"2*e*xx + a”~2*b*d"3)*arc

tan(c*x), x)

3.15.6 Sympy [F]

/(d + ex)®(a + barctan(cz))® dz = / (a + batan (cz))® (d + ex)® dx

integrate ((exx+d)**3* (a+b*atan (c*x) ) **3,x)

outputLIntegral((a + bxatan(c*x))**3*(d + e*x)**3, x)

3.15.7 Maxima [F]

/(d + ex)*(a + barctan(cz))® dz = / (ex + d)®(barctan (cz) + a)® dz

-

input Lintegrate ((exx+d) “3*(atb*arctan(c*x)) ~3,x, algorithm="maxima")

-/
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1/4%a~3%e”~3*%x~4 + a~3*d*e~2*x~3 + 7/32*%b~3*d"3*arctan(c*x)~4/c + 112%b~3*c

~2xe"3*integrate(1/128*x " 5xarctan(c*x) ~3/(c"2*x"2 + 1), x) + 12*b~3*c"2*e”
3xintegrate(1/128*x~5*arctan(c*x)*log(c™2*x"2 + 1)72/(c"2*x"2 + 1), x) + 3
84*a*b~2xc~2%e"3*integrate(1/128*x"5*arctan(c*x)~2/(c"2*x"2 + 1), x) + 336
*b~3*c"2xd*e"2*xintegrate (1/128*x~4*arctan(c*x) ~3/(c™2*x"2 + 1), x) + 12%b~
3xc~2*e"3*integrate(1/128*x " 5*arctan(c*x)*log(c™2*%x"2 + 1)/(c™2*x"2 + 1),

x) + 36%b~3*c”2xd*e"2*integrate(1/128*x~4*arctan(c*x)*log(c™2*x"2 + 1)~2/(
cT2*x72 + 1), x) + 1152%a*b~2*c”2+d*e”2xintegrate(1/128*x~4*arctan(c*x) 2/
(c™2%x”2 + 1), x) + 336*b~3*c~2+d"2*e*integrate(1/128*x"3*arctan(c*x) 3/ (c
“2%x72 + 1), x) + 48xb”~3*c"2+dxe"2*integrate(1/128*x"4*arctan(c*x)*log(c2
*x72 + 1)/(c™2*x72 + 1), x) + 36xb~3xc"2xd"2xexintegrate(1/128*x~3*arctan(
c*xx)*log(c™2+x"2 + 1)72/(c™2%x"2 + 1), x) + 1152%axb~2*c~2*d"2*e*integrate
(1/128*x~3*arctan(c*x) "2/(c™2*x"2 + 1), x) + 112%b~3*c~2*d"3*integrate(1/1
28*x~2*arctan(c*x) ~3/(c"2*x"2 + 1), x) + 72*b~3*c”2*d"2*e*integrate(1/128*
x"3*arctan(c*x)*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 12%b~3%c~2*d"3*integr
ate(1/128*x"2*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 384*axb~2
*c~2*%d"3*integrate(1/128*x"2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 48%b~3%c™2x%
d~3*integrate(1/128*x~2*arctan(c*x)*log(c™2*x"2 + 1)/(c”2*x"2 + 1), x) + 3
/2xa”~3%d"2xexx"2 + axb~2*d"3*arctan(c*x)"3/c - 12*b~3*cxe”3*integrate(1/12
8*x~4*arctan(c*x)~2/(c”2*x"2 + 1), x) + 3*%b~3%cxe"3*integrate(1/128%x74...

-

3.15.8 Giac [F]

/(d + ex)*(a + barctan(cz))® dz = / (ex + d)®(barctan (cz) + a)® dz

inputLintegrate((e*x+d)“3*(a+b*arctan(c*x))‘3,x, algorithm="giac")

output

N

-/

sageO*x

_
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3.15.9 Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cr))® dx = / (a + batan(cz))® (d + ex)’ dz

inputtint((a + b*atan(c*x))"3*(d + e*xx)~3,x)

outputtint((a + b*atan(c*x))"3*(d + e*xx)”3, x)
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3.16 [(d + ex)*(a + barctan(cz))? dz

3.16.1 Optimalresult . . ... ... .. ... . .. .. e 132
3.16.2 Mathematica [A] (verified) . . . . . . . ... ..o 1331
3.16.3 Rubi [A] (verified) . . . . . . ... .. 134
3.16.4 Maple [C] (warning: unable to verify) . . . . . .. ... ... .. ... ....
3.16.5 Fricas [F] . . . . . . . o o 1361
3.16.6 Sympy [F] . . . . . . 137
3.16.7 Maxima [F] . . . . . . . . 137
3.16.8 Giac [F] . . . . . . o 138l
3.16.9 Mupad [F(-1)] . . . . oo 138

3.16.1 Optimal result

Integrand size = 18, antiderivative size = 411

/(d + ex)*(a + barctan(cz))® dx

ab’e’r  bde’rarctan(cr) 3ibde(a + barctan(cz))?
T2 + 2 - 2
_ be*(a+barctan(cz))®  3bdex(a + barctan(cz))”
2¢3 c
_ be’z*(a + barctan(cz))? N i(3c*d? — €?) (a + barctan(cz))?
2c 3c3

B d<d2 - 3ci2> (a + barctan(cz))? N (d + ex)3(a + barctan(cz))?
3e 3e
6b%de(a + barctan(cz)) log (2-) N b(3c*d? — €?) (a + barctan(cz))? log (2-)

1T 1+icx
c? c?
b3e2log (1 + 2z2)  3ibPdePolyLog (2,1 — 2-)
N 2c3 N c?
N ib?(3c%d? — €?) (a + barctan(cz)) PolyLog (2, 1- H%)
3
N b*(3c*d* — €?) PolyLog (3,1 — 2)
2¢3
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output | axb~2%e~2%xx/c”2+b"3*e~2*x*arctan(c*x) /c 2-3%I*b*xd*e* (a+b*arctan(c*x)) ~2/c”
2-1/2*b*e~2* (a+b*arctan(c*x) ) ~2/c~3-3*b*d*e*x* (a+b*arctan(c*x)) ~2/c-1/2*b*
e~ 2*x"2x (a+b*arctan(c*x)) ~2/c+1/3*I* (3*%c"2*xd"2-e"2) * (a+b*arctan(c*x))~3/c”
3-1/3*d*(d"2-3*e~2/c”2) * (a+b*arctan(c*x)) ~3/e+1/3*(e*xx+d) ~3* (a+b*arctan(c*
x)) ~3/e-6%b"2*d*e* (a+b*arctan(c*x))*1n(2/ (1+I*c*x))/c 2+b* (3*c"2*d"2-e"2) *
(at+b*arctan(c*x)) "2*1n(2/ (1+I*c*x))/c”3-1/2*%b"3*e " 2*%1n(c"2*x"2+1) /c~3-3*I*
b~3*d*e*polylog(2,1-2/ (1+Ixc*x))/c 2+I*b~2%(3*c~2+d"2-e"2) * (a+b*arctan (c*x
))*polylog(2,1-2/(1+I*c*x))/c~3+1/2%b" 3% (3%c"2*xd"2-e~2) *polylog(3,1-2/(1+I
*xc*xx))/c”3

\

3.16.2 Mathematica [A] (verified)

Time = 1.16 (sec) , antiderivative size = 621, normalized size of antiderivative = 1.51

/(d + ex)*(a + barctan(cr))® dx
_ 6a’c*d(acd — 3be)x + 3a’c’e(2acd — be)z? + 2a°c’e’z® + 18a’bede arctan(cx) + 6abc’x(3d” + 3dex + e

;
input Integrate[(d + e*x)~2x(a + b*ArcTan[c*x])~3,x]

output  (6xa~2kc”2kd* (akckxd — 3%bke)*x + 3%ka~2%c"2xe*(2¥akckd - bxe)*x"2 + 2%a~3x*c
“3%e”2%x"3 + 18*a”~2*b*cxd*exArcTan[c*x] + 6%a”2xbkc”3*x*(3*%d"2 + 3*d*exx +
e”2xx"2) *ArcTan [ckx] - 3*a~2%b*(3*%c™2xd"2 - e~2)*Log[l + c™2%x"2] + 18+ax
b~ 2xc*d*e* (-2*c*kx*xArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Log[1l + c™2x%
x72]) + 18%a*b~2%c”2*d"2*(ArcTan[c*x]*((-I + c*x)*ArcTan[c*x] + 2*Log[1l +
E~((2*I)*ArcTan[c*x])]) - IxPolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6*axb~2*
e"2x(cxx + (I + c"3*x"3)*ArcTan[c*x] "2 - ArcTan[c*x]*(1 + c~2*x"2 + 2*Logl[
1 + E7((2*I)*ArcTan[c*x])]) + I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~
3xckdxe* (ArcTan[c*x]* ((3*I - 3xc*x)*ArcTan[cxx] + (1 + c™2*x"2)*ArcTan[c*x
172 - 6*Logl[1 + E~((2*I)*ArcTan[c*x])]) + (3*I)*PolyLogl[2, -E~((2*I)*ArcTa
nlc*x])]) + b~3xe”2*(6*c*x*kArcTan[c*x] - 3*ArcTan[c*x]~2 - 3*c~2xx"2*ArcTa
nlc*x] "2 + (2*I)*ArcTan[c*x]~3 + 2*c~3*x"3*ArcTan[c*x]~3 - 6*ArcTan[c*x] "2
xLog[1 + E"((2*I)*ArcTan[c*x])] - 3*Log[l + c"2*x"2] + (6*I)*ArcTan[c*x]*P
olyLog[2, -E~((2*I)*ArcTan[c*x])] - 3*PolyLogl[3, -E~((2*I)*ArcTan[c*x])])
+ 3*b~3*c”2xd"2*(2*¥ArcTan[c*x] "2%((-I + c*x)*ArcTan[c*x] + 3*Logl[l + E~((2
*I)*ArcTan[c*x])]) - (6*I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])]
+ 3xPolyLog[3, -E~((2*I)*ArcTan[c*x])1))/(6%c”3)
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3.16.3 Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 430, normalized size of antiderivative = 1.05,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 111 Ryles used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)?(a + barctan(cz))3 dzx

l 5389

(d + ex)3(a + barctan(cz))3 B

3e
be f (w(a-{—b arctan(cz))?e? + 3d(a+b arctzan(cx))2e2 + (d(c?d?—3e?)+e(3c2d?—€?)z) (atb arctan(cx))2> dz

c2 c c2(c2z2+1)
e
| 2009
(d + ex)3(a + barctan(cz))3 B
3e
3 2 152 2 6bde?log( o2 ) (atbarctan(cz)) 2 2 3.2
bc(e (a+ba;2:clan(cw)) + 3ide (a+b::§ctan(ca:)) + (1+ 23 + 3de w(a+bca2rctan(ca:)) 4+ &= (a+b§;2ctan(cx

input‘ Int[(d + e*x)"2%(a + b*ArcTan[c*x])~3,x]

output

((d + exx)"3*(a + bxArcTan[c*x])~3)/(3*e) - (bxc*(-((a*b*e~3*x)/c~3) - (b~
2%e"3*x*ArcTan[c*x])/c”3 + ((3*I)*d*e”2*(a + bxArcTan[c*x])"2)/c"3 + (e"3x%
(a + bxArcTan[c*x])~2)/(2%c™4) + (3*d*e”2*x*(a + b*ArcTan[c*x])"2)/c"2 + (
e"3*x"2x(a + bxArcTan[c*x])~2)/(2%c"2) + (d*(c”2*d"2 - 3*e"2)*(a + bxArcTa
nlc*x])~3)/(3*bxc~3) - ((I/3)*e*x(3*c~2*xd"2 - e~2)*(a + bxArcTan[c*x])~3)/(
bxc~4) + (6xbxd*e~2+(a + bxArcTan[c*x])*Log[2/(1 + I*c*x)])/c”3 - (ex(3xc”
2+%d"2 - e"2)*(a + bxArcTan[c*x]) ~2+Log[2/(1 + Ixc*x)])/c”4 + (b~2*e"3*Logl
1 + c™2*x72])/(2%c™4) + ((3*I)*b~2xd*e~2*PolyLog[2, 1 - 2/(1 + I*c*x)])/c”
3 - (Ixbxex(3*c"2*d"2 - e"2)*(a + bxArcTan[c#*x])*PolyLog[2, 1 - 2/(1 + I*c
*x)]1)/c”4 - (b"2%ex(3*%c™2*xd"2 - e~2)*PolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2xc"4
)))/e

3.16.  [(d+ ex)*(a+ barctan(cz))? dz
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3.16.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*c*x(p/(ex(q + 1))) Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c"2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQ[q]l && NeQlq, -1]

3.16.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 32.97 (sec) , antiderivative size = 2633, normalized size of antiderivative = 6.41

method result size

parts Expression too large to display | 2633
derivativedivides | Expression too large to display | 2647
default Expression too large to display | 2647

inputLint((e*x+d)“2*(a+b*arctan(c*x))“3,x,method=_RETURNVERBOSE)

3.16.  [(d+ ex)*(a+ barctan(cz))? dz



output

input

output
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1/3*a"~3* (e*xx+d) ~3/e+b~3/c*(1/3*c*e"2*arctan(c*xx) “3*x~3+c*e*arctan(ckx) ~3*x
~2*d+arctan(c*x) “3*c*x*d"2+1/3*c/exarctan(c*x) "3*d"3-1/c~2/e*(d"3*c”3*arct
an(c*x) ~3+1/2*polylog(3,-(1+I*c*x) "2/ (c"2*x"2+1) ) *e~3-e~3*1n(1+(1+I*c*x) "2
/(c™2*%x"2+1))+1/2*e"3*xarctan (c*x) ~2+6*e~2xd*kc*arctan (cxx) *1n (1+I* (1+I*c*x)
/(c™2*%x72+1) " (1/2)) +6*e~2*d*c*arctan(c*x) *1n (1-I* (1+I*c*x) /(c"2*x~2+1) " (1/
2))-3*e*xd~2*c~2*1n(2) *arctan (c*x) “2-3*ex1n((1+I*c*x)/(c”2*x~2+1)~(1/2)) *c”
2xd~2xarctan(c*x) “2+3/2*arctan(c*x) “2*1n(c"2*x"2+1) *exc " 2*xd"2-6*I*e 2*kd*c*
dilog(1-I*(1+I*c*x)/(c™2*%x"2+1)~(1/2))+1/4*I*e"3*Pi*csgn(I* (1+(1+I*c*x) "2/
(c™2%x72+1))"2) "3*arctan(c*x) "2-1/4*Ixe”~3*Pi*csgn(I* (1+I*c*x) "2/ (c™2%x"2+1
)) "3*arctan(c*x) "2-1/4*I*e”3*xPixcsgn (I* (1+I*c*x) "2/ (c™2*x"2+1)/ (1+(1+I*c*x
)"2/(c™2%x72+1) ) ~2) “3*arctan(c*x) "2-3*I*cxd*e~2*arctan(c*x) “2-6*Ixe 2xd*cx*
dilog(1+I*(1+I*c*x)/(c™2%x"2+1)~(1/2))+I*e*c~2xd"2*arctan(c*xx) ~3+3/2*I*exd
~2%c”2+Pikcsgn (I (1+(1+I*c*x) ~2/(c™2*x"2+1)) ) *csgn (I* (1+(1+I*c*x) "2/ (c™2+*x
~2+1))72) "2*arctan(c*x) “2+3/4*Ixe*d"2*c"2*Pixcsgn (I* (1+I*c*x)/(c™2*%x"2+1)"
(1/2)) "2*csgn(I*(1+I*c*x) "2/ (c™2*x"2+1) ) *arctan(c*x) "2-3/2*I*e*d~2*c™2*Pix
csgn(I*x(1+I*xcxx)/(c™2*xx"2+1) " (1/2) ) *csgn(I* (1+I*c*x) “2/(c™2%x"2+1)) "2*arct
an(c*x) "2-3/4*I*e*xd”2xc 2*Pi*csgn (I* (1+I*xc*x) "2/ (c"2*x"2+1)) *csgn (I*(1+I*c
*x) "2/ (c™2*%x72+1) / (1+(1+I*c*x) "2/ (c"2%x~2+1) ) "2) “2*arctan (c*xx) "2-3/4*I*exd
~2xc"2*Pi*csgn(I/ (1+(1+I*c*x) "2/ (c"2%x72+1)) "2) *csgn (I* (1+I*c*x) "2/ (c™2*x"
2+1) / (1+(1+Ixc*x) "2/ (c™2*x"2+1)) ~2) "2xarctan(c*x) “2-3/4*I*xexd~2*c 2*Pi*. ..

3.16.5 Fricas [F]

/(d + ex)?(a + barctan(cz))® dz = / (ex + d)*(barctan (cz) + a)® dz

-

Lintegrate((e*x+d)‘2*(a+b*arctan(c*x))‘3,x, algorithm="fricas")

-/

‘integral(a‘S*e‘2*x“2 + 2%a~3xd*exx + a~3*xd"2 + (b"3%e”2*x"2 + 2*%b”3*kd*e*x
\+ b~3*d"2) *arctan(c*x) "3 + 3*(a*b~2%e 2*xx"2 + 2*ka*b~2xd*exx + axb~2xd"2)*a
\rctan(c*x)‘Z + 3% (a"2%bxe”2%x~2 + 2%a”~2%bxdke*x + a~2%bxd”~2)*arctan(c*x),

!x)

/]

3.16.  [(d+ ex)*(a+ barctan(cz))® dz
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p
input

N

3.16.6 Sympy [F]

/(d + ex)?(a + barctan(cz))® dz = / (a + batan (cz))’ (d + ex)’® dx

integrate ((exx+d) **2x (a+b*atan (c*x)) **3,x)

-

output

-

Integral((a + bxatan(ckx))#**3*(d + e*x)**2, x)

3.16.7 Maxima [F]

/(d + ex)?(a + barctan(cz))® dzr = / (ex + d)*(barctan (cz) + a)® dz

e

inputL

integrate ((e*x+d) 2% (atb*arctan(c*x))~3,x, algorithm="maxima")

~—

-

output

1/3%a~3%e"2%x"3 + 7/32%b~3*d"2*arctan(c*x)~4/c + 28*%b~3*c"2*e~2*integrate(
1/32*x"4*arctan(c*x) ~3/(c™2*%x"2 + 1), x) + 3%b"3*c"2*e"2xintegrate(1/32*x~
4xarctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 96%axb~2*c”2%e"2*inte
grate (1/32*x~4xarctan(c*x)~2/(c™2*x"2 + 1), x) + 56xb~3*c~2*d*exintegrate (
1/32*x"3*arctan(c*x) "3/(c™2%x"2 + 1), x) + 4*b~3*c”2*e"2xintegrate(1/32*x"
4*xarctan(c*x)*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 6%b~3*c”2*d*exintegrate
(1/32*x"3*arctan(c*x) *log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 192%a*b~2xc"2
xd*exintegrate (1/32*x"3*arctan(c*x)~2/(c”2*x"2 + 1), x) + 28*%b~3*c~2*d"2+*i
ntegrate(1/32*x~2*arctan(c*x) ~3/(c™2*x"2 + 1), x) + 12%b~3*c”2*d*exintegra
te(1/32*x"3*arctan(c*x)*log(c™2*x~2 + 1)/(c™2%x"2 + 1), x) + 3*b~3*c™2*d"2
xintegrate(1/32*x"2*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 96%
axb~2%c”2*d"2*integrate(1/32*x " 2*arctan(c*x) ~2/(c"2*x"2 + 1), x) + 12%b~3*
c~2*d"2xintegrate (1/32*x~2*arctan(c*x)*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x)
+ a"3*d*exx”2 + a*b~2*kd"2*arctan(c*x)~3/c - 4xb~3*c*e”2xintegrate(1/32*x"3
*arctan(c*x)"2/(c"2*%x"2 + 1), x) + b"3xcxe"2*integrate(1/32*x"3*log(c~2*x"
2 + 1)72/(c™2*x”2 + 1), x) - 12*b~3*cxd*exintegrate(1/32*x"2*arctan(c*x) "2
/(c™2%x"2 + 1), x) + 3*b~3*c*d*exintegrate(1/32*x"2*1log(c™2*x"2 + 1)°2/(c”
2xx"2 + 1), x) - 12x%b"3*c*d~2+integrate(1/32*x*arctan(c*x)~2/(c"2*x"2 + 1)
, X) + 3*%b~3*c*d"2*integrate(1/32*x*log(c”™2*x"2 + 1)72/(c™2*x"2 + 1), x) +
3x(x"2xarctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”3))*a"2xbxd*e + 1/2%(2*x...

3.16.  [(d+ ex)*(a+ barctan(cz))® dz
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3.16.8 Giac [F|

/(d + ex)*(a + barctan(cr))? dz = / (ex 4 d)*(barctan (cz) + a)’ dz

input Lintegrate ((exx+d) "2* (atb*arctan(c*x))~3,x, algorithm="giac")

output LsageO*x

3.16.9 Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barctan(cz))3 dz = / (a +batan(cz))® (d+ ex)? dx

input Lint((a + b*atan(c*x))~3*(d + e*x)~2,x)

output Lint((a + b*atan(c*x)) ~3*(d + e*x)~2, x)

3.16.  [(d+ ex)*(a+ barctan(cz))? dz



output
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3.17.1 Optimal result

Integrand size = 16, antiderivative size = 264

_ 3ibe(a + barctan(cr))®  3bex(a + barctan(cz))?

3 g
/(d + ex)(a + barctan(cz))” dz = 2¢? 2c

e2

N id(a + barctan(cz))® <d2 - c_2> (a + barctan(cz))®

c 2e
N (d + ex)*(a + barctan(cz))?
2e

3b%e(a + barctan(cz)) log (3=

2
N 3bd(a + barctan(cz))? log (%)

1+icx

c
3ib*e PolyLog (2,1 — :22)
B 2¢?

N 3ib?d(a + barctan(cz)) PolyLog (2,1 — 2-)

T 1+icz

c

3b3d PolyLog (37 1-— 1+2icx)
+ 2c

/

-3/2*Ixbxex (a+b*arctan(c*x)) ~2/c”2-3/2*b*exx* (a+b*arctan(c*x)) ~2/c+I*d* (a+
b*arctan(c*x))~3/c-1/2*(d"2-e~2/c~2) * (a+b*arctan(c*x)) ~3/e+1/2* (e*xx+d) ~2x(
a+bk*arctan(c*x)) ~3/e-3%b~2%e* (at+b*arctan (c*x) ) *1n(2/ (1+I*c*x))/c™2+3%bkd* (
at+b*arctan(c*x)) "2*¥1n(2/ (1+I*c*x))/c-3/2*I*b"3*e*polylog(2,1-2/ (1+I*c*x))/
c~2+3*I*b~2xd* (a+b*arctan(c*x))*polylog(2,1-2/(1+I*c*x))/c+3/2*%b~3*d*polyl
0g(3,1-2/(1+I*c*x))/c

3.17.  [(d+ ex)(a + barctan(cz))® dz
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3.17.2 Mathematica [A] (verified)

Time = 0.98 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.30

/(d + ex)(a + barctan(cz))® dz
_d’c(2acd — 3be)z + a’c’ex? + 3a’be arctan(cz) 4 3a’bc*x(2d + ex) arctan(cz) — 3a’bed log (1 4 c*z?) +

-

input LIntegrate [(d + exx)*(a + bxArcTan[c*x])"3,x]

| —

output | (a~2xc*(2*xa*xcxd - 3*b*e)*x + a~3*%c 2*e*xx"2 + 3*a~2*bxexArcTan[c*x] + 3*a~2
*xbxc”2xx* (2%d + e*x)*ArcTan[c*x] - 3*a~2xb*c*d*Logl[l + c~2%x"2] + 3*axb~2x%
ex(-2xckx*ArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Logl[l + c™2*x72]) +

6xaxb~2*ckd* (ArcTan [c*x]*((-I + c*x)*ArcTan[c*x] + 2xLog[l + E~((2*I)*ArcT
an[c*x])]) - I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~ 3*ex(ArcTan[c*x]* ((
3+%I - 3xc*x)*ArcTan[c*x] + (1 + c”2*x"2)*ArcTan[c*x]~2 - 6*Logl[l + E~((2*I
Y*¥ArcTan[c*x])]) + (3*I)*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~ 3*c*d*(2x*
ArcTan[c*x] 2% ((-I + c*x)*ArcTan[c*x] + 3*Log[l + E~((2*I)*ArcTan[c*x])])

- (6*I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -E~(
(2xI)*ArcTan[c*x])]))/(2%c~2)

3.17.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.05,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 195 Ryles used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ex)(a + barctan(cz))? dx

| 5389
2 (a+barct 2 (d?®c®42dexc?—e?)(a+barctan(cz))?
(d + ex)?(a + barctan(cz))? B 3be [ (e « r el 4 c2(c22c2+1) ) dz
2e 2e
| 2009

3.17.  [(d+ ex)(a + barctan(cz))® dz
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(d + ex)?(a + barctan(cz))3 B
2e
3be ( (cd—e)(cd+e)(a+barctan(cz))? " ie2 (a+barctan(cz))? n 2be? 10g<1+%) (a+barctan(cz)) B 2ibde PolyLog (2,1—%) (a+barctar

3bc3 c3 c3 c?

input‘Int[(d + e*x)*(a + b*ArcTan[c*x])"3,x]

output | ((d + e*xx) 2%(a + bxArcTan[c*x])~3)/(2%e) - (3xbxcx((I*e~2*(a + b*ArcTanl[c
*x])72)/c”3 + (e"2*x*(a + b*ArcTan[c*x])"2)/c”2 - (((2%I)/3)*d*ex(a + b*Ar
cTan[c*x])~3)/(b*c™2) + ((c*d - e)*(c*d + e)*(a + b*ArcTan[c*x])~3)/(3*b*c
~3) + (2xbxe~2x(a + b*ArcTan[c*x])*Log[2/(1 + I*c*x)])/c~3 - (2*d*ex(a + b
*ArcTan [c*x]) "2*xLog[2/(1 + I*c*x)])/c”2 + (I*b~2*e~2*PolyLogl[2, 1 - 2/(1 +

Ixcxx)]1)/c™3 - ((2xI)*bxd*e*x(a + b*ArcTan[c*x])*PolyLogl[2, 1 - 2/(1 + Ix*c
*x)])/c”2 - (b~2*d*exPolyLogl[3, 1 - 2/(1 + I*c*x)])/c~2))/(2xe)

3.17.3.1 Defintions of rubi rules used

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d.) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S

imp [b*cx(p/(e*x(q + 1))) Int [ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQ[q]l && NeQ[q, -1]

3.17.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 7.93 (sec) , antiderivative size = 3886, normalized size of antiderivative = 14.72

method result size
parts Expression too large to display | 3886

derivativedivides | Expression too large to display | 3901

default Expression too large to display | 3901

3.17.  [(d+ ex)(a + barctan(cz))® dz
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input‘

int ((e*x+d)* (atb*arctan(c*x))~3,x,method=_RETURNVERBOSE)

output

a~3x(1/2xe*x"2+d*x)+b~3/c* (1/2*arctan(c*x) ~3*c*x"2*e+arctan (ckx) ~3*kcxx*d-3
/2/c*(arctan(c*x) "2*c*x*xe-cxd*polylog(3,-(1+Ixc*x) "2/ (c”~2*x"2+1) ) -2*d*c*1n
((1+4I*c*x) /(c™2*xx"2+1) ~(1/2)) *arctan(c*x) “2-2*1n(2) *c*d*arctan (c*x) ~2+2*c*
d*1n(2)*dilog(1+I*(1+I*c*x)/(c™2*x"2+1)~(1/2))+2*c*d*1n(2)*dilog(1-I*(1+I*
c*x)/(c™2*%x72+1) "~ (1/2) ) -c*d*1n(2) *polylog(2, - (1+I*c*x) "2/ (c"2*%x~2+1))+1n(c
~2xx~2+1) *arctan(c*x) "2*kc*kd+e*arctan (c*x) *1n (1+I*(1+I*c*xx)/(c™2*xx~2+1)~(1/
2))+e*xarctan(c*x)*1n(1-I*(1+I*c*x)/(c”2*x"2+1) " (1/2) ) +e*arctan(c*x) *1n (1+(
1+I*c*x) "2/ (c™2*x"~2+1))-1/3*arctan(c*x) “3xe-1/4*I*d*xc*Pi*csgn (I* (1+(1+Ixc*
x) 72/ (c"2xx72+1)) ) "2xcsgn (I* (1+(1+I*c*x) "2/ (c™2*x"2+1)) ~2) * (2xI*arctan (c*x
)*1n(1+(1+Ixc*xx) "2/ (c™2*x"~2+1) ) +2*arctan(c*x) "2+polylog(2,-(1+Ixc*x) "2/ (c”
2%x72+1)) ) -1/4xIxd*c*Pi*xcsgn (I* (1+I*kcxx) "2/ (c™2xx"2+1) ) *csgn (I* (1+I*c*x) "2
/(c™2%x"2+1) / (1+(1+I*c*x) "2/ (c™2%x"2+1) ) ~2) "2x (2*I*arctan(c*x) *1n(1+(1+I*c
*x) "2/ (c"2*x"2+1) ) +2*arctan(c*x) "2+polylog(2,- (1+I*c*x) "2/ (c"2%x"2+1)))-1/
4xI*d*c*Pikcsgn(I/ (1+(1+I*c*x) "2/ (c™2%x"2+1)) "2) *csgn (I* (1+I*c*x) "2/ (c™2*x
~2+1) / (1+(1+I*c*x) "2/ (c™2*%x"2+1) ) "2) “2x (2*I*arctan (c*x) *1n (1+(1+I*c*xx) ~2/(
c"2%x72+1) )+2*arctan(c*x) “2+polylog(2,-(1+I*c*x) "2/ (c™2*x"2+1)) ) +1/2*I*d*c
*Pikcsgn (I* (1+(1+I%c*xx) "2/ (c™2%xx72+1))) "2*csgn(I* (1+(1+I*c*x) "2/ (c™2%x"2+1
))~2)*(I*arctan(c*x)*1n(1+I* (1+I*c*x)/(c™2%x"2+1)~(1/2))+I*arctan(c*x)*1n(
1-Ix (1+I*c*x)/(c™2*x"2+1) " (1/2) ) +dilog (1+I* (1+I*c*x)/(c™2*%x™2+1) ~(1/2))+di
log(1-I*(1+I*c*x)/(c™2%x"2+1) " (1/2)))+1/2*I*d*c*Pixcsgn(I*(1+I*xc*x) "2/ (...

inputt

p
output‘

N

3.17.5 Fricas [F]

/(d + ex)(a + barctan(cz))® dz = / (ex 4 d)(barctan (cz) + a)® dx

integrate ((e*x+d)*(at+b*arctan(c*x))~3,x, algorithm="fricas")

~—

integral(a~3*e*x + a~3*d + (b~3%e*x + b~3*d)*arctan(c*x)~3 + 3*x(axb 2*e*x
+ axb”2*d)*arctan(c*x) "2 + 3x(a”"2xb*exx + a”2*bxd)*arctan(c*x), x)

_

3.17.  [(d+ ex)(a + barctan(cz))® dz



>

input

N
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3.17.6 Sympy [F]

/(d + ex)(a + barctan(cr))® dr = / (a + batan (cz))® (d + ex) dz

integrate ((exx+d) * (a+b*atan(c*x) ) **3,x)

-

output

-

e

inputL

Integral((a + b*atan(c*x))**3*(d + e*x), x)

3.17.7 Maxima [F]

/(d + ex)(a + barctan(cz))® dz = / (ex + d)(barctan (cz) + a)® dz

integrate((e*x+d) * (atb*arctan(c*x))~3,x, algorithm="maxima")

~—

-

output

7/32xb~3*d*arctan(c*x) “4/c + 56*b~3*c”2*exintegrate(1/64*x"3*arctan(c*x)"3
/(c™2%x"2 + 1), x) + 6%b~3*c”2*exintegrate(1/64*x"3*arctan(c*x)*log(c™2*x"
2 + 1)72/(c”2%x72 + 1), x) + 192xaxb”2*c”2xexintegrate(1/64*x"3*arctan(c*x
)"2/(c™2*x"2 + 1), x) + 56%b~3*c~2xd*integrate(1/64*x"~2*arctan(c*x) "3/ (c"2
*x"2 + 1), x) + 12xb~3*c"2*exintegrate(1/64*x"3*arctan(c*x)*log(c 2*x"~2 +
1)/(c™2%x~2 + 1), x) + 6%b~3*c 2*d*integrate(1/64*x~2*arctan(c*x)*log(c™2*
X"2 + 1)72/(c”2*x"2 + 1), x) + 192%a*b”~2xc"2*d*integrate(1/64*x"2*arctan(c
*x)"2/(c”2%x72 + 1), x) + 24%b~3*c”2xd*integrate(1/64*x~2*arctan(c*x)*log(
c"2*%x”2 + 1)/(c™2*x"2 + 1), x) + 1/2*%a"3*e*xx"2 + axb~2*d*arctan(c*x)~3/c -
12xb~3*c*kexintegrate (1/64*x"2*arctan(c*x) “2/(c"2*%x"2 + 1), x) + 3*b~3x*c*e
xintegrate (1/64*x"2*log(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) - 24*b~3*c*d*inte
grate(1/64*x*arctan(c*x) "2/(c”2*x"2 + 1), x) + 6%b~3*c*kd*integrate(1/64*x*
log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 3/2x(x"2xarctan(c*x) - cx(x/c”2 - a
rctan(c*x)/c~3))*a~2+bxe + a~3*d*x + 56xb~3*exintegrate(1/64*x*arctan(c*x)
~3/(c”2*x"2 + 1), x) + 6*%b~3*exintegrate(1/64*x*arctan(c*x)*log(c 2*x"~2 +
1)72/(c™2%x"2 + 1), x) + 192xa*b~2*exintegrate(1/64*x*arctan(c*xx) "2/ (c”2*x
"2 + 1), x) + 6%¥b"3*d*integrate(1/64*arctan(c*x)*log(c™2%x"2 + 1)72/(c"2*x
"2 + 1), x) + 3/2*%(2*cxx*arctan(c*x) - log(c™2*x~2 + 1))*a"2*bxd/c + 1/16%
(b~3*exx~2 + 2¥b~3*d*x)*arctan(c*x)~3 - 3/64*(b~3*e*x"2 + 2*b~3*d*x)*arcta

n(c*x)*log(c™2*x"2 + 1)72

3.17.  [(d+ ex)(a + barctan(cz))® dz
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3.17.8 Giac [F]

/(d + ex)(a + barctan(cz))® dz = / (ex 4 d)(barctan (cz) + a)® dx

input Lintegrate ((e*x+d) * (at+b*arctan(c*x))~3,x, algorithm="giac")

output LsageO*x

3.17.9 Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctan(cz))® dz = / (a + batan(cz))® (d + ex) dz

input Lint((a + b*atan(c*x))~3*(d + e*x),x)

output Lint((a + b*atan(c*x))~"3*(d + e*x), x)

3.17.  [(d+ ex)(a + barctan(cz))® dz
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3.18 f (a+b acrlctan(cx))3 dx
+ex

3.181 Optimalresult . . .. .. . . . . . .. . . e
3.18.2 Mathematica [F(-1)] . . . . . . .« . . .. 1461
3.18.3 Rubi [A] (verified) . . . . . .. . . . ... 1461
3.18.4 Maple [C] (warning: unable to verify) . . . . . . .. ... ... ... ... .. T48]
3.18.5 Fricas [F] . . . . . . o o 1491
3.18.6 Sympy [F] . . . . . . 1491
3.18.7 Maxima [F] . . . . . . .. 149
3.18.8 Giac [F(-1)] . . . . o o o 1501
3.18.9 Mupad [F(-1)] . . . . o o 1501

3.18.1 Optimal result

Integrand size = 18, antiderivative size = 320

1—icx

d+ex e

2c(d
(a + barctan(cz))? log (%)

(a + barctan(cz))? do — (a + barctan(cz))? log (%)

_|_
e

3ib(a + barctan(cz))? PolyLog (2,1 — %)

+ 2e
. 2 _ 2¢(d+ex)

3ib(a + barctan(cx))® PolyLog (2, 1 — e _H.e)(l_m))
B 2e

3b?(a + barctan(cz)) PolyLog (3,1 — =)
B 2e

3b%(a + barctan(cz)) PolyLog (3, 1-— %)
+

2e
3ib® PolyLog (4,1 — 22-)

4e

13 2¢(d+ex)
3’Lb POIYLOg (4, 1-— W)
4e

+

3.18. [ (letbarctan(en) g,
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output | - (a+b*arctan(c#*x)) ~"3*1n(2/ (1-I*c*x))/e+(atb*arctan(c*x)) ~3*1n(2*c* (e*x+d) /
(c*d+Ixe)/(1-I*c*x))/e+3/2xI*b* (at+tb*arctan(c*x)) "2*xpolylog(2,1-2/(1-I*c*x)
) /e-3/2xI*b* (atb*arctan(c*x)) “2+polylog(2,1-2*c*(e*xx+d)/(cxd+Ixe) /(1-I*c*x
))/e-3/2*%b~2x* (atb*arctan(c*x))*polylog(3,1-2/(1-I*c*x))/e+3/2%¥b~2* (a+b*arc
tan(c*x))*polylog(3,1-2*c*(e*x+d) /(c*kd+I*e)/(1-I*c*x))/e-3/4*I*b~3*polylog
(4,1-2/(1-I*c*x))/e+3/4*Ixb~3*polylog(4,1-2*c* (e*x+d)/(cxd+Ixe)/(1-I*c*x))
/e

3.18.2 Mathematica [F(-1)]

Timed out.
3
/ (a + barctan(cx)) dz — $Aborted
d+ ex
inputLIntegrate[(a + bxArcTan[c*x])~3/(d + e*x),x] J
output{$Aborted ]

3.18.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.00,

_ __ 1 number of rules _
number of steps used = 1, number of rules used = 1, integrand size 0.056, Rules used
= {5385}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3
/ (a + barctan(cz)) de
d+ex

l 5385

3.18. [ (letbarctan(en) g,
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3b?(a + barctan(cz)) PolyLog (3, 1-— %)
2e

3b? PolyLog <3, 1- 2 ) (a + barctan(czx))

°cT

2e
3ib(a + barctan(cz))? PolyLog (2, 1-— %) (a + barctan(cz))3 log <%)
+

2e e
3ib PolyLog (2, 1— 2 ) (a + barctan(cz))? log ( 2 ) (a + barctan(cz))3

1—icx 1—icx

+

2e e
. 2c(d+ . 2
37,b3 POlyLOg (4, 1-— %) 3'Lb3 POlyLOg <4, 1-— 1—icx)

4e 4e

input" Int[(a + b*ArcTan[c*x])~3/(d + e*x),x]

output | -(((a + bxArcTan[c*x]) 3*Log[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x]) ~3*L
ogl[(2xc*(d + e*x))/((c*xd + I*e)*(1l - Ixc*x))])/e + (((3*I)/2)*bx(a + bxArc
Tan[c*x]) “2*PolyLog[2, 1 - 2/(1 - Ixc*x)])/e - (((3*I)/2)*b*(a + b*ArcTan[
c*x]) "2%PolyLog[2, 1 - (2%c*(d + e*x))/((c*d + I*e)*(1 - I*c*x))])/e - (3%
b~2*(a + bxArcTan[c*x])*PolyLogl[3, 1 - 2/(1 - I*c*x)])/(2*e) + (3*b~2x(a +
b*ArcTan[c*x] ) *PolyLog[3, 1 - (2%c*(d + exx))/((cxd + I*e)*(1 - TI*c*x))])
/(2%e) - (((3*I)/4)*b~3%PolyLogl4, 1 - 2/(1 - I*c*x)1)/e + (((3*I)/4)*b~3%
PolyLog[4, 1 - (2%cx(d + exx))/((c*d + Ixe)*(1 - I*c*x))])/e

3.18.3.1 Defintions of rubi rules used

rule 5385 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol]l :>

Simp[(-(a + b*ArcTan[c*x])~3)*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*Arc
Tan [c*x]) “3*(Log[2*c*((d + e*x)/((c*d + Ixe)*(1 - I*c*x)))]1/e), x] + Simp[3
*I*b*(a + bxArcTan[c#*x]) 2*x(PolyLog[2, 1 - 2/(1 - I*c*x)]/(2%e)), x] - Simp
[3xI*b*(a + b*ArcTan[c*x]) 2*(PolyLog[2, 1 - 2xcx((d + exx)/((cxd + Ixe)*(1
- Ixc*x)))]1/(2%e)), x] - Simp[3*b~2*(a + bk*ArcTan[c*x])*(PolyLog[3, 1 - 2/
(1 - I*xc*x)]/(2%e)), x] + Simp[3*b~2*(a + b*ArcTan[c*x])*(PolyLog[3, 1 - 2%
cx((d + e*x)/((cxd + Ixe)*(1 - Ixc*x)))]/(2%e)), x] - Simp[3*I*b~3*(PolyLog
[4, 1 - 2/(1 - I*c*x)]1/(4*e)), x] + Simp[3*I*b~3*(PolyLogl[4, 1 - 2xc*x((d +

exx)/((cxd + I*e)*(1 - I*cx*x)))]/(4*e)), x]) /; FreeQ[{a, b, c, d, e}, x] &
& NeQ[c™2*d"2 + e~2, 0]

3.18. [ (letbarctan(en) g,



CHAPTER 3. LISTING OF INTEGRALS

148

Time = 18.20 (sec) ,

3.18.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

method result size

derivativedivides | Expression too large to display | 2398
default Expression too large to display | 2398
parts Expression too large to display | 2405

antiderivative size = 2398, normalized size of antiderivative = 7.49

input‘int((a+b*arctan(c*x))‘3/(e*x+d),x,method=_RETURNVERBOSE)

output

N\

1/cx(a~3*c*1n(cke*x+cxd) /e+b~3*c* (ln(cxe*xx+c*d) /exarctan(cxx) ~3-3/e*(1/3*a
rctan(c*x) "3*1n(-I*ke* (1+I*c*x) "2/ (c™2*x™2+1) +c*xd* (1+I*ckx) "2/ (c™2*x"2+1)+I
xe+c*d)-1/6*IxPixcsgn (I* (-I*kex (1+Ixc*x) "2/ (c™2%x"2+1)+cxd* (1+I*c*x) "2/ (c™2
*x"2+1) +I*xe+c*d) / (1+(1+I*c*x) "2/ (c™2*x72+1)) ) *(csgn(I* (-I*xex (1+I*c*x) "2/ (c
“2%x"2+1)+cxd* (1+I*c*x) "2/ (c™2*xx"2+1) +I*e+c*d) ) *csgn (I/ (1+(1+I*c*x) "2/ (c™2
*x"2+1)) ) -csgn(I* (—Ixe* (1+I*c*x) "2/ (c™2*x"2+1) +c*d* (1+I*c*xx) "2/ (c™2*x"2+1)
+I*xe+c*d) /(1+(1+Ixc*x) 2/ (c™2%x"2+1)) ) *csgn(I/(1+(1+I*c*x) "2/ (c"2%x"2+1)))
—csgn(I* (-Ixex (1+I*c*x) "2/ (c™2*x"2+1)+c*xd* (1+I*c*x) "2/ (c™2*x"2+1) +I*e+c*d)
)*csgn (T (—Ixe* (1+I*c*x) "2/ (c™2%x"2+1) +c*xd* (1+I*c*xx) "2/ (c™2%x"2+1) +I*e+cxd
)/ (1+(1+I*c*x) 2/ (c™2*x"2+1) ) ) +csgn (I* (-Ixex (1+Ixckx) 2/ (c™2xx~2+1) +c*d* (1
+I*c*x) "2/ (c™2*x72+1) +Ixe+cxd) / (1+(1+I*c*x) "2/ (c™2*x"2+1))) ~2) *arctan (c*x)
~3-1/2*Ixarctan(c*x) “2*polylog(2,-(1+I*c*x) "2/ (c™2*x"2+1))+1/2*arctan(c*x)
*polylog(3,-(1+Ixc*x)~2/(c™2%x"2+1))+1/4*Ixpolylog(4,-(1+I*c*xx) "2/ (c"2%x"2
+1))-1/3%c*d/ (c*d-I*e)*arctan(c*x) ~3*1n(1-(I*e-c*d)/(c*xd+I*e)* (1+I*c*xx) "2/
(c™2*x~2+1))-1/2*c*d/ (c*d-I*e)*arctan(c*x)*polylog(3, (I*e-c*d) /(cxd+I*e)*(
1+I*c*x) "2/ (c™2%x"2+1))+1/2*I*c*d/ (cxd-I*e)*arctan(c*x) “2*polylog(2, (I*e-c
*d) / (c*d+Ixe)* (1+Ixcxx) "2/ (c™2*x"2+1) ) -1/4xI*c*d/ (c*d-Ixe)*polylog(4, (I*xe-
c*d)/ (c*d+Ixe)* (1+I*c*x) "2/ (c"2*x"2+1))-1/3*e*arctan(c*x) “3*1n(1-(I*xe-c*d)
/ (cxd+Ixe)* (1+I*c*x) "2/ (c"2*x"2+1))/(e+I*d*c)-1/2*e*arctan(c*x)*polylog(3,
(I*xe-cxd)/(c*d+Ixe)* (1+I*c*x)~2/(c™2%x"2+1))/(e+Ixd*c)+1/2xI*e*xarctan(c. .

318. [ (““’a;‘jj;(“ dz
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3.18.5 Fricas [F]

3 3
/ (a + barctan(cz)) dp — / (barctan (cz) + a) s
d+ex er+d

inputLintegrate((a+b*arctan(c*x))“3/(e*x+d),x, algorithm="fricas")

output‘integral((b‘3*arctan(c*x)‘3 + 3%a*xb~2*xarctan(c*x) "2 + 3%a”2xb*arctan(c*x)
+a"3)/(exx + d), x)

3.18.6 Sympy [F]

/ (a + barctan(cz))? dr — / (a + batan (cz))’ da

d+ex d+ex

-

inputLintegrate((a+b*atan(c*x))**3/(e*x+d),X)

-/

output LIntegral((a + bk*atan(c*x))**3/(d + e*x), x)

3.18.7 Maxima [F]

3 3
/ (a + barctan(cx)) dr = (barctan (cz) + a) i

d+ex ex+d

inputLintegrate((a+b*arctan(c*x))‘3/(e*x+d),x, algorithm="maxima")

output‘a“3*1og(e*x + d)/e + integrate(1/32x(28%b~3*arctan(c*x)~3 + 3*b~3*arctan(c
*x)*log(c™2%x"2 + 1)72 + 96*axb™2*arctan(cxx)"2 + 96*a~2xbxarctan(c*x))/ (e

‘*x + d), x)

3.18. [ (letbarctan(en) g,
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3.18.8 Giac [F(-1)]
Timed out.

dz = Timed out

/ (a + barctan(cz))?
d+ex

inputLintegrate((a+b*arctan(c*x))‘3/(e*x+d),x, algorithm="giac")

output LTimed out

3.18.9 Mupad [F(-1)]

Timed out.

3 3
/ (a + barctan(cz)) dp — / (a + batan(cz)) d
d+ex d+ex

input Lint((a + bxatan(c*x))~3/(d + e*x),x)

output Lint((a + bxatan(c*x))~3/(d + e*x), x)

3.18. [ (letbarctan(en) g,
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3.19 f (a+b arctan(;x))3 dx
(d+ex)

3.19.1 Optimal result . . . . . . . . . . ... 151l
3.19.2 Mathematica [F] . . . . . . ... . ... 1521
3.19.3 Rubi [A] (verified) . . . . . .. . ...
3.19.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... L. 1541
3.19.5 Fricas [F] . . . . . o o e
3.19.6 Sympy [F] . . . . . .
3.19.7 Maxima [F] . . . . . . .
3.19.8 Giac [F(-1)] . . . o o o 1561
3.19.9 Mupad [F(-1)] . . . . o o 1561

3.19.1 Optimal result

Integrand size = 18, antiderivative size = 499

/ (a + barctan(cz))? ic(a + barctan(cz))®  c*d(a + barctan(cr))?

(d + ex)? v c2d? + e? * e(c2d? + e?)

_ (a+barctan(cz))®  3bc(a+ barctan(cz))?log (=)
e(d + ex) c2d? + e
3bc(a + barctan(cr))?log (1)
* c2d? + e?
. 3bc(a + barctan(cz))? log (%)
2d% + 2

N 3ib?c(a + barctan(cz)) PolyLog (2,1 — 2-)
c2d? + e?

N 3ib*c(a + barctan(cz)) PolyLog (2,1 — 172)
2d% + 2

72 __ 2c(dtex)
3ib*c(a + barctan(cz)) PolyLog (2, 1 — i) (l_m)>

c2d? + e?

3b%cPolyLog (3,1 — 2—)  3b3cPolyLog (3,1 — ; fm)

2(c2d? + €?) 2(c2d? +¢e?)

3 2¢(d+ex)
3b CPOIYLOg (3, 1-— W)

+ 2(c2d? + e?)

3.19.

(a+barctan(cz))3
f (d+ex)? dzx
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output | I*xc* (a+b*arctan(c*x)) "3/ (c™2*xd~2+e"2)+c~2*d* (at+b*arctan(c*x)) ~3/e/(c"2%d"2
+e”2)-(atb*arctan(c*x)) ~3/e/ (exx+d) -3*b*c* (a+b*arctan(c*x)) ~"2*x1n(2/ (1-I*c*
x))/(c”2%d"2+e"2) +3*bxc*x (a+b*arctan(c*x)) "2*1n(2/ (1+I*c*xx))/(c"2*d"2+e"2) +
3*b*c* (a+b*arctan(c*xx)) “2*1n(2*c* (e*x+d) / (cxd+Ixe)/(1-I*c*x))/(c"2*%d"2+e"2
) +3*I*b~2*c* (atb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/(c™2*d"2+e~2) +3*I*b
~2%c* (at+b*arctan(c*x))*polylog(2,1-2/ (1+I*c*x))/(c™2*d"~2+e"2) -3*I*b~2*c*(a
+b*arctan(c*x))*polylog(2,1-2xc* (e*x+d)/ (cxd+Ixe)/(1-I*c*x))/(c"2*xd"2+e"2)
-3/2%b~3*c*polylog(3,1-2/(1-I*c*x))/(c~2*d"2+e~2)+3/2*b~3*c*polylog(3,1-2/
(1+4Ixc*x))/(c™2%d"2+e~2)+3/2%b~3*c*polylog(3,1-2*c* (exx+d) / (c*d+I*e)/(1-I*
c*x))/(c™2xd"2+e~2)

3.19.2 Mathematica [F]

(a + barctan(cz))? gy — (a + barctan(cz))?

= d
(d+ ex)? (d + ex)? v

p
inputLIntegrate[(a + b¥ArcTan[c*x])~3/(d + e*x)~2,x]

~—

3.19.3 Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 502, normalized size of antiderivative = 1.01,
number of steps used = 2, number of rules used = 2, number of rules _ () 111, Rules used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

(a + barctan(cz))3
(d+ ex)?

l 5389

dz

2(a+barct 2 2(d— +barct 2
3be [ (e(g#feg)&(lg-(::g)) + (c;cglg)-(fe2)(igcz§i(16)z)) ) dzx (a + barctan(cz))?

e B e(d + ex)
l 2009

319. [ (““’gjf;‘;g“ dz
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(a + barctan(cz))3
B e(d + ex)
( ibe PolyLog ( -1 ) (a+barctan(cz)) ibe PolyLog (2,1— ﬁ) (a+barctan(cz)) ibe(a+barctan(cz)) PolyLog (2,1 - %
3bc 2 te? + 22 te? - 22

inputLInt[(a + b*ArcTan[c*x])~3/(d + ex*xx)~2,x]

p >

s ™

output | -((a + b*ArcTan[c*x])~3/(ex(d + e*x))) + (3*bkck((ckd*(a + b*ArcTan[c*x])~
3)/(3*xbx(c™2xd"2 + e72)) + ((I/3)*ex(a + bxArcTan[c*x])"3)/(b*(c"2*d"2 + e
~2)) - (ex(a + b*ArcTan[c*x])~2*Log[2/(1 - Ixc*x)])/(c™2*d"2 + e72) + (ex*(
a + bkArcTan[c*x]) 2xLog[2/(1 + Ixc*x)])/(c”2*d"2 + e~2) + (ex(a + b*ArcTa
nlcxx]) ~2+Log[(2*xcx(d + e*x))/((cxd + I*xe)*(1 - I*c*x))])/(c™2*%d"2 + e~2)
+ (Ixbxe*(a + bkArcTan[c*x])*PolyLog[2, 1 - 2/(1 - I*c*x)])/(c™2*d"2 + e~2
) + (I*bk*ex(a + b¥ArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ixc*x)])/(c”2+%d"2 + e
~2) - (Ixb*ex(a + bxArcTan[c#*x])*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + Ix
e)*(1 - I*xc*x))])/(c™2*d"2 + e72) - (b~2*exPolyLogl[3, 1 - 2/(1 - I*c*x)])/
(2% (c™2%d"2 + e72)) + (b~2xe*PolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2%(c™2%d"2 +
e”2)) + (b~2xe*PolyLogl[3, 1 - (2xcx(d + e*x))/((cxd + Ixe)*(1 - Ixcxx))])/
(2% (c™2%d"2 + e72)))) /e

3.19.3.1 Defintions of rubi rules used

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])"p/(ex(q + 1))), x] - S
imp [b*xc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c"2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQl[q]l && NeQlq, -1]

319. [ (““’gjf;‘;g“ dz
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3.19.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 22.85 (sec) , antiderivative size = 2398, normalized size of antiderivative = 4.81

method result size

derivativedivides | Expression too large to display | 2398
default Expression too large to display | 2398
parts Expression too large to display | 2406

input‘int((a+b*arctan(c*x))‘3/(e*x+d)‘2,x,method=_RETURNVERBOSE)

output

1/c*(-a~3%c~2/ (cxexx+c*xd) /e+b~3*c™ 2% (-1/ (c*exx+c*xd) /e*arctan(c*xx) ~"3+3/e*(a
rctan(c*x) "2%e/ (c~2*%d"2+e”2) *1n(ckexx+cxd) -1/2*arctan(c*x) "2/ (c"2*xd"2+e"2)
*ex1n(c~2*x"2+1)+1/3*arctan(c*x) ~3/ (c"2*xd~2+e~2) *d*c+e/ (c~2*xd"2+e~2) *arcta
n(cxx) “2*1n ((1+I*c*x)/(c™2*%x"2+1) " (1/2) ) -e/(c"2*d"2+e"2) *arctan (c*x) ~2*1n(
—Ixex (1+Ixc*x) "2/ (c™2*x"2+1) +ckd* (1+I*c*x) "2/ (c™2*x"2+1) +I*e+c*d) -1/ (c™2*d
~2+e72) *e*c*d/ (cxd-Ix*e)*arctan(c*x)*polylog(2, (I*e-c*d)/(c*kd+Ixe)* (1+I*c*x
)72/ (c™2*x"2+1) ) +1/(c"2*d"2+e"2) *e*c*d/ (c*d-I*e) *arctan (c*x) "2*1n(1- (I*e-c
*d) / (cxd+I*xe)* (1+Ixcxx) "2/ (c™2*x"2+1))+1/2/(c"2*d"2+e"2) *e*xc*d/ (cxd-I*e) *p
olylog(3, (I*e-c*d)/(c*d+I*e)*(1+Ixc*x) "2/ (c”2*x"2+1))-I*e~2*arctan(c*x)*po
1lylog(2, (Ixe-c*d)/(cxd+I*e)* (1+I*c*x)~2/(c™2%x"2+1))/(c"2%d"2+e~2) / (e+I*d*
c)+e"2xarctan(c*x) “2*1n(1-(Ixe-c*d)/ (c*xd+Ixe)* (1+I*c*x) "2/ (c"2%x"2+1))/(c”
2%d"2+e"2) / (e+I*d*c)+1/2%e~2*polylog(3, (I*e-c*d)/(c*d+I*e)* (1+I*c*x)~2/(c”
2xx72+1) )/ (c"2xd"2+e"2) / (e+I*d*c)-1/3*I*e/ (c"2*d"2+e"2) *arctan (c*x) ~3+1/4*
e/ (c”2*d"2+e~2) * (I*#Pi*csgn (I* (1+I*c*x) "2/ (c™2*xx"2+1) )*csgn (I* (1+I*c*x) ~2/(
c”2%x72+1) / (1+(1+I*c*x) "2/ (c™2%x"2+1) ) ~2) "2+2*xI*Pi*csgn (I* (—I*ex (1+I*c*xx) "~
2/ (c™2*x72+1) +cxdk (1+I*xc*x) ~2/ (c™2xx"2+1) +I*e+cxd) / (1+(1+I*c*xx) "2/ (c™2%x"2
+1)) ) "3+I*Pixcsgn (I* (1+(1+I*c*x) "2/ (c™2%x~2+1))) "2*csgn (I* (1+(1+I*c*x) "2/ (
c”2%x72+1) ) "2) +I*Pi*csgn(I/ (1+(1+I*c*x) "2/ (c™2%x"2+1)) ~2) *csgn (I* (1+I*c*x)
~2/(c™2%x72+1) / (1+(1+I*c*xx) "2/ (c™2%x"2+1) ) ~2) "2-I*Pixcsgn (I* (1+I*c*x)/(c™2
*x72+1) 7 (1/2) ) "2*%csgn (I* (1+I*c*xx) "2/ (c™2%x72+1) ) -2*xI*Pikcsgn (I (1+(1+I*. .

319. [ (““’gf;‘;g“ dz
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3.19.5 Fricas [F]

/ (a + barctan(cz))? (barctan (cz) + a)3 dz

(d+ ex)? o (ex + d)2

-

inputLintegrate((a+b*arctan(c*x))“3/(e*x+d)‘2,x, algorithm="fricas")

~—

output‘integral((b‘S*arctan(c*x)“S + 3%axb~2*arctan(c*x) 2 + 3*a~2*b*arctan(c*x)
+ a~3)/(e”2%x"2 + 2%d*e*x + d~2), x)

3.19.6 Sympy [F]

(a +barctan(cz))® . [ (a+ batan(cz))’ .
(d + ex)? B / (d+ ex)? 4

inputkintegrate((a+b*atan(c*x))**3/(e*x+d)**2,x)

output LIntegral((a + bratan(c*x))**3/(d + e*x)**2, X)

3.19.7 Maxima [F]

(a +barctan(cz))® , [ (barctan (cz) + a)® .
/ (d+ ex)? dz = / (ex + d)2 d

input‘integrate((a+b*arctan(c*x))”3/(e*x+d)“2,x, algorithm="maxima")

output | 3/2* ((2xcxd*arctan(c*x)/(c"2*xd"2%e + e73) - log(c™2*x"2 + 1)/(c”2*d"2 + e~
2) + 2*xlog(exx + d)/(c”™2*d"2 + e72))*c - 2*xarctan(c#*x)/(e"2*x + d*e))*a”2%
b - a”3/(e"2*x + d*e) - 1/32%(4*b~3*arctan(c*x)”3 - 3*b~3*arctan(c*x)*log(
C™2%x72 + 1)72 - 32%(e"2*x + dxe)*integrate(1/32%(28*(b~3*c"2*e*x"2 + b~ 3%
e)*arctan(c*x) "3 + 12%(8*a*b~2%c"2%e*x"2 + b~3*cke*x + b~3*c*d + 8*axb~2xe
)*arctan(c*x) "2 - 12*%(b~3*c™2%exx"2 + b~3xc~2*d*x)*arctan(c*x)*log(c 2*x"2
+ 1) - 3*(b"3xcke*x + b~ 3*kc*d - (b"3xc"2%exx”2 + b~ 3*e)*arctan(c*x))*log(
CT2%x72 + 1)72)/(c"2%e"3*x"4 + 2%c”2xd*e"2+x"3 + 2xd*e”2%x + d"2xe + (c"2%
d"2*e + e~3)*x72), x))/(e"2*x + dxe)

319. [ (““’gjg‘;g“ dz
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3.19.8 Giac [F(-1)]

Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ ex)?

input Lintegrate ((a+b*arctan(c*x))~3/(e*x+d) ~2,x, algorithm="giac")

output LTimed out

3.19.9 Mupad [F(-1)]

Timed out.

dz

(a + barctan(cz))? _ / (a + batan(cx))®
(d+ex)? (d+ex)’

input Lint((a + b*atan(c*x))~3/(d + e*x)~2,x)

outputtint((a + b*atan(c*x))~3/(d + e*x)"2, x)

a arctan(cxr 3
3.19. [ (etbarctan(rl) gy
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3.20.

f (a+barctan(cz))®

arctan(cz))3
T (d4ex)d

dz
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3.20.1 Optimal result

Integrand size = 18, antiderivative size = 936

(a+barctan(cz))® | 3bc’d(a+ barctan(cz))® | 3ibc’e(a + barctan(cz))?
/ (d+ex)3 v 2 (c2d? + e2)? 2 (c2d? + €2)?
3bc(a + barctan(cz))? = ic*d(a + barctan(cz))?
© 2(Ad? + €?) (d + ex) (c2d? + e2)?
c2(cd — e)(cd + e)(a + barctan(cz))?
2e (c2d? + €2)°
(a + barctan(cz))®  3b*c’e(a + barctan(cz)) log (=)
 2e(d+ex)? (c2d? + €2)*
3bc3d(a + barctan(cz))?log (=)
(c2d? + €2)°
3b*c*e(a + barctan(cz)) log (25)
(d? + e2)°

3bc*d(a + barctan(cz))? log (53 )
(c2d? + €2)?

+

_ 2c(dtex) )

3b?c’e(a + barctan(cz)) log (ed+ie) (1—ica)

(2d? + 62)
3bc*d(a + barctan(cz))? log ( (cdi(ed)?fzm )
(2d? + €2)?
3ib3c?e PolyLog (2,1 — 2-)
2 (c2d? + e2)”
3ib’c*d(a + barctan(cz)) PolyLog (2,1 — %)
(2d? + €2)?
3ib3c?e PolyLog (2,1 —
2 (c2d? + €2)*
3ib®c*d(a + barctan(cz)) PolyLog (2,1 — %)
+ 2
(c2d? + €2)

3ib3c2e PolyLog (2, 1— M)

+

+

+

1+zc:c)

(cd+ie)(1—icz)
2 (c2d? + e2)?
3ib%*c3d(a + barctan(cz)) PolyLog <2, 1-— %)
(c2d? + €2)*
B 3b3c*dPolyLog (3,1 — =) = 3b’c*dPolyLog (3,1 — 2;)
2 (c2d? + €2)* 2 (c2d? + €2)*

2¢(d+ex)
3b303d POIYLOg <3, 1-— W)

+

a+barctan(cz))3 2 C2d2+62 ‘
3.20. [ lbactanie)? g ( )
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-
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3/2%bxc”~3*d* (atb*arctan(cxx)) "2/ (c"2*d"2+e~2) "2+3/2*I*b~3*c~2*e*polylog(2,

1-2/(1-I*c*x) )/ (c™2*xd"2+e~2) "2-3/2*b*c* (a+b*arctan(c*x) ) ~2/(c"2*xd"2+e~2) / (
exx+d) -3/2*%I*xb~3*c~2*e*polylog(2,1-2*c* (exx+d) /(cxd+Ixe)/(1-I*c*x))/(c~2*d
~2+e72) "2+1/2*c” 2% (c*d-e) * (c*d+e) * (a+b*arctan(c*x)) "3/e/ (c"2*%d"2+e"2) "2-1/
2% (a+b*arctan(c*x)) ~“3/e/ (e*xx+d) "2-3*%b"2*c"2*ex (a+b*arctan(c*x) ) *1n(2/(1-I*
cxx)) /(c™2*d"2+e"2) "2-3*b*c”~3*d* (a+b*arctan(c*x)) "2*1n(2/ (1-I*c*x))/(c"2*d
“2+e72) "2+3xb~2%c"2*ex* (atb*arctan(c*x) ) *1n(2/ (1+I*c*x))/(c"2xd"2+e"2) "2+3%
b*c~3*d* (a+b*arctan(c*x)) “2*1n(2/ (1+I*c*x))/(c~2*d"2+e~2) “2+3*xb~"2xc " 2*xe* (a
+b*arctan(c*x))*1n(2*c* (exx+d) / (c*xd+I*e) /(1-I*c*x))/(c"2*d"2+e~2) “2+3xb*c”
3*d* (a+b*arctan(c*x)) “2*x1n(2*c* (exx+d) / (cxd+Ixe)/(1-Ixc*x))/(c"2*d"2+e"~2)"
2+I*c~3*d* (at+b*arctan(c*x)) "3/ (c™2*d~2+e~2) ~2+3/2*I*b~3*c~2*e*polylog(2,1-
2/ (1+Ixc*x))/(c~2%d"2+e~2) "2-3*xI*b~2xc~3*d* (a+b*arctan(c*x) ) *polylog(2,1-2
xc* (exx+d) / (ckd+I*e)/(1-I*c*x))/(c™2*xd"2+e”2) "2+3/2xI*bxc~2xe* (a+b*arctan(
c*x)) "2/ (c"2%d"2+e"2) "2+3*I*b~2*c~3*d* (a+b*arctan(c*x) ) *polylog(2,1-2/(1+I
*xc*xx))/(c™2%d"2+e72) “2+3*I*b~2*c~3*d* (atb*arctan(c*x) ) *polylog(2,1-2/(1-I*
c*x))/(c™2xd"2+e"2) "2-3/2xb~3*c~3*d*polylog(3,1-2/(1-I*c*x))/(c"2*d"2+e"2)
~2+3/2%b~3*c”3*d*polylog(3,1-2/(1+I*c*x))/(c"2*%d"2+e~2) "2+3/2%b~3*c”~3*d*po
lylog(3,1-2%c* (exx+d) /(c*d+I*e)/(1-I*c*x))/(c"2+d"2+e~2) "2

3.20.2 Mathematica [F]

(a+barctan(cz))® , [ (a+ barctan(cz))?
/ (d+ex)d de = / (d+ex)d dz

lnputLIntegrate[(a + bxArcTan[c*x])~3/(d + e*x)~3,x]

~—

output LIntegrate [(a + bxArcTan[c*x])~3/(d + e*x)~3, x]

N

3.20.3 Rubi [A] (verified)
Time = 1.36 (sec)

, antiderivative size = 921, normalized size of antiderivative = 0.98,

number of steps used = 2, number of rules used = 2, number of rules _ = 0.111, Rules used

integrand size
= {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

320. [ (““’gf;;g“ dz
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(a + barctan(cz))3
(d+ ex)?

l 5389

dz

2c2de? (a+barctan(cz))? | c?(d?c®—2dexc®—e?)(a+barctan(cz))? | e?(atbarctan(cz))?
3bc f 2 p) 3721 o2 5 ) dz
(c2d?+e2)*(d+ex) (c2d?2+e2)*(c2z2+1) (c?d®+e?)(d+ex)

2e
(a + barctan(cz))3

2e(d + ex)?
l 2009

3be 2ic?de(a+barctan(cz))3 + c(cd—e)(cd+e)(a+barctan(cz))? 2C de 10g( I—icz ) (a+barctan(cz))? + 2¢delog ( ca+1 ) (a+barctan(c
3b(c2d2+e2)? 3b(c2d2+€2)? (c2d2+e2)? (c2d2+€2)?

(a + barctan(cz))?
2e(d + ex)?

p
inputLInt[(a + bxArcTan[c*x])~3/(d + e*x)~3,x]

~—

output -1/2*(a + b*ArcTan[c*x])~3/(ex(d + exx)"2) + (3*bxc*((c™2*d*e*x(a + bxArcTa
nlcxx])"2)/(c™2*%d"2 + e72)"2 + (I*xc*e"2*(a + bxArcTan[c*x])~2)/(c™2%d"2 +
e"2)72 - (ex(a + bxArcTan[c*x])"2)/((c™2*d"2 + e"2)*(d + e*xx)) + (((2*I)/3
)xc~2*%d*e*(a + bxArcTan[c*x])~3)/(b*(c”2*d"2 + e72)72) + (c*(c*d - e)*(c*d
+ e)*(a + bxArcTan[c*x])~3)/(3*b*x(c”2%d"2 + €72)72) - (2*%b*c*e~2x(a + b*A
rcTan[c*x])*Log[2/(1 - Ixc*x)])/(c”2*d"2 + e72)72 - (2xc"2*d*e*x(a + b*ArcT
an[c*x]) "2+Log[2/(1 - I*c*x)])/(c™2*d"2 + e72)"2 + (2*bxc*e”2*(a + bxArcTa
nlc*x])*Log[2/(1 + Ixc*x)])/(c™2%d"2 + e72)72 + (2%c~2xd*e*(a + b*ArcTan[c
*xx]) "2+Log[2/(1 + I*c*x)])/(c™2%d"2 + e72)7"2 + (2*b*c*e”2x(a + bk*ArcTan[c*
x])*Log[(2%c*x(d + exx))/((c*d + I*e)*(1 - I*c*x))])/(c™2%d"2 + e72)72 + (2
*xc"2xd*ex(a + b*ArcTan[cxx]) "2xLog[(2*c*(d + e*x))/((cxd + Ixe)*(1 - Ixc*x
))1)/(c™2%d"2 + e72)"2 + (I*b~2xc*e~2*PolyLog[2, 1 - 2/(1 - Ixc*x)])/(c™2x*
d”2 + e72)72 + ((2*I)#*b*c~2xd*e*(a + bxArcTan[c*x])*PolyLogl[2, 1 - 2/(1 -
Ixcxx)])/(c™2%d"2 + e72)"2 + (Ixb~2*c*e~2xPolyLog[2, 1 - 2/(1 + Ixcxx)])/(
c"2xd"2 + e72)72 + ((2*I)*b*c~2xd*e*(a + bxArcTan[c#*x])*PolyLogl[2, 1 - 2/(
1 + I*c*x)])/(c™2%d”2 + e72)72 - (I*b~2*c*e”2*PolyLog[2, 1 - (2*%cx(d + e*x
))/((cxd + I*e)*(1 - Ixc*x))])/(c™2%d”2 + 72)72 - ((2%I)*b*c 2*d*ex(a + b
*xArcTan [c*x])*PolyLog[2, 1 - (2xc*(d + e*x))/((c*d + Ixe)*(1 - Ixc*x))])/(
c”2xd™2 + e72)"2 - (b~2*c"2xd*e*Polylog[3, 1 - 2/(1 - I*c*x)])/(c"2%d"2 +
e72)"2 + (b~2xc"2xd*e*PolyLogl[3, 1 - 2/(1 + I*c*x)])/(c™2%d"2 + e"2)72 ...

N J

3.20. t[(“+b5;ﬁ;3§m dz
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3.20.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5389 | Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*c*x(p/(e*x(q + 1))) Int [ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c"2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQ[p, 1] && IntegerQ[q]l && NeQlq, -1]

3.20.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 93.31 (sec) , antiderivative size = 40258, normalized size of antiderivative = 43.01

method result size

derivativedivides | Expression too large to display | 40258
default Expression too large to display | 40258
parts Expression too large to display | 40263

inputLint((a+b*arctan(c*x))”3/(e*x+d)“3,x,method=_RETURNVERBOSE)

outputtresult too large to display

3.20.5 Fricas [F]

(a+barctan(cz))® , [ (barctan (cz) + a)® B
/ (dteny 0= / etd’

inputLintegrate((a+b*arctan(c*x))“3/(e*x+d)“3,x, algorithm="fricas")

output‘integral((b“3*arctan(c*x)“3 + 3*axb~2xarctan(c*x) "2 + 3*a~2xb*arctan(c*x)
‘+ a~3)/(e"3*%x"3 + 3*d*e"2*x"2 + 3*d"2*exx + d~3), x)

320. [ W*”&fjg‘;g“ dz
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3.20.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ ex)3

input Lintegrate ((atb*atan(c*x) ) **3/ (exx+d) **3,x)

output LTimed out

3.20.7 Maxima [F(-1)]

Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ex)3

input Lintegrate ((at+b*arctan(c*x)) "3/ (exx+d) "3,x, algorithm="maxima")

output LTimed out

3.20.8 Giac [F(-1)]

Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ ex)?

input Lintegrate ((a+b*arctan(c*x))~3/(e*x+d)~3,x, algorithm="giac")

output LTimed out

a arctan(cxr 3
3.0 [ (etbarctanCr)) gy
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3.20.9 Mupad [F(-1)]

Timed out.

/ (a + barctan(cz))? do —

-/

(d +ex)?

(a + batan(cx))®

(d+ex)®

dz

input Lint((a + bxatan(c*x))~3/(d + e*x)~3,x)

N _

output Lint((a + bxatan(c*x))~3/(d + e*xx)~3, x)

a arctan(cxr 3
3.0 [ (etbarctanCr)) gy
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3.21 [(d + ex)? (a + barctan (cz?)) dz

3.21.1 Optimal result . . . . .. .. . ... 164
3.21.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 165
3.21.3 Rubi [A] (verified) . . . . . ... .. 165
3.21.4 Maple [A] (verified) . . . . ... . . ... 167
3.21.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 168
3.21.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 1691
3.21.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1701
3.21.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... Ival
3.21.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 173

3.21.1 Optimal result

Integrand size = 18, antiderivative size = 250

_ 2be’z  bd’arctan (cz?)

/(d + ez)? (a + barctan (cz®)) dz =

3c 3e

(d + ex)? (a + barctan (cz?))
+ 3e

b(3cd? — €?) arctan (1 — v/2y/cz)
* 3v/2¢3/2

b(3cd® — €?) arctan (1 + v/2¢/cz)
- 3\/§C3/2

b(3cd? + €2) log (1 — v/2\/cx + cz?)
o 61/2¢3/2

b(3cd? + €?) log (1 + v2y/cz + cz?)
* 6+/2¢3/2

bdelog (1 + c*z*)

2c

output | -2/3%b*e~2%x/c-1/3%b*d~3%arctan(c*x~2) /e+1/3% (exx+d) ~3* (a+b*arctan(c*x~2))
/e-1/2%bxd*e*1n(c”~2*x~4+1) /c-1/6%b* (3*c*d~2-e~2) *arctan(-1+x*2~ (1/2) *c~(1/
2))/c”(3/2)*27(1/2)-1/6*b* (3*c*d"2-e~2) *arctan (1+x*2~(1/2)*c~(1/2))/c~(3/2
)*27(1/2)-1/12%b* (3%c*xd~2+e~2) *1n (1+c*x~2-x%2~ (1/2) *c~(1/2) ) /c~(3/2) %2~ (1/
2)+1/12%b* (3kcxd~2+e~2) *1n (1+ckxx~2+x*2~ (1/2) *c~(1/2) ) /c~(3/2)*2~(1/2)

321.  [(d+ ex)?(a+ barctan (cz?)) dz




input LIntegrate [(d + e*x)"2x(a + bxArcTan[c*x~2]) ,x]

output
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3.21.2 Mathematica [A] (verified)

Time = 3.22 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.01

-

1 8be?
/(d + ez)? (a + barctan (cz?)) do = T (12ad2x - Z %+ 12ades? + dae’s®

+ 4bz (3d? + 3dex + €°z”) arctan (cz?)
N 2v/2b(3cd? — €?) arctan (1 — v/24/cz
372

)
B 2v/2b(3cd? — €?) arctan (1 + v/2y/cz)
)

3/2
V2b(3cd? + €?) log (1 — v/2y/cx + ca?
32
N V2b(3cd? + €?) log (1 + v2+/cz + cz?)
3/2

_ 6bdelog (1 + c2w4)>

Cc

~—

(12%axd~2*x - (8*b*e~2%x)/c + 12%a*xd*e*x"2 + 4*a*xe”2*x"3 + 4xbxx*(3*d"2 +
3*d*exx + e72%x"2)*ArcTan[c*x~2] + (2xSqrt[2]*b*(3*c*xd"2 - e~2)*ArcTan[1 -
Sqrt [2]*Sqrt [c]*x]1)/c™(3/2) - (2xSqrt[2]*b*(3*c*xd"2 - e~2)*ArcTan[1 + Sqr
t[2]*Sqrt [c]*x])/c~(3/2) - (Sqrt[2]*bx(3*c*xd~2 + e~2)*Log[1l - Sqrt[2]*Sqrt
[c]*x + c*xx~2])/c”(3/2) + (Sqrt[2]*b*(3*c*d"2 + e~2)*Logl[1l + Sqrt[2]*Sqrt[
cl*x + cxx~2])/c”(3/2) - (6*%bxdxexLogl[l + c~2*x~4])/c)/12

3.21.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 256, normalized size of antiderivative = 1.02,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 167 Ryles used

integrand size
= {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez)? (a + barctan (cz?)) dz

l 5395

321.  [(d+ ex)?(a+ barctan (cz?)) dz
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(d+ ex)? (a+ barctan (cz?))  2bc wég;e_ff dz

3e 3e

l 2370
2 3+3d2 2 d3+3 2 2d
(d + ex)? (a + barctan (cz?)) 2bc | ((x ec2w4+1e)x + ! c2xe4:1 )z> dz

3e 3e

l 2009
(d + ez)? (a + barctan (cz?))
3e
o, earctan(l—ﬁﬁz) (3cd?—e?) earctan (ﬁfcx—i—l) (3cd?—e?) d3 arctan (cz?) e(3cd?+e?) log (ch—ﬁ\/Ex+1) e(3cd?
c\ 2v/2¢5/2 + 24/2¢5/2 2c + 4+/2¢5/2 a
3e
inputLInt[(d + e*x)"2%(a + bxArcTan[c*x~2]),x] J

output | ((d + e*x)~3*(a + bxArcTan[c*x~2]))/(3*e) - (2*bxc*((e"3%x)/c”2 + (d"3*Arc
Tan[c*x~2])/(2xc) - (ex(3*c*d"2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[c]l*x])/(2%S
grt[21*c~(5/2)) + (ex(3%cxd™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])/(2*Sqr
t[2]1*c~(5/2)) + (e*x(3*c*d™2 + e~2)*Logl[l - Sqrt[2]*Sqrtlcl*x + c*x~2])/(4*
Sqrt[2]*#c~(56/2)) - (e*x(3*cxd™2 + e~2)xLogl[l + Sqrt[2]*Sqrtlcl*x + c*xx~2])/
(4%Sqrt[2]*c™(5/2)) + (3*d*e”2xLogll + c™2%x~4])/(4%c”2)))/(3%e)

3.21.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2370 Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c”iix(a + b*x™n))), {ii, 0, n/2 - 1}1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

rule 5395 | Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))*((d.) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x™n])/(ex(m + 1))), x] - S
imp[b*cx(n/(ex(m + 1))) Int[x"(n - 1)*((d + e*x)"(m + 1)/(1 + c™2*x™(2%n)
)), x1, x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

321.  [(d+ ex)?(a+ barctan (cz?)) dz



CHAPTER 3. LISTING OF INTEGRALS 167
3.21.4 Maple [A] (verified)
Time = 2.21 (sec) , antiderivative size = 303, normalized size of antiderivative = 1.21
method | result
e3
3
2¢ %f—l——
3 62 arctan CZ2 1?3 arctan C$2 3
default | 2t 4 p % + earctan (cz?) d 22 4 arctan (c#?) dz + = :,Se )d
e3
2c| S+ ——
3 2 2) .3 2\ 43
parts a(em?’—jd) +b w + earctan (cx?) d % + arctan (cz?) d*z + arcmng(zx )& _

input Lint ((e*x+d) ~2* (a+b*arctan(c*x~2)) ,x,method=_RETURNVERBOSE)

3.21.

J(d+ ex)? (a + barctan (cz?)) dz
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output | 1/3*a* (e*xx+d) ~"3/e+b*(1/3*e " 2*arctan(c*x"2) *x"3+e*arctan(c*x~2)*d*x"2+arcta
n(c*x~2)*d"2*x+1/3/e*xarctan(c*x~2) *d~3-2/3*c/e*x(1/c”2*%e " 3*x+1/c~ 2% (-1/8*e"
3x(1/c”2)"(1/4)*2" (1/2)*(In((x~2+(1/c"2) ~(1/4) *x*x2~ (1/2)+(1/c"2)~(1/2)) / (x
72-(1/c72)7(1/4) *x*27 (1/2)+(1/c~2)~(1/2) ) ) +2*arctan(27(1/2) /(1/c”2) " (1/4) *
x+1)+2*arctan(2”(1/2)/(1/c”2) " (1/4) *x-1))+1/2*%c~2*d"3/(c"2) " (1/2) *arctan(x
~2%(c”2)"(1/2))+3/8*d"2xe/ (1/c”2) " (1/4)*2~ (1/2) *(In((x"2-(1/c"2) " (1/4) *x*2
“(1/2)+(1/c2)"(1/2)) / (x"2+(1/c~2) " (1/4) *x*2~(1/2)+(1/c~2) " (1/2)) ) +2*arcta
n(2°(1/2)/(1/c~2)~(1/4) *x+1)+2*arctan(2~(1/2) /(1/c~2) ~(1/4) *x-1) ) +3/4*xd*e”
2x1n(c™2%x~4+1))))

N\ J

3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1013 vs. 2(201) = 402.

Time = 0.28 (sec) , antiderivative size = 1013, normalized size of antiderivative = 4.05

/(d + ex)? (a + barctan (cz?)) dz

2ace’x® + 6 acdex® + 2 (3acd® — 2be?)z + 2 (bee’x® + 3bedex® + 3 bed?x) arctan (cz?) — (3 bde + c\/E

-/

inputLintegrate((e*x+d)‘2*(a+b*arctan(c*x“2)),x, algorithm="fricas")

321.  [(d+ ex)?(a+ barctan (cz?)) dz
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output | 1/6* (2*a*cxe™2+%x"3 + 6*akckdrexx”2 + 2x(3*axc*d™2 - 2%b*e”2)*x + 2% (bxc*e”
2*x"3 + 3xbxckxd*e*x~2 + 3*bkxcxd~2*x)*arctan(cxx~2) - (3xb*d*e + c*sqrt((6*
b~2xd"2%e"2 + c”2*sqrt(-(81*%b~4*c”4%d"8 - 18%*b~4*c"2*d"4*e"4 + b~ 4*e"8)/c”
6))/c”2))*1log(-(81%b"3*%c"4*%d"8 - b~ 3*e"8)*x + (9*%b"2xc~3*d"4*e”2 - b 2xc*e
“6 - 3*%c"5*d"2*sqrt(-(81*%b~4*c"4+%d"8 - 18*b~4*c"2*d"4*e"4 + b~ 4*e”8)/c”6))
*sqrt ((6xb~2+%d"2*e~2 + c~2*sqrt(-(81*%b~4*c~4xd"8 - 18*b~4*c~2*d"4*e”4 + b~
4xe~8)/c"6))/c”2)) - (3*bxdxe - cxsqrt((6xb~2xd"2xe~2 + c~2*sqrt(-(81*b~4*
c"4xd"8 - 18%b~4xc"2+¢d"4*e"4 + b"4*e”8)/c”6))/c"2))*log(-(81xb~3*%c"4*d"8 -
b~3*e”8)*x - (9*%b"2xc"3*d"4*e”2 - b"2*c*e”6 - 3*c 5xd"2*sqrt (-(81*b"4*xc"4
*d"8 - 18%b~4xc"2*d"4*e"4 + b~4*e~8)/c”6))*sqrt((6xb~2*d"2%e"2 + c”2*sqrt(
-(81%b~4*c"4*d"8 - 18*b~4*c~2+%d"4*e”"4 + b~4*e"8)/c”6))/c”2)) - (3*bxd*e +
cxsqrt ((6%b~2xd"2%e"2 - c~2*sqrt(-(81*b~4*c~4*d"8 - 18xb~4*c"2xd"4*e”"4 + b
~4%e”~8)/c”6))/c”2))*1log(-(81*%b"3*%c"4*%d"8 - b~ 3*e"8)*x + (9*%b"2*c”3*d"4*xe"2
- b™2xc*e”6 + 3xc”5xd"2xsqrt(-(81*xb"4*xc”"4*d"8 - 18%b~4*c"2+¢d"4*e”4 + b~4*
e~8)/c”6) ) *sqrt ((6*%b~2+%d"2*e”2 - c~2*sqrt(-(81*b~4*c~4*d"8 - 18*b~4xc~2xd"
4*e”4 + b~4*e”8)/c”6))/c”2)) - (3*b*d*xe - c*sqrt((6*b~2*d"2*e"2 - c"2*sqrt
(-(81%b™4*c™4*d"8 - 18xb~4xc~2xd"4*e"4 + b~4%e"8)/c”6))/c"2))*Llog(-(81*b"3
*C"4*%d"8 - b"3%e”"8)*x - (9*b"2%c”"3*d"4*e”2 - b~ 2*c*e”6 + 3*kc~5xd"2*sqrt (- (
81xb~4*c"4xd"8 - 18%b"4*c"2xd"4*e”4 + b"4*e”8)/c”6))*sqrt ((6x¥b~2xd"2%e"2 -
c~2*xsqrt (- (81*b~4*c~4%d~8 - 18*b~4xc~2*d"4*e”4 + b~4*e”8)/c”6))/c”2)))...

3.21.6 Sympy [A] (verification not implemented)

Time = 10.18 (sec) , antiderivative size = 403, normalized size of antiderivative = 1.61

/(d + ex)? (a + barctan (cz?)) dz

/

1
bd?log | z— \/ —=5
be2z3 atan (cmz) g < c + bd? log (

_ { ad?x + adea? + %= + bdx atan (cz?) + bdex? atan (cz?) + > — \/ -
4 .
c - _C2 2¢c

a(dzx + dex? + @)
\

e 0
integrate((e*x+d) **2* (atb*atan (ckx**2)) ,x)

N J

input

321.  [(d+ ex)?(a+ barctan (cz?)) dz
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output | Piecewise ((a*d**2%x + axdkexx**2 + akxex*2xx**3/3 + bxd*x*kx*atan(ckx**2) +

b*d*exxx*2xatan (cxx**2) + bre*x2*x*x3*atan(ckx**2)/3 - bxd**2xlog(x - (-1
[cx*x2)x*%(1/4) )/ (ckx(-1/c*x*2)*x*x(1/4)) + b*d**2+log(x**2 + sqrt(-1/c**2)) /(2%
cx(-1/c**2)*x*(1/4)) - bkd**2*atan(x/(-1/c**2)**(1/4))/(cx(-1/c**2)*x(1/4))
- bkxd*exlog(x**2 + sqrt(-1/c**2))/c - 2xbxex*2*x/(3*c) - bkd**2*atan(ckxx*
*2) / (c**2% (-1/c**2) *x(3/4)) + b*d*exatan(ckx**2)/(c**2xsqrt(-1/c**2)) - b*
exx2katan (ckx**2) / (3kck*2% (~1/c**2) **(1/4)) + bxex*2xlog(x - (-1/c**2)*x*(1
/4))/ (3kcx*3*% (—1/c**2)**(3/4)) - bxe*x2xlog(x**2 + sqrt(-1/c**2))/(6xc**3*
(-1/c**2)**(3/4)) - bxexx2xatan(x/(-1/cx*2)*x(1/4))/(3*c**3*(-1/cx*2)*x(3/
4)), Ne(c, 0)), (ax(d**2xx + d*e*xx**2 + e*x2*x**3/3), True))

3.21.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 323, normalized size of antiderivative = 1.29

/(d + ex)? (a + barctan (cz®)) dz = % ae’z® + adex?

V2(2cz+v2+/c V2(2cz—v2+/c
2 ﬂarctan (%) 2 \/ﬁarctan (%) \/ilog (C{L’2 + \/ﬁ\/&p n 1)
- +

1
4 C% C% c%
2+/2arctan <\/§(202z+\/5\/§\/2)> 2+1/2arctan (W) VZlog (cacz—l—\/i\/Ex—{

1 8 c + c + c
+E 4 1° arctan (cz®) — ¢ c—gj — Ve ve > ve
+_ad2x+(2cx2arctan(cx2)——log(c2x4—|—].))bde

2c
inputLintegrate((e*x+d)“2*(a+b*arctan(c*x”2)),x, algorithm="maxima") J

321.  [(d+ ex)?(a+ barctan (cz?)) dz
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output | 1/3%axe”2*x"3 + axd*e*x~2 - 1/4*(c*(2*sqrt(2)*arctan(1/2*sqrt(2)*(2xc*x +
sqrt (2) *sqrt(c))/sqrt(c))/c~(3/2) + 2*xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x -
sqrt (2)*sqrt(c))/sqrt(c))/c~(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x
+ 1)/c”(3/2) + sqrt(2)*log(c*x™2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*x*a
rctan(c*x~2))*b*d~2 + 1/12%(4*x"3*arctan(c*x”2) - c*(8*x/c”2 - (2*sqrt(2)=*
arctan(1/2*sqrt (2)*(2xcxx + sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + 2*sqrt(2)*
arctan(1/2*sqrt (2)*(2xcxx - sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + sqrt(2)*lo
g(c*x™2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*log(c*x~2 - sqrt(2)*sqr
t(c)*x + 1)/sqrt(c))/c”2))*b*e”2 + a*d™2xx + 1/2%(2*cxx"2*arctan(c*x~2) -
log(c™2*x"4 + 1))x*bxd*e/c

3.21.8 Giac [A] (verification not implemented)

Time = 1.05 (sec) , antiderivative size = 304, normalized size of antiderivative = 1.22

2,4
/(d + ex)? (a + barctan (cz?)) dz = _bdelog (;cx +1)

bee?z3 arctan (cz?) + ace’z® + 3 bedex? arctan (cx?) + 3 acdex? + 3 bed?x arctan (cz?) + 3 acd*z — 2 be

3c
212 1.2 1 V2
~ V2(3bc%d? — be?|c|) arctan (2 \/§<2x + m) \/|c|>
3
6 c|c|2
212 1.2 1 _ 2
~ V2(3bc%d* — be?|c|) arctan ( 3 \/5(2:0 \/ﬂ) \/|c|>
3
6 c|c|?
s V2(3bc%d? + be?|c|) log (m2 + ‘/?f' + |—i|)
12 c|c|%
2 z
- Va(3bea I +belelt ) tog (2 - 22 4 )
12¢3
input[integrate((e*x+d)‘2*(a+b*arctan(c*x‘2)),x, algorithm="giac") J

321.  [(d+ ex)?(a+ barctan (cz?)) dz



output
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-1/2%bxd*exlog(c™2*x"4 + 1)/c + 1/3*(b*c*e”2*x"3*arctan(c*x~2) + axcke™2*x

"3 + 3*bxcxd*e*xx"2xarctan(c*x~2) + 3xakckdkexx"2 + 3xbxckd 2*xx*arctan(ckx”
2) + 3*axc*d"2*x - 2*xb*e”2xx)/c - 1/6*sqrt(2)*(3*b*c~2*d"2 - b*e~2+*abs(c))
xarctan(1/2*sqrt (2)*(2*xx + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c)))/(c*abs(c)~(
3/2)) - 1/6%sqrt(2)*(3*bxc~2%d"2 - b*e~2*abs(c))*arctan(1/2*sqrt(2)*(2*x -

sqrt (2) /sqrt(abs(c)))*sqrt(abs(c)))/(c*abs(c)~(3/2)) + 1/12%sqrt(2)*(3*b*
c”2*d"2 + bxe~2+abs(c))*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/(c*ab
s(c)~(3/2)) - 1/12xsqrt(2)*(3*b*c~2*d"2*sqrt(abs(c)) + b*e~2*abs(c)~(3/2))

*log(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"3

321.  [(d+ ex)?(a+ barctan (cz?)) dz
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3.21.9 Mupad [B] (verification not implemented)

Time = 3.59 (sec) , antiderivative size = 419, normalized size of antiderivative = 1.68

2,3 2
/(d+ea:)2 (a + barctan (cz?)) dz = 3 +ad®z+ be'e a’;an(cx )

3bd2ln<3ca:@/£—1> 91—2
2
3bd21n(3c:v %-I—l) 91_1c
2
bd21n<3cx 91—‘c+1i) 91—103i
2
bd21n(1+cx %31) 91—i3i 9bel
2 3c
be2ln(3cx./£—> gl—icli

2c

+adex®—

_|_

+

+ bd? xatan(cm2) +

be? 1n<3ca: %-I—l) gl—icli

2c
+be2ln<3cm gl—ic+1i> =
2c
b621n<1+cx\/£3i> =
B 2c
1
+ bdez®atan(cz?) — baeln (3(;92\/; )
bdeln<3cx gl—ic+1> bdeln<3cx gl—ic+1i>
B 2c B 2c
bde In (1+cz /8 3i)
B 2c

input Lint((a + bxatan(c*x72))*(d + e*x)~2,x)

321.  [(d+ ex)?(a+ barctan (cz?)) dz



output
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(a*e~2%x~3)/3 + a*d~2+x + (b*e~2%x"3*atan(c*x~2))/3 + axd*exx"2 - (3*%bxd~2

*1og (3kcxx*(1i/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2))/2 + (3xb*d~2*Log(3*ckx*
(1i1/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2))/2 - (b*d~2*log(3*cxx*(1i/(9%*c))~ (1
/2) + 1i)*x(1i/(9%c))~(1/2)*31i) /2 + (b*d~2xlog(c*x*(1i/(9*c))~(1/2)*3i + 1)
*(11/(9%c))~(1/2)*31) /2 - (2¥bxe”2%x)/(3*c) + b*d~2*x*atan(c*x"2) + (b*e~2
*xLog(3*xcxx*x(11/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2)*1i)/(2%c) - (b*e~2*log(3
xckx*k(11/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2)*1i)/(2xc) + (bxe”2*log(3*cxx*(
1i/(9%c))~(1/2) + 1i)*(1i/(9%c))~(1/2))/(2%c) - (b*e 2xlog(c*xx*(1i/(9%c))~
(1/2)*3i + 1)*(1i/(9%c))~(1/2))/(2xc) + b*d*exx”2xatan(c*x~2) - (b*dxe*log
(8*c*kx*(11/(9%c))~(1/2) - 1))/(2%c) - (bxd*exlog(3*ckx*(1i/(9%c))~(1/2) +
1))/(2%c) - (bxd*exlog(3*c*x*(1i/(9%c))~(1/2) + 1i))/(2*c) - (b*d*exlog(cx
x*x(11/(9%c))~(1/2)*31i + 1))/(2%c)

321.  [(d+ ex)?(a+ barctan (cz?)) dz
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3.22 [(d + ex) (a + barctan (cz?)) dx

3.22.1 Optimal result . . . . .. .. . ... . 175
3.22.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 176
3.22.3 Rubi [A] (verified) . . . . . ... .
3.22.4 Maple [A] (verified) . . . . .. . .. ... 177
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 178
3.22.6 Sympy [C] (verification not implemented) . . ... .. ... ... ...... 1791
3.22.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 180
3.22.8 Giac [A] (verification not implemented) . . . ... ... ... ........ TR0
3.22.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. [181]

3.22.1 Optimal result

Integrand size = 16, antiderivative size = 192

bd? arctan (cz?) N (d + ex)? (a + barctan (cz?))

/(d + ex) (a + barctan (cz?)) dz = —

2e 2e
bd arctan (1 - ﬁ\/Ex) bd arctan (1 + \/§\/Ex)
" Vaye ) V3o
bdlog (1 — v/2v/cx + cz?)
- 2v/2,/c
bdlog (14 v2y/cz +cz?)  belog (1 + 2z?)
2v/24/c B 4c

output | -1/2*b*d~2*arctan(c*x~2)/e+1/2* (e*xx+d) ~2* (a+b*arctan(c*x~2))/e-1/4*b*e*1n(
c~2%x"4+1) /c-1/2*%b*d*arctan (-1+x*2~ (1/2) *c~(1/2))*2~(1/2) /c~(1/2) -1/2*b*xd*
arctan (1+x*2~(1/2)*xc”~(1/2))*2°(1/2) /c~(1/2)-1/4xbxd*1n (1+c*x~2-x*2~ (1/2) *c
~(1/2))%27(1/2) /c™(1/2)+1/4%b*d*1n (1+c*x~2+x*2~(1/2) *c~(1/2))*27(1/2) /c~ (1
/2)

322.  [(d+ ex)(a+ barctan (cz?)) dz
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3.22.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 153, normalized size of antiderivative = 0.80

/ (d + ez) (a + barctan (c:cQ)) dxr = adz + %aeaz2 + bdz arctan (cx2) + %bez2 arctan (cx2)

_ bd(—2arctan (1 - V2y/cz) + 2arctan (1 + v2y/cz) +1log (1 — V2y/cx + cz?) —log (1 + v2y/cz + ¢
2V2¢/c

_ belog (1 +c*z*)
4c

e A
Integrate[(d + exx)*(a + bxArcTan[c*x"2]),x]

input

N\

output ‘ axd*x + (a*xe*x”2)/2 + bxd*x*xArcTan[c*x~2] + (bk*e*x~2*ArcTan[c*x~2])/2 - (b
‘ *d* (-2*ArcTan[1 - Sqrt[2]*Sqrt[c]*x] + 2*ArcTan[1 + Sqrt[2]*Sqrtlc]*x] + L
‘ ogll - Sqrt[2]*Sqrtlcl*x + c*x"2] - Log[l + Sqrt[2]*Sqrtlcl*x + c*x~2]))/(
| 2%Sqrt[2]*Sqrt[c]) - (bxexLogll + c"2+x741)/(4%c)

3.22.3 Rubi [A] (verified)
Time = 0.40 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.04,
number of steps used = 3, number of rules used — 3, Lumber of rules _ () 188 Ryles used

integrand size
= {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez) (a + barctan (cz?)) dz

| 5395
(d + exz)? (a + barctan (cz?)) B be [ mc(g;:eﬁ? dz
2e e
| 2370
d2 2.2
(d + ex)? (a + barctan (cz?)) B be | (c%iiai +1 cj;fl)x) dz
2e e
| 2009

322.  [(d+ ex)(a+ barctan (cz?)) dz
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(d+ ex)? (a + barctan (cz?))

2e
be (_ de arctan(l—ﬁ\/Ex) n de arctan(ﬂfcw—i—l) + d2 arctan (cx2) n delog (cxz_ﬁﬁx—i-l) delog (cx2 +\/§fca:+1> n e log (c‘

V2c3/2 V2c3/2 2c 24/2¢3/2 - 24/2¢3/2 4¢

~—

input LInt[(d + e*xx)*(a + b*ArcTan[c*x~2]),x]

output | ((d + e*x)"2*(a + b*ArcTan[c*x~2]))/(2xe) - (bxcx((d"2xArcTan[c*x~2])/(2*c
) - (d*exArcTan[1 - Sqrt[2]*Sqrt[c]l*x])/(Sqrt[2]*c~(3/2)) + (d*exArcTan[1
+ Sqrt[2]*Sqrt[c]*x])/(Sqrt[2]1*c~(3/2)) + (d*exLogll - Sqrt[2]*Sqrt[cl*x +
c*x”~2])/(2%Sqrt [2]*c~(3/2)) - (d*exLogl[l + Sqrt[2]*Sqrtl[c]l*x + c*x~2])/(2
*Sqrt [2]*c~(3/2)) + (e"2*Logl[l + c™2*x~4])/(4*c”2))) /e

3.22.3.1 Defintions of rubi rules used

.
rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2370‘Int[((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~(m + ii)*((Coeff[Pq, x, iil + Coeff[Pq, x, n/2 + iil*x"(n/2)
)/(c”iik(a + b*x"n))), {ii, 0, n/2 - 1}1}, Intlv, x] /; SumQvl] /; FreeQ[{
‘a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

rule 5395 Int[((a_.) + ArcTan[(c_.)*(x_)~(a_)Ix(b_.))*((d)) + (e_.)*(x_))"(m_.), x_Sy
‘mbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - S ‘
Cimp[b¥c*(n/(ex(m + 1))) Int[x"(n - 1)*((d + exx)~(m + 1)/(1 + c™2%x"(2%n) |
1)), x1, x] /; FreeQl{a, b, c, d, e, m, n}, x] & NeQ[m, -1 |

3.22.4 Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.76

322.  [(d+ ex)(a+ barctan (cz?)) dz
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method | result

1
22 (L 41‘ 1
dv/2 (ln( (62> I v < ) +2 arctan( ﬁz]
24+ ( L) % avat, /L 1)°
default | a(iez®+dz) +b mangﬂ + arctan (cz?) dr — c () < gcz)

T n 2\ .2
parts | a(zez?+dz) +b M + arctan (cz?) dz — ¢

-

inputLint((e*x+d)*(a+b*arctan(c*x‘2)),x,method=_RETURNVERBOSE)

-/

output \ a* (1/2*exx~2+d*x)+b* (1/2*arctan (c*x"2) *x~2*e+arctan (c*x~2) *d*x-c*(1/4*d/c”
\2/(1/c‘2)‘(1/4)*2‘(1/2)*(1n((x‘2—(1/c‘2)‘(1/4)*x*2‘(1/2)+(1/c‘2)‘(1/2))/(x
\‘2+(1/c‘2)‘(1/4)*x*2‘(1/2)+(1/c‘2)‘(1/2)))+2*arctan(2‘(1/2)/(1/0‘2)‘(1/4)*
‘x+1)+2*arctan(2“(1/2)/(1/c“2)“(1/4)*x—1))+1/4*e/c‘2*1n(c‘2*x“4+1)))

ERI———.——.,

3.22.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.43

/(d + ex) (a + barctan (cz?)) dz

2acex? + 4acdz + 2 (beex? + 2 bedz) arctan (cx?) — (be —2¢cy/—/ —bi—‘f) log <b3d3x +4/—E ey [~

inputLintegrate((e*x+d)*(a+b*arctan(c*x“2)),x, algorithm="fricas") J

e N

output | 1/4* (2*%axckxe*x"2 + 4xaxckd*x + 2x(b*cke*xx™2 + 2*bkckd*x)*arctan(c*x~2) - (
b*e - 2xc*sqrt(-sqrt(-b~4*xd~4/c”2)))*Llog(b~3*d"3*x + sqrt(-b~4*d~4/c™2)*c*
sqrt (-sqrt(-b"4*d"4/c"2))) - (b*e + 2*c*xsqrt(-sqrt(-b~4*d~4/c~2)))*log(b"3
*d"3*x - sqrt(-b~4*d~4/c”2)*c*sqrt(-sqrt(-b~4*d~4/c”2))) - (b*e + 2%(-b"4x
d~4/c”2) " (1/4) *c)*1log(b~3*d"3*x + (-b~4*d"4/c”2)"(3/4)*c) - (b*e - 2%(-b"4
*d~4/c”2) " (1/4)*c)*1og(b~3%d"3*x - (-b~4*d"4/c”2)"(3/4)*c))/c

322.  [(d+ ex)(a+ barctan (cz?)) dz



input

output
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3.22.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 6.62 (sec) , antiderivative size = 1266, normalized size of antiderivative = 6.59

/ (d + ex) (a + barctan (cz2)) dz = Too large to display

.
‘integrate((e*x+d)*(a+b*atan(c*x**2)),x)

Piecewise((ax(d*x + e*x**2/2), Eq(c, 0)), ((a - oo*Ixb)*(d*x + e*xx**2/2),
Eq(c, -I/x**2)), ((a + oo*Ixb)*(d*x + exx**2/2), Eq(c, I/x**2)), (2%axc**5
*dkx**k5x (—1/c**2) %% (11/4) / (2%c*x*5kx**4*x (-1/c**2) ** (11/4) + 2*kc**3%x(-1/c**2
Yk*x(11/4)) + akxckxbkxexxkx*k6%(—1/c*k*x2)*x(11/4)/(2*xc**x5xx*x*x4*(—-1/c**2)**x(11/4
) + 2kck*3%(—-1/c**x2)*x(11/4)) + 2xaxck*x3kd*xx*k(—1/c*x*2)**(11/4) / (2%ck*5xx*k*
4x(-1/c**2)*x(11/4) + 2*kc*x*3*%(-1/c**2)*x(11/4)) + axcx*3ke*xx**x2x(—-1/c*x*2)x*
*(11/4) / (2% cx*bxx**4k (=1 /cx*2) *xk (11/4) + 2kcx*3*(-1/c**2)**(11/4)) + 2xbx*c
*xk5kQ*kx*kxk5k (—1/ck*2) *x (11/4) *atan (ckxx**2) / (2*kckxxSkx*xd*x (—-1/cx*2) *x(11/4) +
2kCk*3% (—1/c**2) ¥x (11/4)) + brcx*Skexx**x6x (—1/c**2) *x*(11/4) *atan (cxx**2)/
(2kcxxBxxkxdk (—1/cx*2) %% (11/4) + 2kc*k*3k(-1/c*x*2)*x(11/4)) - 2xbkckrdkd*x*
*x4x (-1/cx*2)**x(5/2) *1log(x - (-1/c**2)**(1/4))/(2*cx*5*x**4*(-1/c**2)**(11/
4) + 2xcHkx3*(=1/cx*2)*x(11/4)) + brck*dkdkxx*dk (—1/c**2)**(5/2) *1og(x**2 +
sqrt (=1/c**2) ) / (2% ck*Ekxkkdk (=1/c*k*x2) % (11/4) + 2xc*x3*(-1/cx*2)*x(11/4))
— 2¥b¥ck*4xdxxkxkdx (—1/ck*2) ** (5/2) *atan (x/ (-1/cx*2) ** (1/4)) / (2*c**5*xx**4*
(-1/c**2)*x*x(11/4) + 2*c**3%x(-1/c**2)**(11/4)) - bxck*kdkekxxk*4*(—1/c**2) %% (
11/4) *log(x**2 + sqrt(-1/c**2))/(2kcx*bkxx*kd* (—1/c**2)*x* (11/4) + 2*c**3* (-
1/c**2) %% (11/4)) + 2kbkck*3kd*x* (-1/c**2)**(11/4)*atan (ckxx**2)/ (2kck*Ekxk*
4% (—1/c**2)*xkx (11/4) + 2xck*3*x(—1/c**2)**(11/4)) + bkc**3ke*x**x2k (—1/c*k*2)*
*x(11/4) *atan (c*x**2) / (2xcx*5xxx*4* (—1/c**2) ** (11/4) + 2xcx*3x(-1/c**2) ** (1
1/4)) - 2¥bxcx*2xd*x (-1/c**2)**(5/2)*Llog(x — (-1/c**2)**(1/4))/(2*c**5*x. ..

322.  [(d+ ex)(a+ barctan (cz?)) dz
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3.22.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.88

1
/(d-l—ex ) (a + barctan (cz?)) dx—§ z?
2cx+f\f) ﬁ(2cx—\/§x/5)
1 2 v/2 arctan ( 2 /2 arctan (T V2 log (cx2 NN 1)
—_— C 3 + 3 - 3 +
4 c2 c2 c2
+ ads + (2 cx? arctan (cx?) — log (c2x? + 1))be
4c
inputLintegrate((e*x+d)*(a+b*arctan(c*x“2)),x, algorithm="maxima" J

output | 1/2*axe*x~2 - 1/4*(cx(2*sqrt(2)*arctan(1/2*sqrt(2)*(2xc*x + sqrt(2)*sqrt(c
))/sart(c))/c~(3/2) + 2xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x - sqrt(2)*sqrt(c
))/sqrt(c))/c~(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x + 1)/c~(3/2) +

sqrt(2) *log(c*x~2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*xx*arctan(c*x~2))x*
b*d + axd*x + 1/4%(2xc*x"2*arctan(c*x”2) - log(c™2*x"4 + 1))*bxe/c

3.22.8 Giac [A] (verification not implemented)

Time = 0.46 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.96

/ (d+ ez) (a + barctan (cz®)) dz = % bez® arctan (cz?) + % aex® + bdz arctan (cz?)

\/2bcd arctan (% \/§<2m + %) \/H)

+ adzx —
2|c|?
1 _ 3
~ V/2bcd arctan (2 \/§<2x m) |>
3
2|c|?
V2r | 1
(\/_bcd\/|c bce) log( SV |C|>
4 c?
2 _ V2@ | 1
~ <\/§bcd\/ || + bce) log <x Vg T |c|>
4 c?
inputLintegrate((e*x+d)*(a+b*arctan(c*x*2)),x, algorithm="giac") J

322.  [(d+ ex)(a+ barctan (cz?)) dz
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output | 1/2*b*e*x~2*arctan(cxx”2) + 1/2xa*exx”2 + bxd*x*arctan(c*x~2) + axd*x - 1/
2xsqrt (2) *bxcxd*arctan(1/2*sqrt (2) *(2xx + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c
)))/abs(c)~(3/2) - 1/2*sqrt(2)*b*c*d*arctan(1/2*sqrt(2)*(2*xx - sqrt(2)/sqr
t(abs(c)))*sqrt(abs(c)))/abs(c)~(3/2) + 1/4*(sqrt(2)*b*c*d*sqrt(abs(c)) -
b*c*e)*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c”2 - 1/4*(sqrt(2)*b*c
*d*sqrt(abs(c)) + bkcxe)*log(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"2

3.22.9 Mupad [B] (verification not implemented)

Time = 2.69 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.06

aex?

/(d-l—ea:) (a +barctan (cz?)) dz =adz +
_beln(zy=cli-1) beln(zy/-cli+1)

+ bdzatan(cz?)

4c 4c
beln(a:\/cli—l) beln($\/01i+1)
B 4c B 4c

N bez®atan(cz?) bdlIn (zv/=cli—1) v/—cli

2 2c
| bdln (zv/—=cli+1) v/=cli
2c
bdIn (z+vcli—1) Veli

2¢c
N bd In (x\/cli—l-l) Veli
2¢c

;
input | int((a + b*atan(c*x~2))*(d + e*x),x)

output | a*d*x + (axexx~2)/2 + b*d*x*atan(c*x~2) - (bxexlog(x*(-c*x1i)~(1/2) - 1))/(
4xc) - (bxexlog(x*(-c*1i)~(1/2) + 1))/(4*c) - (bxexlog(x*(c*1i)~(1/2) - 1)
)/ (4xc) - (bxexlog(xx(cx1i)~(1/2) + 1))/(4*c) + (b*e*x~2xatan(c*x"2))/2 -
(b*d*log(x*(-c*1i)~(1/2) - 1)*(-c*1i)~(1/2))/(2*c) + (bxd*log(x*(-c*1i)~(1
/2) + D)*(-c*x1i)7(1/2))/(2%c) - (bxd*log(x*(c*1i)~(1/2) - 1)*(c*1i)~(1/2))
/(2xc) + (b*d*log(x*(c*1i)~(1/2) + 1)*(c*1i)~(1/2))/(2%*c)

322.  [(d+ ex)(a+ barctan (cz?)) dz
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3.93 f a+barctan (cz?) da

d+ex
3.23.1 Optimalresult . . .. ... .. .. ... .. . 182
3.23.2 Mathematica [C] (verified) . . . . . . ... .. ... Lo 183l
3.23.3 Rubi [A] (verified) . . . . .. ... .. 184
3.23.4 Maple [C] (verified) . . . ... . . . . ..
3.23.5 Fricas [F] . . . . . . o o 186!
3.23.6 Sympy [F(-1)] . . . . o 186
3.23.7 Maxima [F] . . . . . . 187
3.23.8 Giac [F] . . . . . . 187
3.23.9 Mupad [F(-1)] . . . . . o 187
3.23.1 Optimal result
Integrand size = 18, antiderivative size = 501
/ a + barctan (cz?) dp — (a + barctan (cx?)) log(d + ex)
d+ex N e
e(l— 4\/ —02$>
be log m log(d + 6.’1))
+
2v/—c2e
e(1+ A —sz)
bC log —W lOg(d —+ 61’)
+
2v/ —c%e
e(l—\/ —\/—702z>
bClOg <m> log(d + 617)
2v/—c%e
e(1+\/— —c2z>
bclog <_—T/—T2d—e ) log(d + ex)
o/~
4\/ —02(d+ew) —/—2(d+ex
| ferolites (24 7552)  sopotyon (2 55528
2v/—c2e 2v/—c%e
A —62(d+ex))
be PolyLog ( 2, Y.—C dte) V= (d+ea)
o olyLog ( Ut ) bePolyLog (2, ol
2v/—c2e 2v/—c%e

3.23. _“+baﬁzz(cw2>. dz
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output | (at+b*arctan(c*x~2))*1n(e*x+d) /e+1/2*b*xcx1n(e*x(1-(-c~2)~(1/4)*x)/((-c~2)~ (1
/4)*d+e) ) *1n(exx+d) /e/ (-c"2) ~(1/2)+1/2*b*c*x1n(-ex (1+(-c~2) ~(1/4) *x) / ((-c~2
)~ (1/4)*d-e)) *1n(e*x+d) /e/ (-c~2) " (1/2) -1/2*b*c*1ln(e*x+d) *1n(ex (1-x* (- (-c~2
)~(1/2))°(1/2)) / (e+d*(-(-c~2)~(1/2))~(1/2))) /e/(-c~2) " (1/2) -1/2%b*c*1n(e*x
+d) *1n(-ex (1+x* (- (-c~2)~(1/2))~(1/2)) / (me+d*(-(-c~2)~(1/2))~(1/2))) /e/ (-c~
2)~(1/2)+1/2*b*c*polylog(2, (-c~2) ~(1/4) *(e*x+d) / ((-c~2) ~(1/4) *d-e)) /e/(-c~
2)~(1/2)+1/2*b*c*polylog(2, (-c~2) ~(1/4) *(e*x+d) / ((-c~2) ~(1/4) *d+e)) /e/(-c~
2)~(1/2)-1/2%b*c*polylog(2, (exx+d) *(-(-c~2)~(1/2))~(1/2) / (-e+d*(-(-c2)~(1
/2))°(1/2)))/e/(-c~2)~(1/2)-1/2*b*c*polylog(2, (exx+d)*(-(-c~2)~(1/2))~(1/2
)/ (e+d*(-(-c~2)~(1/2))~(1/2)))/e/(-c~2)~(1/2)

3.23.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 21.06 (sec) , antiderivative size = 326, normalized size of antiderivative = 0.65

/ a + barctan (cz?) alog(d + ex)
dz =
d+ex e
b<2 arctan (cz?) log(d + ex) + 1 (log(d + ex)log (1 _ _ Ve(dtez) ) +log(d + ex) log (1 _ _e(d+ex)

+ fd— 4V —].e \/Ed+ \4/ —le

-

inputLIntegrate[(a + b*ArcTan[c*x"2])/(d + e*x),x]

~—

output | (axLog[d + exx])/e + (b*(2*ArcTan[c*x~2]*Logl[d + e*x] + I*(Logld + exx]*Lo
gll - (Sqgrtlcl*(d + e*x))/(Sqrtlcl*d - (-1)"(1/4)*e)] + Logld + exx]*Logl1
- (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + (-1)"(1/4)*e)] - Logld + e*x]*Logl[l -
(8qrtlcl*(d + e*x))/(Sqrtlcl*d - (-1)7(3/4)*e)] - Logld + exx]*Log[l - (Sq
rtlcl*(d + exx))/(Sqrtlcl*d + (-1)"(3/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + ex
x))/(Sqrtlcl*d - (-1)"(1/4)*e)] + PolyLog[2, (Sqrtlcl*(d + exx))/(Sqrt[c]*
d + (-1)"(1/4)*e)] - PolyLogl[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d - (-1)"(3/4
)*e)] - PolyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + (-1)~(3/4)*e)])))/(2xe
)

3.23. _“+baﬁzz(cw2>. dz
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3.23.3 Rubi [A] (verified)

Time = 1.08 (sec) , antiderivative size = 469, normalized size of antiderivative = 0.94,

=3 number of rules _ 167,

Rules used
integrand size

number of steps used = 3, number of rules used =
= {5391, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/ a + barctan (cw ) i
d+ex
| 5391
log(d + ez) (a + barctan (cz?))  2bc / “ﬁiﬁﬁix
e e
l 2863
2bc f _ x log(d+ex)c? _ x log(d+ex)c? dr
log(d + ez) (a + barctan (cz?)) 2= (V=—c2a?)  2V=(c2a2+v=c?)
e B e
l 2009

log(d + ex) (a + barctan (cz?))
e

PolyLog (2 (d+ez)> PolyLog (2 ' o S _02(d+ew)> PolyLog (2 (d+ez)) PolyLog< — (d+ew)>
+ +

2bc _ \/ —C d—e ’ V—vV—=cZd—e \/ —C2d+e v —V=cZd+e
4/ —c2 4+/—c2 4/ —c2? 4/ —c2
input LInt [(a + b*ArcTan[c*x"2])/(d + e*x),x] J

3.3, [ etbardtenerd) gy
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output | ((a + bxArcTan[c*x"2])*Logl[d + e*x])/e - (2xb*c*(-1/4*(Logl(ex(1 - (-c~2)~
(1/4)*x))/((-c"2)"(1/4)*d + e)]l*Logld + e*x])/Sqrt[-c~2] - (Logl[-((ex(1 +
(-c”2)"(1/4)*x))/((-c~2)~(1/4)*d - e))]*Logld + exx])/(4*Sqrt[-c~2]) + (Lo
gl(ex(1 - Sqrt[-Sqrt[-c~2]11*x))/(Sqrt[-Sqrt[-c~2]]1*d + e)]*Logld + e*x])/(
4xSqrt[-c~2]) + (Logl[-((ex(1 + Sqrt[-Sqrt[-c~2]1]1*x))/(Sqrt[-Sqrt[-c~2]1]1*d
- e))]*Logl[d + e*x])/(4*Sqrt[-c~2]) - PolyLogl[2, ((-c~2)~(1/4)*(d + e*xx))/
((-c"2)"(1/4)*d - e)]1/(4*Sqrt[-c~2]) + PolyLog[2, (Sqrt[-Sqrt[-c~2]]1*(d +
e*x))/(Sqrt [-Sqrt[-c~2]]1*d - e)1/(4*Sqrt[-c~2]) - PolyLog[2, ((-c~2)~(1/4)
*(d + exx))/((-c”2)"(1/4)*d + e)1/(4*Sqrt[-c~2]) + PolyLog[2, (Sqrt[-Sqrtl
-c”2]1*(d + e*x))/(Sqrt[-Sqrt[-c~2]11*d + e)]/(4xSqrt[-c~21)))/e

3.23.3.1 Defintions of rubi rules used

e

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2863 Int[((a_.) + Logl(c_.)*((d.) + (e_.)*(x_))"(n_.)I1*(b_.))"(p_.)*((h_.)*(x_))
“(m_)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a

+ bxLoglcx(d + e*x)"n]) p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQ[{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]

rule 5391 Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol]
:> Simp[Logl[d + e*x]*((a + bxArcTan[c*x"n])/e), x] - Simp[b*cx(n/e) Int[x
“(n - 1)*(Logld + e*x]/(1 + c™2*%x~(2*n))), x], x] /; FreeQl[{a, b, c, d, e,
n}, x] &% IntegerQ[n]

3.23.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.27 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.28

3.23. _“+baﬁzz(cw2>. dz
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method | result

In(ez+d) In L-F—.
be —_1
1 ( d) bl ( +d) " ( 2) _R1=R00t0f(02_24—40211_234—602(12_22—4_Zc2d3+c2d4+e4) _}
aln(ex+ n(ex arctan(cx

default . T+ p - 2¢
In(ez+d) In L
be —_1
__RI=RootOf(c2_Z*-4c2d_ Z3+6c2d2_Z7—4_Zc2d3+c2dd+et) _ 1

£ aln(ez+d) bln(ex+d) arctan(cz?)

parts 2+ E — -
. V—ic— +d)+cd . V—ictc(ez+d)—cd R V—ic—c(ez-
risch ibIn(ex+d) In(—icz?+1) _ ibln(ex+d) ln(%) _ ibln(ex+d) ln(ef\/;#> _ zbdllog(%

2e

2e 2e

2e

input Lint ((atb*arctan(c*x~2) )/ (e*x+d) ,x,method=_RETURNVERBOSE)

output ‘ ax1ln(e*xx+d) /e+b*1n(exx+d) /exarctan(c*x~2)-1/2*b/cxe*sum(1/(_R172-2%_R1*d+d
‘“2)*(1n(e*x+d)*1n((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1)),_R1=Root0f(_Z

‘ “4*cT2-4%_Z73%cT2%d+6%_Z"2xc"2xd"2-4%*_Z*c”"2+d"3+c”"2xd"4+e"4))

3.23.5 Fricas [F]

dx

/ a + barctan (cz?) / barctan (cz?) + a
dr =
d+ex er+d

input Lintegrate ((at+bxarctan(c*x~2))/(exx+d) ,x, algorithm="fricas")

output Lintegral((b*arctan(c*x“2) + a)/(exx + d), x)

3.23.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + barctan (cz?)
d+ex

input Lintegrate ((atb*atan(c*x**2))/(e*x+d) ,x)

output LTimed out

3.3, [ etbardtenerd) gy
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3.23.7 Maxima [F]

2 2
/a+barctan (cx )dac _ / barctan (cx?) + a i
d+ex er+d

input‘integrate((a+b*arctan(c*x“2))/(e*x+d),x, algorithm="maxima")

outputL2*b*integrate(1/2*arctan(c*x‘2)/(e*x + d), x) + axlog(e*xx + d)/e

3.23.8 Giac [F]

2 2
/a-l—barctan (cx )dx _ / barctan (cz?) + a i
d+ex er+d

inputLintegrate((a+b*arctan(c*x“2))/(e*x+d),x, algorithm="giac")

outputtintegrate((b*arctan(c*x‘2) + a)/(exx + d), x)

3.23.9 Mupad [F(-1)]

Timed out.

dx

/a+barctan(cx2)d _/a+batan(cx2)
d+ex d+ex

input Lint((a + bxatan(c*x72))/(d + exx),x)

output Lint((a + b*atan(c*x~2))/(d + e*x), x)

3.3, [ etbardtenerd) gy



CHAPTER 3. LISTING OF INTEGRALS 188

3.94 f a+barctan (cz?) da

(d+ex)?
3.24.1 Optimalresult . . . . ... .. . ... . 188
3.24.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 189
3.24.3 Rubi [A] (verified) . . . . . ... .. 189
3.24.4 Maple [A] (verified) . . ... ... ... .. 191
3.24.5 Fricas [C] (verification not implemented) . . . . . . ... ... .. ... ... 192
3.24.6 Sympy [F(-1)] . . . . o 192
3.24.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 193]
3.24.8 Giac [F] . . . . . . 193
3.24.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ... .. 194

3.24.1 Optimal result

Integrand size = 18, antiderivative size = 328

a + barctan (cz?) bc®d? arctan (cz?)  a + barctan (cz?)
/ (d + ex)? T (2di+et) e(d + ex)

by/c(cd® — e?) arctan (1 — v/2/cx)

* V2 (c2d* + e4)
by/c(cd? — e?) arctan (1 + v2v/cx)  2bedelog(d + ex)

— \/ﬁ (c2d4 n 64) - c2d4 + et
by/c(cd? + €2)log (1 — v/2+/cx + cz?)

- 21/2 (c2d4 + e4)
by/c(cd? + €2)log (1 + v2v/cx + cx?)  bedelog (1 + a?)

2v/2 (c2d* + et) 2(c?d* + e*)

output | bxc~2*d"3*arctan(c*x~2)/e/(c"2*xd~4+e"4)+(-a-b*arctan(c*x"2)) /e/ (exx+d) -2*b
*cxd*xex1n (exx+d) / (c"2*%d"4+e~4) +1/2*bxcxd*xex1n(c"2*x"4+1) /(c"2*%d"4+e"~4)-1/2
*b* (ckxd~2-e"2) *arctan (-1+x*2~(1/2)*c~(1/2))*c~(1/2) / (c"2*d"4+e"4)*2"(1/2) -
1/2%b* (c*xd"2-e~2) *arctan (1+x*2~(1/2) *c~(1/2))*c~(1/2)/ (c~2*xd"4+e~4) %2~ (1/2
)-1/4xbx (c*xd™2+e”2) *1n (1+c*x~2-x*27 (1/2) *c~ (1/2) ) *c~(1/2) / (c~2*d~4+e"4) %2~
(1/2) +1/4*%b*x (ckd~2+e"2) *1n (1+c*kx~2+x%27 (1/2) *c~ (1/2) ) *c~(1/2) / (c"2*d"4+e"4
)*27(1/2)

a arctan C(L'2
324, [ orberdence) gy
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3.24.2 Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 321, normalized size of antiderivative = 0.98

/ a + barctan (cz?) i —

(d+ ex)?
da(Pd* + €*) + 4b(c*d* + e*) arctan (cz?) + 2by/c(2¢%2d® — /2cd?e + v/2€%) (d + ex) arctan (1 — /2

input‘ Integrate[(a + bxArcTan[c*x"2])/(d + e*x)~2,x]

output | -1/4x(4xax(c~2+%d"4 + e~4) + 4*b*(c"2*d"4 + e”4)*ArcTan[cxx~2] + 2*b*Sqrtlc
1*(2%c~(3/2)*%d"3 - Sqrt[2]*cxd"2xe + Sqrt[2]*e~3)*(d + e*x)*ArcTan[l - Sqr
t[2]*Sqrt[c]*x] + 2*b*Sqrt[cl*(2*c~(3/2)*d"3 + Sqrt[2]*c*xd~2*e - Sqrt[2]*e
~3)*(d + exx)*ArcTan[1 + Sqrt[2]*Sqrt[c]l*x] + 8*bxc*d*e~2x(d + e*x)*Logld
+ e*x] + Sqrt[2]*b*Sqrt[cl*e*x(c*d™2 + e2)*(d + e*x)*Logl[l - Sqrt[2]*Sqrt[
cl*x + c*x"2] - Sqrt[2]*b*Sqrt[cl*e*x(c*d™2 + e~2)*(d + e*x)*Logl[l + Sqrt[2
I*Sqrt[c]l*x + c*x~2] - 2xbxckd*e 2x(d + exx)*Logl[l + c™2xx74])/(ex(c™2*d"4
+ e74)x(d + exx))

N\ J

3.24.3 Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 338, normalized size of antiderivative = 1.03,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {5395, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + barctan (c:r2)
dz
(d+ ex)?
l'5395
2bc | mdm a + barctan (cz?)
e e(d + ex)
l 7276
2 3__ .2 232 2.,2,.3 3 3
2bc | (C xd(c2fi4efef)€;§wzf1)d+e - (02d4+'§)<d+ex)) dz _ a+barctan (cz?)
e e(d+ ex)

a arctan C(L'2
324, [ orberdence) gy
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l 2009

% cd3 arctan (ca?) earctan(l—ﬂﬁx) (cd?—e?) earctan(ﬁfcx—l—l) (cd?—e?) de? log(c2zi+1) de? log(d+ex) e(cd?+e
¢ 2(c2d%+e?) 2v/2,/c(c2d4+€) 2v2\/c(c2d% +et) 4(c2di+eh) 2dired 1

e
a + barctan (cz?)

e(d + ex)

e

inputtlnt[(a + bxArcTan[c*x"2])/(d + e*xx)~2,x]

~—

output | -((a + bxArcTan[c*x"2])/(ex(d + exx))) + (2*b*cx((c*d~3*ArcTan[c*x~2])/(2*
(c™2%d"4 + e”4)) + (e*(c*d™2 - e"2)*ArcTan[1 - Sqrt[2]*Sqrt[c]*x])/(2*Sqrt
[2]*#Sqrt[c]*(c"2*%d"4 + e"4)) - (ex(c*d™2 - e"2)*ArcTan[1 + Sqrt[2]*Sqrt[c]
*x])/ (2xSqrt [2] #Sqrt [c]*(c"2%d"4 + e74)) - (d*e"2*Logld + e*x])/(c"2%d"4 +
e"4) - (ex(cxd™2 + e~2)*Logl[l - Sqrt[2]*Sqrt[cl*x + c*xx~2])/(4*Sqrt[2]*Sq
rtlcl*(c™2%d"4 + e74)) + (ex(c*d™2 + e~2)*Log[l + Sqrt[2]*Sqrtlcl*x + c*xx~
2]) / (4xSqrt [2]1*Sqrt [c]*(c"2*d~4 + e”4)) + (dxe"2*Log[1l + c"2*xx~4])/(4*(c"2
*d"4 + e"4))))/e

3.24.3.1 Defintions of rubi rules used

rukaQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5395 | Int[((a_.) + ArcTan[(c_.)*(x_)~(n_)I1*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - S
imp[b*cx(n/(ex(m + 1))) Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c2xx"(2*n)
)), x]1, x]1 /; FreeQ[{a, b, ¢, d, e, m, n}, x] & NeQ[m, -1]

rule 7276 | Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

a arctan C(L'2
324, [ orberdence) gy
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3.24.4 Maple [A] (verified)

Time = 1.40 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.91

method | result
1 z2 1 /2
53(6%)1\/5 In <;2) +\/7 +2 arctan *IJrl +2 arcte
(@) na) "\ )
62 n(ex
2| —¢ 021(14(+£d)+
arctan(cm2)
default —lentd)e + e+ b crde T
1 z2 1 zV/2
63(6%)7(\/5 1n chi +\/\/: +2arctan (12;14_1 +2 arcte
z2— =z xf+ oz
8
2 n(exr
2| -2, +;d)+
arctan(cxz)
parts (em+d)e +b| - (ex+d)e +
input Lint ((atb*arctan(c*x~2))/(e*x+d) ~2,x,method=_RETURNVERBOSE) J

a arctan C(L'2
324, [ orberdence) gy
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output | -a/(exx+d)/e+b*(-1/(e*x+d) /e*xarctan(c*x~2)+2%c/ex(-d*e~2/(c~2*d"~4+e~4) *1n(
exx+d)+1/(c™2%d~4+e”4) *(1/8%e”~3%(1/c~2) " (1/4)*2~ (1/2)*(An((x~2+(1/c~2)~(1/
4)*x*x2~(1/2)+(1/c™2)"(1/2)) / (x~2-(1/c"2) ~(1/4) *x*2~(1/2)+(1/c~2)~(1/2)) ) +2
*arctan(2~(1/2)/(1/c"2)~(1/4) *x+1)+2*arctan(2°(1/2)/(1/c"2)~(1/4)*x-1))+1/
2%c~2xd~3/(c"2) " (1/2) *arctan(x"2*%(c"2)~(1/2))-1/8*d"2*%e/(1/c~2) "~ (1/4)*2~ (1
/2)*(In((x~2-(1/c"2) " (1/4) *x*2~(1/2)+(1/c2) ~(1/2)) / (x"2+(1/c”2) " (1/4) *x*2
~(1/2)+(1/c”2)"(1/2)))+2*arctan(2”(1/2)/(1/c"2) " (1/4) *x+1) +2*arctan (2~ (1/2
)/ (1/c”2)~(1/4) *x-1) ) +1/4*d*e”2*1n(c"2*x"4+1))))

3.24.5 Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 74.55 (sec) , antiderivative size = 2478078, normalized size of antiderivative =
7555.12

2
/ a + barctan (cz”) dx = Too large to display

(d+ ex)?

input Lintegrate ((atb*arctan(c*x~2))/(exx+d)~2,x, algorithm="fricas")

.
output LToo large to include

3.24.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/ a + barctan (cz?)
(d+ ex)?

~—

input ‘ integrate ((atb*atan(c*x**2))/(e*x+d) **2,x)

output LTimed out

a arctan C(L'2
324, [ orberdence) gy
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3.24.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 287, normalized size of antiderivative = 0.88

dr =

/ a + barctan (cz?)
(d+ ex)?

V2 (cd2 e+\/§ﬁde2+e3) log (cw2+\/§\/5x+1) V2 <cd26—\/§\/5de2 +e3> log (ca:2 —\/5\/Ea:+1>

1 8delog (ex + d) e - Ve
4 c2dt + et
a
ez + de
inputLintegrate((a+b*arctan(c*x“2))/(e*x+d)‘2,x, algorithm="maxima") J

output | -1/4* ((8*dxexlog(e*x + d)/(c”2xd"4 + e~4) - (sqrt(2)*(c*d"2*e + sqrt(2)*sq
rt(c)*d*e”2 + e~3)*log(c*x”2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*(c
*d"2xe - sqrt(2)*sqrt(c)*dxe”2 + e~3)*log(c*x"2 - sqrt(2)*sqrt(c)*x + 1)/s
grt(c) - 2%x(2*%c™2xd"3 + sqrt(2)*c~(3/2)*d"2xe - sqrt(2)*sqrt(c)*e”3)*arcta
n(1/2*sqrt(2)*(2*xc*x + sqrt(2)*sqrt(c))/sqrt(c))/c + 2x(2*xc~2%d"3 - sqrt(2
)*c”(3/2)*d"2*%e + sqrt(2)*sqrt(c)*e~3)*arctan(1l/2*sqrt(2)*(2*cxx - sqrt(2)
*sqrt(c))/sqrt(c))/c)/(c"2*d"4*e + e~5))*c + 4*arctan(c*x~2)/(e"2*x + d*e)
)*b - a/(e”"2*x + dxe)

3.24.8 Giac [F]

/ a+barctan (cz?) , / barctan (cz?) + a i
(d+ ex)? B (ex + d)?

inputLintegrate((a+b*arctan(c*x“2))/(e*x+d)‘2,x, algorithm="giac") J

outputtundef J

a arctan C(L'2
324, [ orberdence) gy



input

output
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3.24.9 Mupad [B] (verification not implemented)

Time = 0.70 (sec) , antiderivative size = 883, normalized size of antiderivative = 2.69

dx

/ a + barctan (cz?)
(d+ ex)?

_ iln root(16 2 dt et 24 + 16 €8 2* — 32bcde® 28 + 8b2 2 d2 €2 22 + bt 2, 2, k)* 3 €2 £ 320 — root(16 ¢

k=1
+16€® 2* —32bcde5z3+86202d26222+b402,z,k)
___a_  batan(cz®) 2bcdeln(d+exn)
zxe2+de ze’+de c2d* + et

-

Lint((a + b*atan(c*x~2))/(d + e*xx)~2,x)

| —

symsum(log((320*root (16*xc~2*%d"4*e~4*%z"4 + 16*e~8%z"4 - 32xbxc*d*e~5xz"3 +
8*b"2xc"2*%d"2*%e"2*%z"2 + b~4*c”2, z, k) “4*c"8*%e"9*x - 128*root (16*c”2xd"4*e
“4xz"4 + 16%e"8%z"4 - 32%bkxckd*e"5*z"3 + 8*bT2xcT2*d"2%xe"2*%z"2 + b"4*c”2,
Z, k) “4%c”10*%d"5%e"4 + 16*b"4*c"10*e*x — 8*root (16*c™2*xd"4*e”~4*z"4 + 16%e”
8%z"4 - 32xbxckxd*e~5*z"3 + 8%b"2%c"2*%d"2%e"2*z"2 + bT4*c"2, z, k)*b"3*%c"9x*
e”3 + 384xroot(16*xc”~2*xd"4*e"4*z"4 + 16%e~8*z"4 - 32*bkckd*e”~5*%z"3 + 8*b~2x%
c~2%d"2*e”2%z"2 + b~4xc”2, z, k) “4xc"8*d*e”~8 + 8*root(16%c 2xd"4*e~4*xz"4 +
16*e~8*%z"4 - 32%b*c*d*e~5xz~3 + 8*b~2%c"2*%d"2%e"2%z"2 + b~4*xc”2, z, k)*b~
3*%c"11*%d"3*x - 320*root (16*%c”2*d"4*e" 4%z~ 4 + 16*e~8*z"4 - 32*b*c*d*e”5*z"3
+ 8%b"2%c”2xd"2*%e"2%z"2 + b~4*c”2, z, k) " 3*b*c"9*d"2%e”5 - 192*root(16*c”
2*%d"4*e"4*z"4 + 16*%e~8*%xz"4 - 32*bkckd*e " 5*%z"3 + 8*%b"2*kc"2*d"2*%e"2*%z"2 + b~
4xc~2, z, k) “4*xc”10*d"4*xe"5*x + 32*xroot (16*c”2xd"4*e"4*xz~4 + 16*%e”~8*xz"4 -
32%b*c*d*e~5*z"3 + 8*b"2kc"2*%d"2%e"2%z"2 + b~4*c”2, z, k) “3*b*c”"11*d"5*e”"2
*xX + 64*root (16*c”2%d"4*e" 4%z~ 4 + 16*e"8*z"4 - 32%b*c*d*e”5%z"3 + 8*xb~2*xc”
2xd"2%xe"2%z"2 + b~4*c”2, z, k) "2*%b"2%xc~10*%d"2*%e"3*x - 416*root (16%c~2xd~4*
e"4%xz"4 + 16xe”8%z"4 - 32%b*ckxd*xe"5*z"3 + 8%bT2%kcT2*%d"2%e"2%z"2 + bT4*c"2,
Z, k)" 3%b*xc~9%d*e~6%x)/e~2) *root (16*%c~2%d ~4*e" 4%z~ 4 + 16%e~8%z~4 - 32xb*c
*d*e~5*z~3 + 8%b~2%c”~2%d"2%e"2%z"2 + b~4*xc"2, z, k), k, 1, 4) - a/(d*xe + e
~2xx) - (bxatan(c*x72))/(dxe + e"2xx) - (2xbxc*d*exlog(d + exx))/(e”4 + c~
2%d"4)

a arctan C(L'2
324, [ orberdence) gy



output
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3.25 [(d + ex) (a + barctan (cz?))” dz

3.25.1 Optimal result . . . . . .. . . .. .. . 195
3.25.2 Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... .. 196
3.25.3 Rubi [A] (verified) . . . . ... ... ... 1961
3.25.4 Maple [F] . . . . . . . 200
3.25.5 Fricas [F] . . . . . . . 200
3.25.6 Sympy [F] . . . . . 200
3.25.7 Maxima [F] . . . . . . . . 201]

3.25.8 Giac [F] . . . . . .
3.25.9 Mupad [F(-1)] . . . . ..o

3.25.1 Optimal result

Integrand size = 18, antiderivative size = 1325

/ (d + ez) (a + barctan (cz2))2 dz = Too large to display

201

1/2%I*b~2%e*polylog(2,1-2/(1+I*c*x"2))/c+a”2*d*x+1/2*e*xx~2* (at+tb*arctan(c*x
~2))"2-1/4%b"2*%d*x*x1n (1-T*c*x"2) "2-1/4%b"2xd*x*1n (1+I*c*kx~2) "2+2%(-1)~(1/4
)*¥b~2xd*arctan((-1) " (3/4) *x*c~ (1/2))*1n(2/(1-(-1)~(1/4) *x*c~(1/2))) /c~(1/2
)-2%(-1)~(1/4)*b~2*xd*arctan((-1) " (3/4) *x*xc~(1/2) ) *1n(2/(1+(-1) ~(1/4) *x*c" (
1/2)))/c”(1/2)+2%(-1)~(1/4)*b~2xd*arctanh ((-1) ~(3/4) *x*c~(1/2) ) *1n(2/(1-(-
1)~ (3/4)*x*xc~(1/2))) /c~(1/2)-2%(-1) ~(1/4) *b~2*d*arctanh ((-1) ~(3/4) *x*xc~ (1/
2))*1n(2/(1+(-1)"(3/4) *x*c~(1/2))) /c~ (1/2) -I*axbxd*x*1n (1+I*c*x"2) +I*axbxd
*x*1n (1-I*xcxx~2)+(-1) " (1/4) *b"2*d*arctan((-1) ~ (3/4) *x*c~ (1/2) ) *1n(1-I*c*x~
2)/c~(1/2)-(-1)"(1/4) *b~2*d*arctanh ((-1) ~(3/4) *x*c~(1/2) ) *1n(1-I*c*x~2) /c”
(1/2)-(-1)~(1/4)*b~2*d*arctan ((-1) ~(3/4) *x*c~(1/2) ) *1n (1+I*c*x~2) /c~(1/2) +
(-1)~(1/4) *b~2*d*arctanh ((-1) " (3/4) *x*c~ (1/2) ) *1n(1+I*c*x~2) /c~(1/2)+(-1)~
(1/4)*b~2*d*arctan((-1)~(3/4) *x*c~ (1/2) ) *1n (2~ (1/2)*((-1)~(1/4) +x*c~(1/2))
/(1+(-1)"(1/4)*x*c~(1/2))) /c~(1/2)+(-1) " (1/4) *b~2*d*arctanh ((-1) " (3/4) *x*c
~(1/2))#1n(-2"(1/2)*((-1)~(3/4) +x*c~ (1/2)) / (1+(-1) " (3/4) *x*c~(1/2))) /c~(1/
2)+(-1)"(1/4) #*b~2*d*arctanh ((-1) ~(3/4) *x*c~ (1/2) ) *1n((1+I) *(1+(-1)~(1/4) *x
*xc~(1/2))/(1+(-1)"(3/4) *x*c~(1/2)))/c”(1/2)+(-1) ~(1/4) *b~2*d*arctan((-1) ~(
3/4)*x*c~(1/2))*1n((1-I)*(1+(-1)~(3/4) *x*c~(1/2)) / (1+(-1) = (1/4) *x*c~(1/2))
)/c”(1/2)+1/2*I*e* (at+b*arctan(c*xx~2)) ~2/c+b*e* (a+b*arctan(c*x~2))*1n(2/(1+
Ikc*x~2))/c+(-1)"(3/4)¥b~2xd*arctan((-1) " (3/4) *x*c~(1/2))~2/c~(1/2)-(-1)~(
1/4)*b~2*d*arctanh ((-1) ~(3/4) *x*c~(1/2))~2/c~(1/2)+(-1) "~ (3/4) ¥b~2*d*pol. . .

3.25.  [(d+ ex)(a+ barctan (cz?))® dz
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3.25.2 Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 4824 vs. 2(1325) = 2650.

Time = 36.63 (sec) , antiderivative size = 4824, normalized size of antiderivative = 3.64

/ (d + ez) (a + barctan (cacQ))2 dz = Result too large to show

input{Integrate[(d + exx)*(a + bxArcTan[c*x~2])"2,x]

output

a~2xd*x + (a"2xexx"2)/2 + (a*bkd*Sqrt[c*x~2]*(2*Sqrt [c*x~2] *ArcTan [c*x~2]

- Sqrt[2]*(ArcTan[(-1 + c*x~2)/(Sqrt[2]*Sqrt[c*x~2])] - ArcTanh[(Sqrt[2]*S
grtlc*x~2]) /(1 + c*x~2)]1)))/(c*x) + (ax*bxex(c*x"2*ArcTan[c*x"2] + Logl[1/Sq
rt[1 + c™2*x"4]]1))/c + (b"2xe*x((-I)*ArcTan[c*x~2] "2 + c*x"2*ArcTan[c*x"2]"
2 + 2xArcTan[c*x"2]*Log[1 + E~((2*I)*ArcTan[c*x~2])] - I*PolyLog[2, -E~((2
*I)*ArcTan[c*x72])]))/(2*c) + (b~2*d*Sqrt[c*x~2]*(2*Sqrt [c*x~2] *ArcTan[c*x
~2]72 - 4% ((ArcTan[c*x~2]*(-2*%ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + 2*ArcTan[1
+ Sqrt[2]*Sqrt [c*x~2]] + Logl[l + c*x~2 - Sqrt[2]*Sqrt[c*x~2]] - Logll + ¢
*x~2 + Sqrt[2]*Sqrt[c*x~2]1))/(2*Sqrt[2]) - (-((ArcTan[1 - Sqrt[2]*Sqrt[c*
x72]] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1)*Logl[l + c*x"2 - Sqrt[2]*Sqrt[cxx”
2]11) + (ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]1])
*Log[1l + c*xx”2 + Sqrt[2]*Sqrtlc*x~2]] - (Sqrtlc*x~2]*(1 + (1 - Sqrt[2]*Sqr
t[c*x72])"2)~(3/2) * (2% (-5*ArcTan[2 + I]*ArcTan[1l - Sqrt[2]*Sqrtlc*x~2]] +

4xArcTan[1 - Sqrt[2]*Sqrt[c*x~2]]1°2 + ((1 + 2xI)*Sqrt[1 + I]*ArcTan[l - Sq
rt[2]*Sqrt [c*x~2]1]1"2) /E~(I*ArcTan[2 + I]) + ((1 - 2*I)*Sqrt[1 - I]l*ArcTan[
1 - Sqrt[2]*Sqrt[c*x~2]]172)/E"ArcTanh[1 + 2%I] - (5%I)*ArcTan[1 - Sqrt[2]*
Sqrt [cxx~2] J*ArcTanh[1 + 2%I] + (5*I)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt[2]
*Sqrt [c*x~2]]) *Log[1 - E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt[2]*Sqrt[
c*x72]1))] + 5x((-I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + ArcTanh[1 + 2*I])=*L
ogll - E"((2*I)*ArcTan[1 - Sqrt([2]*Sqrt[c*x~2]] - 2*ArcTanh[1 + 2xI])] ...

3.25.3 Rubi [A] (verified)

Time = 2.31 (sec) , antiderivative size = 1325, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 111 Ryles used

integrand size
= {5397, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.25.  [(d+ ex)(a+ barctan (cz?))® dz
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/(d + ez) (a + barctan (c:cz))2 dz
| 5397
/ (d(a + barctan (car:Q))2 + ez (a + barctan (ca:Q))z) dx

l 2009

3.25.  [(d+ ex)(a+ barctan (cz?))® dz
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doa? 2(—1)%4bdarctan ((—1)%*y/cz) a  2(—1)%/*bdarctanh((—1)%*y/cz) a
Ta® —

Ve Ve ,
—1)%/4b2d arctan ((—1)%/4
ibdz log (1 — icm2) a — tbdz log (iczr:2 + 1) a+ (=) arctan (( ) \/Ex)

Ve
) 2112 4/ 1712 . 3/4 2
%eﬁ (a + barctan (cm2))2 + Ze(a + barctan (ca: )) vV 1b darctanh(( 1) \/EI)

2¢c Ve
4772 1)3/4
- , R L 2v/—1b?darctan ((—1)%/4y/cz) log< ﬁx>
1b dzlog” (1 —icz )—fb dzlog” (icz” + 1)+ 7 :

V-1 ﬁw+1)

2v/—1b%d arctan ((—1)%/4y/cz) log (
Ve
. et
v/ —1b2 —1)3/4 1 —
b?darctan ((—1)%/4y/cz) og( VT/en
+
NG
2+/—1b%darctanh ((—1)%*y/cz) log (=

\/_
2v/—1b%darctanh ((—1)%/4,/cz) log (

EepvE)

& 1)3/4¢az+1>

Ve -
o )3/4)
v/—1b?darctanh((—1)%/4,/cz) log ( \/? ‘63 /j\(fci . )

Ve
(1+i) ( V—1yez+1
v/—1b2darctanh((—1)%/4,/cz) log ( (_<1)3/4fcz+1 ))
NG +
Y Tp2 _1)3/4 log [ (=D (D> vee+1)
v/ —1b%darctan ((—1)%/*\/cz) og( Y .\
\/E

v—1b?darctan ((—1

~—

8/4,/cx) log (1 —ica?)  /—1b*darctanh((—

C

1)3/4,/cx) log (1 — ica?) N
Ve

be(a + barctan (cz?)) log (ﬁ) v/—1b2d arctan ((—1)%/4y/cz) log (icz? + 1)
c Ve
/=1b2darctanh ((—1)3/4 log (icx® +1
arctanh(( \)/E Vea) log (icz” + 1) + ledx log (1 — icz?) log (icz® + 1) +
1)3/4p2d PolvL 21— 2 1)3/4p2d PolyL 2,1—
(-1) oly og<, 1_%/_—1\/&) (-1) olyLog /_fcz+1
Je Ve
\/i(fcw+ Vv —1)
(-1)3*p?d PolyLog | 2,1 — — —— 2
vV —1ca+1 N \4/ —1b2dPolyLog (2, 1-— W)
2v/c Ve
VB (Ve (-1
V=10dPolyLog (2,1 ~ i mey) | V- TbdPolyLos (2, (2 +1)
Ve

2./c
325.  [(d+ex)(a+ bﬁclt%g:cﬁ;}%f)gdfz - (1+i)({‘/—_1fcx+1) )

(—1)3/4ex+1



input

output

rule 2009

rule 5397
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{Int[(d + exx)*(a + bxArcTan[c*x~2])"2,x]

a~2xd*x - (2%(-1)~(3/4)*a*bxd*xArcTan[(-1)~(3/4)*Sqrt[c]*x])/Sqrtlc] + ((-1
)~ (3/4)*b~2xd*ArcTan[(-1) ~(3/4) #Sqrt [c]*x] ~2) /Sqrt[c] + ((I/2)*e*(a + b*Ar
cTan[c*x72])"2)/c + (exx"2x(a + bxArcTan[c*x~2])"2)/2 + (2%(-1)~(3/4)*a*b*
d*ArcTanh[(-1) " (3/4) *Sqrt [c]*x])/Sqrt[c] - ((-1)~(1/4)*b~2*d*ArcTanh[(-1)~
(3/4)*Sqrt[c]*x]~2)/Sqrtc] + (2%(-1)~(1/4)*b~2xd*ArcTan[(-1)~(3/4)*Sqrt([c
I*x]*Logl[2/(1 - (-1)"(1/4)*Sqrtlcl*x)])/Sqrtlc] - (2%x(-1)~(1/4)*b~2*d*ArcT
an[(-1)~(3/4)*Sqrt [c]*x] *Log[2/(1 + (-1)~(1/4)*Sqrtlcl*x)])/Sqrtlc] + ((-1
)~ (1/4)*b~2*d*ArcTan[(-1) ~(3/4) *Sqrt [c] *x] *Log [ (Sqrt [2] *((-1)~(1/4) + Sqrt
[c]*x))/(1 + (-1)~(1/4)*Sart[cl*x)])/Sqrtlc] + (2x(-1)~(1/4)*b~2xd*ArcTanh
[(-1)~(3/4)*Sqrt [c]*x]*Log[2/(1 - (-1)~(3/4)*Sqrt[cl*x)])/Sqrtlc] - (2*(-1
)~ (1/4) *b~2*d*ArcTanh [(-1) " (3/4) *Sqrt [c] *x] *Log[2/(1 + (-1)~(3/4)*Sqrt[c]*
x)]1)/Sqrtlc] + ((-1)~(1/4)*b~2*d*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]*Log[-((Sqrt
[21*((-1)7(3/4) + Sqrtlcl*x))/(1 + (-1)7(3/4)*Sqrtlcl*x))])/Sqrtlc] + ((-1
)~ (1/4)*b~2*d*ArcTanh [(-1) " (3/4) *Sqrt [c]*x] *Log[((1 + I)*x(1 + (-1)~(1/4)*S
agrtlcl*x))/(1 + (-1)7(3/4)*Sqrtcl*x)])/Sqrtlc] + ((-1)~(1/4)*b~2*d*ArcTan
[(-1)~(3/4)*Sqrt [c]*x]*Log[((1 - I)*(1 + (-1)"(3/4)*Sqrtlcl*x))/(1 + (-1)~
(1/4)*Sqrt[c]*x)])/Sqrt[c] + Ixa*b*d*x*Logl[l - I*c*xx~2] + ((-1)~(1/4)*b~2*
d*ArcTan[(-1)~(3/4)*Sqrt [c]*x] *Log[1 - I*c*x~2])/Sqrtlc] - ((-1)"(1/4)*b~2
*d*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]*Log[1 - I*c*x~2])/Sqrtlc] - (b~2*d*x*Logl
1 - I*c*x"2]72)/4 + (b*ex(a + bxArcTan[c*x~2])*Logl[2/(1 + I*c*x~2)]1)/c ...

3.25.3.1 Defintions of rubi rules used

-

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

e

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))"(p_)*((d.) + (e_)*(x_))"(m_.),
‘ x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x"n]) p, (d + e*x)"m, x],
- x] /; FreeQl{a, b, c, d, e, n}, x] & IGtQlp, 1] &k IGtQ[m, 0]

3.25.  [(d+ ex)(a+ barctan (cz?))® dz
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3.25.4 Maple [F]

/ (ez + d) (a + barctan (c xz))2dac

inputLint((e*x+d)*(a+b*arctan(c*x‘2))‘2,x)

output Lint ((exx+d)* (at+b*arctan(c*x~2)) ~2,x)

3.25.5 Fricas [F]

/(d + ex) (a + barctan (cx2))2 dx = / (ex + d) (barctan (cz?) + a)2 dx

inputLintegrate((e*x+d)*(a+b*arctan(c*x“2))“2,x, algorithm="fricas")

output‘integral(a‘2*e*x + a”2+%d + (b"2*%e*x + b~2xd)*arctan(c*x”2)"2 + 2x(axb¥e*x
‘+ axbxd) *arctan(c*xx~2), x)

3.25.6 Sympy [F]

/(d + ez) (a + barctan (ch))2 dx = / (a + batan (ch))2 (d+ex) dx

input Lintegrate ((e*x+d) * (a+b*atan (cxx**2) ) ¥*2,x)

output LIntegral((a + bxatan(cxx**2))**2x(d + e*x), x)

3.25.  [(d+ ex)(a+ barctan (cz?))® dz
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3.25.7 Maxima [F]

/(d + ex) (a + barctan (cx2))2 dz = / (ez + d) (barctan (cz®) + a)2 dz

p
input

integrate ((exx+d)*(a+b*arctan(c*x~2))~2,x, algorithm="maxima")

output

12%b~2xc~2*e*xintegrate(1/16*x~5*arctan(c*x~2)"2/(c"2*x"4 + 1), x) + b"2%c”
2*xexintegrate (1/16*x~5xlog(c™2*x"4 + 1)72/(c™2*x"4 + 1), x) + 12%xb~2%c™2xd
xintegrate(1/16*%x 4*arctan(c*x~2)"2/(c™2*x"4 + 1), x) + 4*b~2%c”~2*exintegr
ate(1/16xx"5*log(c™2*%x"4 + 1)/(c"2*x"4 + 1), x) + b"2*c"2xd*integrate(1/16
*x"4x1log(c™2*x"4 + 1)72/(c”2*%x"4 + 1), x) + 8*b"2*c"2*d*integrate(1/16*x~4
*log(c™2*x~4 + 1)/(c™2%x"4 + 1), x) + 1/2%¥a"2%e*x"2 + 1/8*b~2%e*arctan(c*x
~2)73/c - 8*%b~2*c*exintegrate(1/16*x"3*arctan(c*x~2)/(c"2*x"4 + 1), x) - 1
6*b~2*c*d*integrate(1/16*x"2*arctan(c*x~2)/(c"2*x"4 + 1), x) - 1/2%(c*(2*s
qrt(2)*arctan(1/2*sqrt (2) *(2*cxx + sqrt(2)*sqrt(c))/sqrt(c))/c”~(3/2) + 2*s
grt(2)*arctan(1/2*sqrt (2) *(2*c*x - sqrt(2)*sqrt(c))/sqrt(c))/c~(3/2) - sqr
t(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x + 1)/c~(3/2) + sqrt(2)*log(c*x™2 - sqrt
(2)*sqrt(c)*x + 1)/c~(3/2)) - 4*x*arctan(c*x~2))*axbkd + a~2xd*x + b~2xe*i
ntegrate(1/16*x*log(c™2*x"4 + 1)72/(c”2*x"4 + 1), x) + 12%b~2xd*integrate(
1/16*arctan(c*x~2)"2/(c"2*%x"4 + 1), x) + b"2xdxintegrate(1/16*log(c~2*x"4
+ 1)72/(c”2*%x"4 + 1), x) + 1/2%(2%cxx"2*arctan(c*x”"2) - log(c™2*x"4 + 1))=*
axbxe/c + 1/8*%(b"2%e*x"2 + 2%b~2*d*x)*arctan(c*x”2)72 - 1/32*(b"2*e*x"2 +
2¥b~2*d*x) *log(c™2*x"4 + 1)72

3.25.8 Giac [F]

/(d + ex) (a + barctan (cm2))2 dx = / (ex + d) (barctan (cz?) + a)2 dx

input‘

-

outputt

integrate ((e*x+d)*(atb*arctan(c*x~2))~2,x, algorithm="giac")

integrate((e*x + d)*(b*arctan(c*x"2) + a)~2, x)

| —

3.25.  [(d+ ex)(a+ barctan (cz?))® dz



CHAPTER 3. LISTING OF INTEGRALS 202

3.25.9 Mupad [F(-1)]

Timed out.

/(d+ex) (a + barctan (cavz))2 dx = / (a+batan(cx2))2(d+ex) dz

input Lint((a + b*atan(c*x72))"2x(d + e*x),x)

outputtint((a + bxatan(c*x~2))"2x(d + e*x), x)

3.25.  [(d+ ex)(a+ barctan (cz?))® dz
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3.96 f (a+b arctan(cx2))2 da

d+ex
3.26.1 Optimalresult . . . . . . .. . ... ... 203]
3.26.2 Mathematica [N/A] . . . . ... .. 203
3.26.3 Rubi [N/A] © « o o oo oo e e P!
3.26.4 Maple [N/A] (verified) . . . . . . . ... . 204
3.26.5 Fricas [N/A] . . . . . 205
3.26.6 Sympy [F(-1)] . . . . e 2051
3.26.7 Maxima [N/A] . . . . . . . 205
3.26.8 Giac [N/A] . . . . . o
3.26.9 Mupad [N/A] . . . . 206!

3.26.1 Optimal result

Integrand size = 20, antiderivative size = 20

2\\2 2112
/(a—l—barctan (cz?)) dx:Int<(a+barctan (cz?)) ,x)

d+ex d+ex

output

Unintegrable ((a+b*arctan(c*x~2)) "2/ (exx+d),x)

N J

3.26.2 Mathematica [N/A]

Not integrable

Time = 51.61 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + barctan (cz?))? dp — (a + barctan (cz?))?

d+ex d+ex dz

inputLIntegrate[(a + bxArcTan[c*x~2])"2/(d + e*x),x] J

outputklntegrate[(a + b*ArcTan[c*x"2])"2/(d + exx), x] J

2
3.26. [ letberctan(el)) g,
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3.26.3 Rubi [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5399}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + barctan (cm2))2 de

d+ex

l 5399

21\ 2
/(a—l—barctan (cz?)) s
d+ex

input‘ Int[(a + b*ArcTan[c*x~2])"2/(d + exx),x]

output L$Aborted

rule 5399‘{Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.)) " (p_.)*((d_.) + (e_.)*(x_)) " (m_.

3.26.3.1 Defintions of rubi rules used

‘), x_Symbol] :> Unintegrable[(d + e*x) m*(a + b*ArcTan[c*x"n])~p, x] /; Fre
‘eQ[{a, b, ¢, d, e, m, n, p}, x]

————————

3.26.4 Maple [N/A] (verified)
Not integrable

Time = 0.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + barctan (cz?))’

ex+d de

input ‘ int ((at+b*arctan(c*x~2)) "2/ (exx+d) ,x)

output Lint ((a+b*arctan(c*x~2)) ~2/ (e*xx+d) ,x)

326 f (a+b arctan (012))2 d

d+ex z
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3.26.5 Fricas [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

2Y)2 2 2
/ (a + barctan (cz?)) dp — / (barctan (cz?) + a) i
d+ex er +d

inputLintegrate((a+b*arctan(c*x‘2))‘2/(e*x+d),x, algorithm="fricas")

output Lintegral((b‘2*arctan(c*x’"2)’"2 + 2*%axbkarctan(c*x~2) + a~2)/(e*x + d), x)

3.26.6 Sympy [F(-1)]

Timed out.

2
dz = Timed out

/ (a + barctan (cz?))
d+ex

p
input Lintegrate ((atb*atan(c*x**2))**2/ (exx+d) ,x)

-/

output LTimed out

-/

3.26.7 Maxima [N/A]

Not integrable

Time = 0.62 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

dx

/ (a + barctan (cz?))’ (barctan (cz?) + a)’
dx =
d+ex er+d

input Lintegrate ((atb*arctan(c*x~2)) "2/ (e*x+d) ,x, algorithm="maxima")

output‘ a"2*xlog(exx + d)/e + integrate((b~2*arctan(c*x”2)~2 + 2xaxbxarctan(c*x~2))
/(exx + d), x)

2
3.26. [ letbarctan(l)) gy
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3.26.8 Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2Y)2 2 2
/ (a + barctan (cz?)) dp — / (barctan (cz?) + a) i
d+ex er +d

inputLintegrate((a+b*arctan(c*x‘2))‘2/(e*x+d),x, algorithm="giac")

output Lintegrate((b*arctan(c*x"2) + a)"2/(exx + d), x)

3.26.9 Mupad [N/A]

Not integrable

Time = 0.38 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

21)2 2\1\2
/(a+barctan(cx ) dx=/(a+batan(cx ) s
d+ex d+ex

input Lint((a + b*atan(c*x~2))"2/(d + e*x),x)

output‘ int((a + b*atan(c*x72))"2/(d + e*x), x)

2
3.26. [ letberctan(el)) g,
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(a+barctan (cz?)) 2
(d+ex)
3.27.1 Optimalresult . . ... ... ... .. . 207
3.27.2 Mathematica [N/A] . . . . . . . . 207
3.27.3 Rubi [N/A] . . o oot oo e 208
3.27.4 Maple [N/A] (verified) . . . . . . ... ... L 208
3.27.5 Fricas [N/A] . . . . . 209
3.27.6 Sympy [F(-1)] . . . . o 209
3.27.7 Maxima [F(-2)] . . . . . .. .. 209
3.27.8 Giac [N/A] . . . . . o 210
3.27.9 Mupad [N/A] . . . o 210

3.27.1 Optimal result

Integrand size = 20, antiderivative size = 20

(d+ ex)?

2112
/ (a + barctan (cz?)) dp — Int(

(a + barctan (cz?))’

(d+ ex)?

output ‘ Unintegrable ((atb*arctan(c*x~2)) "2/ (exx+d)~2,x)

3.27.2 Mathematica [N/A]

Not integrable

Time = 108.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + barctan (cz?))’

(d+ ex)?

dzr =

(a + barctan (cz?))’

(d+ex)?

dx

input

N

Integrate[(a + bk*ArcTan[c*x"2])72/(d + e*xx)~2,x]

output‘ Integrate[(a + b*ArcTan[c*x72])72/(d + exx)~2, x]

3.27.

J

2\) 2
(a+b a,rctan(cx )) d

(dte2)? z
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3.27.3 Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 0, number of rules _ 0.000, Rules used = {5399}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + barctan (03102))2 d
/ (d+ ex)? v

l 5399

(a + barctan (c:z:z))2
/ dten? ©

input\ Int[(a + b*ArcTan[c*x~2])"2/(d + e*x)~2,x] \

output L$Aborted ‘

3.27.3.1 Defintions of rubi rules used

‘Int[((a_.) + ArcTan([(c_.)*(x_ )" (n_)]1*(b_.))"(p_.)*x((d_.) + (e_.)*(x_)) " (m_. |
‘), x_Symbol] :> Unintegrable[(d + e*x) “m*(a + b*ArcTan[c*x"n])~p, x] /; Fre
‘eQl{a, b, c, d, e, m, n, p}, x]

|\

3.27.4 Maple [N/A] (verified)

Not integrable
Time = 1.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + barctan (cz?))”
(ex + d)?

dz

input Lint ((at+b*arctan(c*xx~2)) 2/ (e*x+d) ~2,x) J

output Lint ((a+b*arctan(c*x”2)) "2/ (exx+d) ~2,x)

e

~—  /

2
37, [ lotbeaene) gy
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3.27.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

(a +barctan (cz?))® . [ (barctan (cz?) + a)’
/ dteny? ©7 / @id?  ©

inputLintegrate((a+b*arctan(c*x“2))”2/(e*x+d)“2,x, algorithm="fricas")

output‘integral((b“2*arctan(c*x‘2)“2 + 2xaxbxarctan(c*x”2) + a”2)/(e”2%x"2 + 2x*d*
‘e*x + d"2), x)

3.27.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (a + barctan (cz?))?
(d + ex)?

input‘integrate((a+b*atan(c*x**2))**2/(e*x+d)**2,x)

output LTimed out

3.27.7 Maxima [F(-2)]

Exception generated.

dxr = Exception raised: RuntimeError

/ (a + barctan (cz?))?
(d+ ex)?

inputtintegrate((a+b*arctan(c*x“2))‘2/(e*x+d)“2,x, algorithm="maxima")

output‘Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is un
'defined.

2
37, [ lotbeaene) gy
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3.27.8 Giac [N/A]
Not integrable

Time = 2.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

212 2 2
(a + barctan (cz?)) dp — (barctan (cz?) + a) i

(d+ ex)? (ex + d)2

inputLintegrate((a+b*arctan(c*x“2))”2/(e*x+d)“2,x, algorithm="giac")

outputLintegrate((b*arctan(c*x‘2) + a)~2/(e*x + d)~"2, x)

3.27.9 Mupad [N/A]
Not integrable

Time = 0.49 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

i

(a + barctan (cz?))? _ [ (a+batan(c z2))?
/ (d + ex)? = / (d+ex)’

inputtint((a + b*atan(c*x~2))"2/(d + e*x)"2,x)

outputtint((a + b¥atan(c*x~2))"2/(d + e*x)~2, x)

2
37, [ lotbeaene) gy
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3.28 [(d + ex)? (a + barctan (cz?)) dz

3.28.1 Optimal result . . . . . . .. . ... . 211
3.28.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.28.3 Rubi [A] (verified) . . . . . ... .. 212
3.28.4 Maple [B] (verified) . . . . ... .. ... 214
3.28.5 Fricas [F(-2)] . . . . . o o i 215
3.28.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 27151
3.28.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 216
3.28.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 217
3.28.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 218

3.28.1 Optimal result

Integrand size = 18, antiderivative size = 315

bdearctan (¥/cz)  bd® arctan (cz®)

/(d + ex)? (a + barctan (cz®)) do = —

02/3 B 3e
(d + ex)? (a + barctan (cz?))
+ 3e
bde arctan (v/3 — 2/cz)
+ 2c2/3
bde arctan (v/3 + 2/cz)
2c2/3
v/3bd? arctan (%) bd? log (1 + 02/3x2)
+ ST + e
V/3bdelog (1 — v/3+/cz + c*/3z?)
4¢2/3
N V/3bdelog (14 v/3</cx + */32?)
4c2/3
bd*log (1 — 3% + *3z*)  be?log (1 + xd)
- 4/c B 6c

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz
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output | -bxd*e*arctan(c~(1/3)*x)/c~(2/3)-1/3*b*d~3*arctan(c*x~3)/e+1/3* (e*xx+d) ~3*(
a+b*arctan(c*x~3))/e-1/2*b*d*e*arctan(2*c~(1/3)*x-3"(1/2))/c~(2/3)-1/2*%b*d
*exarctan(2xc” (1/3) *x+37(1/2))/c~(2/3)+1/2*b*d"2*1n(1+c~(2/3)*x~2) /c~(1/3)
-1/4xb*d"2*%1n(1-c~(2/3) *x"2+c~(4/3)*x~4) /c~(1/3)-1/6*b*e"2*x1n(c"2*x"6+1) /c
+1/2*b*d"~2*%arctan(1/3*(1-2*%c~(2/3)*x~2)*3~(1/2))*3°(1/2) /c~(1/3) -1/4*b*d*e
*1n (1+c~(2/3)*x~2-¢c~(1/3) *x*x3~(1/2))*3~(1/2) /c~(2/3) +1/4*b*d*e*x1n(1+c~(2/3
)*x"2+¢c”(1/3) *x*37(1/2))*37(1/2) /c~(2/3)

3.28.2 Mathematica [A] (verified)

Time = 106.47 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.94

/(d + ex)? (a + barctan (cz®)) dz
_ 12acd’z 4 12acdex® 4 4ace®s® — 12by/cde arctan (V/cx) + 4bex(3d? + 3dex + e22?) arctan (cz®) + 6b+/c

input{Integrate[(d + e*x)"2x(a + b*ArcTan[c*x~3]),x]

output | (12%a*xcxd~2*x + 12%axckd*e*xx~2 + 4*axckxe™2*%x"3 - 12xb*xc~(1/3)*d*e*ArcTan[c
~(1/3)*x] + 4xb¥ckx*(3*d"2 + 3*dkexx + e"2xx"2)xArcTan[c*x"3] + 6xb*c~(1/3
)*d*(Sqrt [3]1*c~(1/3)*d + e)*ArcTan[Sqrt[3] - 2*c~(1/3)*x] + 6xb*c~(1/3)*dx*
(Sqrt[31*c~(1/3)*d - e)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 6*bxc~(2/3)*d"2*Lo
gll + c~(2/3)*x72] - 3%bxc”~(1/3)*d*(c~(1/3)*d + Sqrt[3]*e)*Logl[l - Sqrt[3]
*xc~(1/3)*x + ¢~ (2/3)*x~2] - 3*b*c~(1/3)*d*(c~(1/3)*d - Sqrt[3]*e)*Logl[l +
Sqrt [31*c~(1/3)*x + c~(2/3)*x~2] - 2*b*e~2xLogl[l + c™2*x76])/(12*c)

3.28.3 Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 325, normalized size of antiderivative = 1.03,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez)? (a + barctan (cz®)) dz

l 5395

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz
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(d+ em)3 (a + barctan (6:1:3)) be f $2(d+ew)3

c2x8+1
3e e
| 2370
3de2z4 3d%ez3 d3+e3x3)x?
(d+ ex)? (a + barctan (cz®)) B be | ((:2::6::-1 t s T ( c2z6+1) ) dz
3e e
| 2009
(d + ex)? (a + barctan (cz?))
) 3e
2/3.2
b \/gdzeamtan(l_chx) de? arctan( %ac) de? arctan (\/3—2 3 Cz) de? arctan (2 3 Cz+\/§> d® arctan (cz®) d2elc
cl — 2c4/3 + 573 - 20573 + 20573 + 3c -

p
input LInt[(d + e*xx)~2%(a + b*ArcTan[c*x~3]),x]

~—

output | ((d + exx) " 3*(a + b*ArcTan[c*x"3]))/(3*e) - (bk*c*x((d*e 2*ArcTan[c”~(1/3)*x]
)/c~(5/3) + (d"3*ArcTan[c*x~3])/(3%c) - (d*e~2xArcTan[Sqrt[3] - 2*c~(1/3)*
x])/(2xc~(5/3)) + (d*e~2*ArcTan[Sqrt[3] + 2*c~(1/3)*x])/(2*c~(5/3)) - (Sqr
t [3]1*d"2*exArcTan[(1 - 2%c~(2/3)*x~2)/Sqrt[3]1]1)/(2%c~(4/3)) - (d~2xexLogl1
+ ¢~ (2/3)*x72])/(2%c~(4/3)) + (Sqrt[3]*dxe~2*Logl[l - Sqrt[3]*c~(1/3)*x +
c~(2/3)*x72])/(4*c~(56/3)) - (Sqrt[3]*d*e~2*Logl[l + Sqrt[3]*c~(1/3)*x + c~(
2/3)*x72])/(4%c~(5/3)) + (d"2xexLogll - c~(2/3)*x"2 + c~(4/3)*x"4]1)/ (4*c™(
4/3)) + (e~3%Logl[l + c™2*x~6]1)/(6%c~2)))/e

3.28.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2370 Int [((Pq_)*((c_.)*(x))"(@_.))/((a)) + (b_)*(x)"(n_)), x_Symbol] :> With[ |
{v = Sum[(c*x)~(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2) |
)/(cii*(a + bxx"n))), {ii, 0, n/2 - 111}, Intlv, x] /; SumQ[vl] /; FreeQ[{ |
'a, b, c, m}, x] & PolyQ[Pq, x] & IGtQ[n/2, 0] & Expon[Pq, x] < n |

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz
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rule 5395 Int[((a_.) + ArcTan[(c_.)*(x_)~(n_)Ix(b_.))*((d)) + (e_.)*(x_))"(m_.), x_Sy |
‘mboll :> Simp[(d + e*x)~(m + 1)*((a + bxArcTan[c*x™nl])/(ex(m + 1))), x] - S |
Cimp[b¥c*(n/(ex(m + 1))) Int[x"(n - 1)*((d + exx)~(m + 1)/(1 + ¢ 2%x"(2%n) |
1)), x1, x] /; FreeQl{a, b, c, d, e, m, n}, x] & NeQ[m, -1] |

3.28.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 502 vs. 2(244) = 488.

Time = 33.36 (sec) , antiderivative size = 503, normalized size of antiderivative = 1.60

method | result
In <a:2+\/§
el -
3 2 3) .3 3\ 43
default a(em?’—jd) +b w + earctan (cz®) d z? + arctan (cz®) d®z + arcmng(zx )d
In <z2+\/§
el -
3 2 3\ .3 3\ 43
parts slertd) 1 p w + earctan (cz®) d z? + arctan (c2®) d°z + arcmnézw )d
input Lint ((e*x+d) ~2* (a+b*arctan(c*x~3)) ,x,method=_RETURNVERBOSE) J

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz
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output | 1/3*a* (e*xx+d) ~"3/e+b*(1/3*e"2*arctan(c*x"3) *x~3+e*arctan(c*x~3)*d*x"2+arcta
n(c*x~3)*d"2*x+1/3/e*xarctan(c*x~3) *d~3-c/e* (-1/4*1n(x"2+37(1/2)*(1/c"2)" (1
/6)*x+(1/c~2)~(1/3))*3~(1/2)*(1/c~2) ~(5/6) *d*e~2+1/4*1n(x~2+3" (1/2) *(1/c"2
)" (1/6)*x+(1/c~2) ~(1/3))*(1/c~2) ~(2/3) *d"2%e+1/6/c~2*1n(x~2+3~ (1/2)*(1/c~2
)~ (1/6)*x+(1/c~2) ~(1/3))*e~3+1/2/c~2/(1/c~2)~(1/6) *arctan (2*x/(1/c~2) ~(1/6
)+37(1/2) ) *d*e~2-1/2*(1/c~2) ~(2/3) *arctan(2*x/(1/c~2) ~(1/6)+3~(1/2))*3~(1/
2)*d"2xe+1/3*%(1/c~2) " (1/2) *arctan(2*x/(1/c~2)~(1/6)+3~(1/2) ) *d~3+1/4*1n(x"
2-37(1/2)*(1/c"2)~(1/6) *x+(1/c~2)~(1/3))*3~(1/2)*(1/c~2) " (5/6) *d*e~2+1/4%1
n(x"2-37(1/2)*(1/c"2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) " (2/3) *d"2*e+1/6/c~2%x1
n(x"2-37(1/2)*(1/c"2)~(1/6) *x+(1/c~2)~(1/3) )*e~3+1/2/c~2/(1/c~2) ~(1/6) *arc
tan(2*x/(1/c~2)~(1/6)-37(1/2) ) *d*e~2+1/2%(1/c~2) " (2/3) *arctan(2*x/(1/c"2)"
(1/6)-3"(1/2))*3"(1/2)*d"2*e+1/3*(1/c"2) "~ (1/2)*arctan(2*x/(1/c~2)~(1/6)-3"
(1/2))*d~3-1/2%1n(x"2+(1/c~2)"(1/3))*(1/c"2) " (2/3) *d"2*e+1/6/c"2*1n(x"2+(1
/c™2)"(1/3))*e~3-1/3%(1/c2) " (1/2) *arctan(x/(1/c~2)~(1/6))*d~3+1/c~2/(1/c”
2)~(1/6)*arctan(x/(1/c~2)~(1/6))*d*e~2))

3.28.5 Fricas [F(-2)]

Exception generated.

/ (d+ ex)? (a + barctan (cz®)) dz = Exception raised: RuntimeError

input’integrate((e*x+d)‘2*(a+b*arctan(c*x“3)),x, algorithm="fricas")

p

outputtException raised: RuntimeError >> no explicit roots found

~—

3.28.6 Sympy [A] (verification not implemented)

Time = 22.95 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.48

/(d + ez)? (a + barctan (cz®)) dz

aez?

= ad’z + adex® + — 3bed? RootSum (216¢%c* + 1, (t — tlog (36t*c® + 2?)))
— 3bcde RootSum (46656t°c™ + 1, (t — tlog (7776t°c® + z))) + bd’z atan (cz?)

+ bdez? atan (cac3) + be? 0 forc=0
@3 atan (cz®)  log (c?z°+1)

3 o otherwise

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz



CHAPTER 3. LISTING OF INTEGRALS

216

input | integrate ((e*x+d)**2* (at+b*atan(cxx**3)) ,x)

output | a*d**2*x + axdkexx*k*2 + ake**2*x**x3/3 - 3xbkckd**k2*RootSum(216* _t**3xcx*x4

tan(c*x**3) /3 - log(c**2*x*x6 + 1)/(6*c), True))

+ 1, Lambda(_t, _t*log(36%_t*x*2xc**2 + x**2))) - 3*b*c*d*e*RootSum(46656%_
tx*k6xc*x*x10 + 1, Lambda(_t, _t*log(7776%_t**b*xc**8 + x))) + b*d**2*x*atan(c
*x*%3) + b*d*exx**2xatan(cxx**3) + bxe*x*2xPiecewise((0, Eq(c, 0)), (x**3*a

3.28.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 280, normalized size of antiderivative = 0.89

/(d + ex)? (a + barctan (cz®)) dz ae 7° + adex®
cha2_ch \
1 2+4/3 arctan < ( 3 )> log (c%x‘l S 3% B 1> 2 log (c%m§+1>
- le . + . — - — 4z arctan (cz®)
4 c3 c3 c3
1 v/3log <c§x2 1+ /3csz + 1) V/3log (chz —3csz + 1> 4 arctan (c’g
+= | 42%arctan (cx3) +c = — = — =
4 Cc3 Cc3 Cc3
+_ade_l__(2ca:3a,rctan(cx3)——log(cza:G—I-].))be2

6c¢c

input‘integrate((e*x+d)“2*(a+b*arctan(c*x”3)),x, algorithm="maxima")

output | 1/3*axe”~2*xx"3 + axd*e*x~2 - 1/4x(c*x(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3
)*x"2 = ¢7(2/3))/c™(2/3))/c”(4/3) + log(c™(4/3)*x~4 - c~(2/3)*x72 + 1)/c™(
4/3) - 2%log((c~(2/3)*x"2 + 1)/c~(2/3))/c~(4/3)) - 4*x*arctan(c*x~3))*b*d"~
2 + 1/4%(4*x"2*arctan(c*x”3) + c*(sqrt(3)*log(c~(2/3)*x"2 + sqrt(3)*c~(1/3
)*x + 1)/c”(5/3) - sqrt(3)*log(c™(2/3)*x"2 - sqrt(3)*c~(1/3)*x + 1)/c~(5/3
) - 4xarctan(c~(1/3)*x)/c~(5/3) - 2*arctan((2*c”~(2/3)*x + sqrt(3)*c~(1/3))
/c~(1/3))/c~(5/3) - 2*arctan((2*c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c”(5
/3)))*bxd*e + a*d~2*x + 1/6%(2xc*x"3*arctan(c*x~3) - log(c™2%x~6 + 1))*b*e

~2/c

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz
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3.28.8 Giac [A] (verification not implemented)

Time = 9.73 (sec) , antiderivative size = 312, normalized size of antiderivative = 0.99

/(d + ex)? (a + barctan (cz®)) dz

1 1
= = be?z3 arctan (cx3) + = ae*z® + bdex? arctan (cx3) + adex?® + bd?x arctan (cx3)

3 3
1 1
bede arctan ($|c|%> <\/§bcd2|c|3 — bcde) arctan (<2x + ﬁ) |c| 3)
+ ad’x — - + .
lel* 2[cf*
<\/§bcd2|c|é + bcde) arctan ((2x — %) |c|§)
o 5
2]cf?
M 12 ¢?
3 3 V3 1
(3 V/3bcdelc|3 + 3bed?|c|3 + 2 bce2> log (x2 — I_IS%% + W)
- 122
(3 bcd2|c|% — bceQ> log <w2 + ?)
* 6 c?

inputLintegrate((e*x+d)‘2*(a+b*arctan(c*x“3)),x, algorithm="giac")

output

~—

1/3*b*e”2*x"3*arctan(c*x"3) + 1/3*a*e”2%x"3 + b*d*exx~2*arctan(c*x~3) + ax
d*e*x”2 + bxd"2+x*arctan(c*x”~3) + a*d"2xx - b*c*dxexarctan(x*abs(c)~(1/3))
/abs(c)~(5/3) + 1/2x(sqrt(3)*b*cxd~2*abs(c)”~(1/3) - bxcxd*e)*arctan((2*x +
sqrt(3) /abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) - 1/2x(sqrt(3)*bxcxd"2*a
bs(c)~(1/3) + b*cxd*e)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/a
bs(c)~(5/3) + 1/12%(3*sqrt(3)*b*cxd*e*abs(c)~(1/3) - 3*bxc*d 2*abs(c)~(2/3
) - 2xb*cxe”2)*log(x”~2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c”2 - 1/
12% (3*sqrt (3) *b*c*d*e*abs (c) ~(1/3) + 3*bxcxd~2*abs(c)~(2/3) + 2%bkc*ke~2)*1
og(x"2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c"2 + 1/6*(3xbxc*d~2*abs
(c)~(2/3) - bxcxe~2)*log(x~2 + 1/abs(c)~(2/3))/c"2

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz
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3.28.9 Mupad [B] (verification not implemented)

Time = 0.59 (sec) , antiderivative size = 988, normalized size of antiderivative = 3.14

/(d + ez)? (a + barctan (cz?)) dz

2,3 6
= atan(cz®) (bd2x+bdez2+ begm ) + (Zln (z (60°c"d®e® — 162b° ¢’ d° €?)
k=1

+root (46656 a® c®+46656 a° b c® e +19440 a* b* ¢* e* + 4320 a® b° ¢* € — 11664 a® b° ¢ d°+ 20412 0 b* * '
—2436° P d’ e+ 9b° " d® €7) root (46656 a’ c® + 46656 a® b’ €® + 19440 a* b° ¢* €
+4320a° b * €® — 11664 a® b° ¢ d° + 20412 a® b* ¢* d° € + 540 a® b* ¢* €® — 972 b° ¢* d° €*
ae?z?
3

+36ab’ce —54b662d6€6+729b604d12+b6612,a,k2)) + +ad’*z+adex?

s N

input‘int((a + b*atan(c*x”"3))*(d + exx)~2,x)

e ™

output | atan(c*x~3)*((b*e”2%x73) /3 + b*xd~2xx + bxdxexx~2) + symsum(log(x*(6xb~5*xc”
T*d"2xe”8 - 162*b~5*xc"9*d"8*e”2) + root(46656*xa~6*xc”"6 + 46656*a~5*bxc 5xe”
2 + 19440%a"4*b"2*%c"4*e”"4 + 4320%a"3*b"3*c”"3*%e”6 - 11664%*a~3*%b"3*c"5xd"6 +
20412%a~2%b"4*c"4*d"6*e”2 + 540*a"2%b"4*xc"2%e”"8 - 972*ax*b"bxc"3*d"6*e”4 +
36*a*xb~5*xcxe”10 - 54*b~6*xc"2*%d"6*%e”6 + 729*¥b"6*c~4*d"12 + b~ 6*e”12, a, k)
* (x* (486*b~4*c~10*%d"8 + 90*b~4*c~8*d"2*e”~6) - root(46656*a~6*c”6 + 46656*a
“Bxbxc"5%e”2 + 19440%a”4*b"2%c"4*xe”4 + 4320*%a”3*%b"3*c"3*%e"6 - 11664*a”3*b”
3*xc”5*d"6 + 20412%a”2%b"4*c”"4*d"6xe”2 + 540%a”2%b"4xc"2%xe”8 - 972*axb"b*xc”
3*xd"6*e"4 + 36%a*b"bxcke”10 - 54*b"6*c"2*d"6*e"6 + T729%b"6*c"4*d"12 + b"6*
e”12, a, k)*(root(46656*a~6*xc~6 + 46656*a~5*xb*c~5xe”2 + 19440*a”4*b~2*kc 4x*
e”4 + 4320%a"3*b"3*c"3*%e"6 - 11664*a”3*%b"3*%c"5xd"6 + 20412%a"2%b"4*c"4*d"6
*e"2 + 540*a"2%b"4*c"2%e"8 - 972%axb"bxc"3*xd"6%e"4 + 36%a*b 5S5*xc*ke”10 - 54x*
b"6xc"2xd"6*e”6 + T29*¥b"6xc”4*xd"12 + b"6xe”12, a, k)*(3888*b"2xc”~10*d"3*e
+ 3888*root (46656*a"6*xc”6 + 46656*a~5xbxc 5xe”2 + 19440*a~4*b~2*c"4*e"4 +
4320*%a"3*b"3*%c"3*%e”"6 - 11664*a”~3*b"3*%c”5%xd"6 + 20412%a”2%¥b"4*c”"4*d"6*e”2 +
540%a”2*¥b"4*c"2*%e"8 - 972%a*b"bxc"3*d"6*e”"4 + 36*a*b 5*cxe”10 - 54*%b"6xc”
2+%d"6%e”6 + 729*b"6xc"4*d"12 + b~6*e”12, a, k)*bxc~11*d"2*x + 648%b~2%c~10
*d"2%e”2xx) + 972*%b"3*c”9*d"3*e”3 - 324*xb”"3*%c"9*xd"2%e"4*x)) - 243*b”5*c"9%
d"9%e + 9*b"5*c”T7*xd"3*e”7)*root (46656*a~6*%c"6 + 46656*a~5xb*c 5xe”"2 + 1944
O*xa~4*xb~2%xc"4*e"4 + 4320*%a”3*xb"3*c"3*e”6 - 11664*a”~3*%b"3*%c"5*%d"6 + 2041...

3.28.  [(d+ ex)?(a+ barctan (cz?)) dz



output
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p

3.29 [(d + ex) (a + barctan (cz?)) dz

3.29.1 Optimalresult . . . . . . .. . ... .. 219
3.29.2 Mathematica [A] (verified) . . . . . . ... ... .. L Lo oL 220
3.29.3 Rubi [A] (verified) . . . . . ... .. 220
3.29.4 Maple [A] (verified) . . . ... . ... ... 222
3.20.5 Fricas [F(-2)] . . . . . o o 223
3.29.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 223]
3.29.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ... 227
3.29.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 225
3.29.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 220

3.29.1 Optimal result

Integrand size = 16, antiderivative size = 285

bearctan (v/cz)  bd?arctan (cz®)

3 _ -
/(d + ex) (a + barctan (cx )) dr = 2¢2/3 2e

N (d + ex)? (a + barctan (cz?))

2e
bearctan (v/3 — 2¢/cz)  bearctan (V3 + 2/cz)
+ 4c2/3 o 4¢2/3
v/3bd arctan (%) bdlog (1 + c*/3z?)
+ G + 2T
V/3belog (1 — v/3/cx + ¢*/3z?)
8¢2/3
V/3belog (1 + v3/cz + */32?)
+ 8¢2/3
bdlog (1 — /32?4 ¢*/3z%)
4/c

-1/2%b*exarctan(c”(1/3)*x)/c”(2/3)-1/2*¥b*d"2*arctan(c*x"3) /e+1/2* (e*x+d) "2
* (a+b*arctan(c*x~3))/e-1/4xb*exarctan(2*c~(1/3)*x-37(1/2)) /c~(2/3)-1/4*b*e
*arctan(2xc” (1/3) *x+37(1/2))/c~(2/3)+1/2xb*d*1n(1+c~(2/3)*x~2) /c~(1/3)-1/4
*bxd*1n(1-c~(2/3) *x"2+c~(4/3)*x~4) /c~(1/3)+1/2*%b*d*arctan (1/3* (1-2xc~(2/3)
*x"2)*37(1/2))*37(1/2)/c~(1/3)-1/8*b*e*x1n(1+c~(2/3) *x"2-c~(1/3) *x*3~(1/2))
*37(1/2)/c~(2/3)+1/8*bxex1n(1+c~(2/3) *x~2+c~ (1/3) *x*3~(1/2))*3~(1/2) /c~(2/
3)

329.  [(d+ex)(a+ barctan (cz?)) dz




input

output
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3.29.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.09

b t Y
/ (d+ ex) (a+ barctan (cz®)) dz = adz + %oueac2 — earczizl/:g\/ax)

N be arctan (\/ﬁ — 2v/cx) B be arctan (\/g + 2v/cz)

+ bdz arctan (cz®)

+ %be:c2 arctan (cm3)

4c2/3 4c2/3
V/3belog (1 — V3V/ca + ¢*32?)  v/3belog (1 + v3/cx + ¢**a?)
- +
8c2/3 8c2/3
bd(—2+v/3arctan (v/3 — 2/cz) — 2v/3arctan (v/3 + 2v/cx) — 2log (1 + ¢*/3z%) + log (1 — v/3/cx + «

4v/c

e

tIntegrate [(d + e*x)*(a + b*ArcTan[c*x~3]),x]

~—

axd*x + (a*e*x~2)/2 - (bxexArcTan[c”(1/3)#*x])/(2*c~(2/3)) + b*d*x*ArcTan[c
*x7"3] + (b*exx~2*ArcTan[c*x73])/2 + (b*exArcTan[Sqrt[3] - 2xc~(1/3)*x])/(4
*c~(2/3)) - (bxexArcTan[Sqrt[3] + 2*c~(1/3)*x])/(4*c~(2/3)) - (Sqrt[3]*b*e
*Log[1 - Sqrt[3]*c~(1/3)*x + c~(2/3)*x72])/(8%c~(2/3)) + (Sqrt[3]*b*exLogl
1 + Sqrt[3]*c~(1/3)*x + c~(2/3)*x72])/(8%c~(2/3)) - (b*d*(-2xSqrt[3]*ArcTa
n[Sqrt[3] - 2*c~(1/3)*x] - 2xSqrt[3]*ArcTan[Sqrt[3] + 2*c~(1/3)#*x] - 2*Log
[1 + c~(2/3)*x72] + Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x"2] + Logl[l + Sqr
t[3]*c™(1/3)*x + c~(2/3)*x72]))/(4%xc~(1/3))

3.29.3 Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.04,
number of steps used = 3, number of rules used = 3, Lumber of rules _ () 188 Ryles used

integrand size
= {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(d + ez) (a + barctan (cz®)) dz

l 5395
(d-+ ex)? (o + barctan (ea)) _ 3be ) * {555 do
2e %
l 2370

329.  [(d+ex)(a+ barctan (cz?)) dz
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2.4 2d 3 d2 2
(d + ex)? (a + barctan (c:c3)) 3be [ (c2exg+1 + czx%aj.l + czzgc.l_l) d

2e 2e
l 2009

(d + ex)? (a + barctan (cz?))
2e

d? arctan(cm3) . delog(02/3:

V/3c4/3 3cb/3 6cb/3 6c5/3 + 3c

3be (_ dearctan (%) n e2 arctan< %m) e? arctan <\/§—2 %x) n e? arctan (2 %z+\/§>

3c4/3

2e

input‘Int[(d + exx)*(a + b*ArcTan[c*x~3]),x]

output| ((d + e*xx)~2x(a + b*ArcTan[c*x"3]))/(2%e) - (3*b*c*((e~2*ArcTan[c~(1/3)*x]
)/ (3%c~(5/3)) + (d"2xArcTan[c*x"3])/(3*c) - (e~ 2*ArcTan[Sqrt[3] - 2xc~(1/3
)*x])/(6%c~(5/3)) + (e"2*ArcTan[Sqrt[3] + 2xc~(1/3)*x])/(6%c~(5/3)) - (dxe
*ArcTan[(1 - 2xc~(2/3)*x72)/Sqrt[3]1]1)/(Sqrt[3]*c~(4/3)) - (d*exLogl[l + c~(
2/3)*x72])/(3%xc™(4/3)) + (e”2xLog[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x~2])/(4
*Sqrt [31*c~(5/3)) - (e"2*Logl[l + Sqrt[3]*c”~(1/3)*x + c~(2/3)*x72])/(4*Sqrt
[31*c~(5/3)) + (d*exLogll - c~(2/3)*x72 + c~(4/3)*x74])/(6%xc™(4/3))))/(2%e
)

3.29.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2370 | Int [((Pq_)*((c_.)*(x_)) " (m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[
{v = Sum[(c*x)~"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c"ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Intl[v, x] /; SumQ[vl] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

rule 5395 | Int[((a_.) + ArcTan[(c_.)*(x_)~(n_)I1*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + exx)"(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - S
imp [b*c*(n/(ex(m + 1))) Int[x"(n - 1)*((d + exx)"(m + 1)/(1 + c~2*x”(2+%n)
)), x1, x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

329.  [(d+ex)(a+ barctan (cz?)) dz
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3.29.4 Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.07

method | result

(24 (3) o () ) 5 (3) el
3c| — ) +
default | a(iexz®+dz) +b M + arctan (cz®) dz —
1 1 5
(#2455 (&) Per(d)*) ()5 (=2
3c| — s +
parts a(3ez® +dz) +b mangﬂ + arctan (cx®) dr —

inputLint((e*x+d)*(a+b*arctan(c*x‘3)),x,method=_RETURNVERBOSE)

-/

output | a* (1/2%exx~2+d*x) +b* (1/2*arctan(c*x~3) *x~2*e+arctan(c*x~3) *d*x-3/2%c*(-1/1
2x1n (x~2+37(1/2)*(1/c”2) " (1/6) *x+(1/c~2) ~(1/3))*3~(1/2)*(1/c~2) " (5/6) *e+1/
6%1n(x~2+37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c”2)~(2/3) *d+1/6/c"2/ (1
/c~2)~(1/6)*arctan(2*x/(1/c~2)~(1/6)+3"(1/2) ) *e-1/3%(1/c~2)~(2/3) *arctan(2
*x/(1/c”2)7(1/6)+37(1/2) ) *37(1/2) *d+1/6*c~2*1n(x"2-37(1/2)*(1/c"2) ~(1/6) *x
+(1/¢c72)"(1/3))%(1/c~2)~(5/3) *d+1/12*1n(x"2-3"(1/2)*(1/c"2) ~(1/6) *x+(1/c"2
)" (1/3))*37(1/2)%(1/c~2) ~(5/6) *e+1/3*xc~2x(1/c~2) ~(5/3) *arctan (2*x/(1/c~2)"
(1/6)-37(1/2))*3"(1/2)*d+1/6/c~2/(1/c~2)~(1/6) *arctan(2*x/(1/c~2) ~(1/6)-3~
(1/2))*e-1/3%(1/c"2) " (2/3) *d*1n(x"2+(1/c"2)~(1/3))+1/3/c"2*e/(1/c~2)~(1/6)
*arctan(x/(1/c~2)~(1/6))))

329.  [(d+ex)(a+ barctan (cz?)) dz
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3.29.5 Fricas [F(-2)]

Exception generated.

/ (d + ez) (a + barctan (cm3)) dz = Exception raised: RuntimeError

inputLintegrate((e*x+d)*(a+b*arctan(c*x*3)),x, algorithm="fricas")

output‘Exception raised: RuntimeError >> no explicit roots found

3.29.6 Sympy [A] (verification not implemented)

Time = 10.83 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.36

/(d + ex) (a + barctan (cz®)) dz

2

= adx + ae2:c — 3bcd RootSum (216t3c4 +1, (t — tlog (3675202 + xQ)))
_ 3bce RootSum (46656°c™ + 1, (t = tlog (7776t°c° + x)))
2
bex? atan (cz?®)

+ bdz atan (cx?’) + 5

input ‘ integrate ((exx+d)* (a+b*atan(c*x**3)) ,x)

output‘a*d*x + akxexx**2/2 - 3*bkcxd*RootSum(216*_t**3*c*x*x4 + 1, Lambda(_t, _t*log
\(36*_t**2*c**2 + x*%x2))) - 3*b*cxe*RootSum(46656%_tx*x6*xc*xx10 + 1, Lambda(_
\t, _t*log(7776%_t**5*xc**8 + x)))/2 + bkd*x*atan(c*x*+*3) + bkexx**2xatan(c*
\x**s)/z

329.  [(d+ex)(a+ barctan (cz?)) dz
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3.29.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.81

/(d—i—ex) (a + barctan (cz®)) dr = —aez2

203z —c% \
1 24/3 arctan ( ) log <c§x4 g 3% B 1> 2 log <03x +1>
- - + - - <2 — 4z arctan (cz®)
4 Cc3 Cc3 Cc3
1 \/_log ( ix? + /3¢ sy + 1) \/glog (c%xz — \/gc%m + 1) 4 arctan <ci§
+§ 4 7% arctan (cz®) + ¢ - - - — -
Cc3 Cc3 c3
+ adzx

~—

inputLintegrate((e*x+d)*(a+b*arctan(c*x“3)),x, algorithm="maxima")

output | 1/2%axe*x~2 - 1/4*(cx(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3)*x"2 - ¢~ (2/3
))/c™(2/3))/c”(4/3) + log(c™(4/3)*x~4 - c~(2/3)*x~2 + 1)/c~(4/3) - 2xlog((
c~(2/3)*x72 + 1)/c~(2/3))/c”(4/3)) - 4xxxarctan(c*x”3))*bxd + 1/8*(4*x"2+a
rctan(c*x~3) + c*(sqrt(3)*log(c”(2/3)*x"2 + sqrt(3)*c~(1/3)*x + 1)/c~(5/3)
- sqrt(3)*log(c~(2/3)*x~2 - sqrt(3)*c~(1/3)*x + 1)/c~(56/3) - 4*arctan(c”(
1/3)*x)/c~(5/3) - 2*arctan((2*c~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c"(5/3
) - 2*xarctan((2*c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c~(5/3)))*bxe + axdx

X

329.  [(d+ex)(a+ barctan (cz?)) dz
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3.29.8 Giac [A] (verification not implemented)

Time = 0.83 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.83

/ (d + ez) (a + barctan (c:c3)) dx = % bex? arctan (cx3) + % aez® + bdzr arctan cz3)

bed log <x2 + $> bce arctan <w|6|%>
+ adx + - 2
3

2|c]? 2
(2 \/§bcd|c|é — bce> arctan ((2:1: + %) |c|é>
+ 5
4lcl®
<2 \/gbcd|c|% + bce) arctan ((220 - %) |c|é)
4l
(\/?;bce — 2bcd|c|%> log <m2 + % + ﬁg)
+ 5
81cl®
(\/gbce +2 bcd|c|%> log (x2 — % + ﬁ)
- 5
8cl®

input‘integrate((e*x+d)*(a+b*arctan(c*x*3)),x, algorithm="giac")

output | 1/2*b*e*x~2*arctan(cxx~3) + 1/2xa*exx”2 + bxd*x*arctan(c*x~3) + axd*x + 1/
2xbxc*d*log(x~2 + 1/abs(c)~(2/3))/abs(c)”~(4/3) - 1/2xb*c*exarctan(x*abs(c)
~(1/3))/abs(c)~(5/3) + 1/4%(2*sqrt(3)*b*c*d*abs(c)”~(1/3) - bxcke)*arctan((
2xx + sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) - 1/4x(2*sqrt(3)*b*
cxd*abs(c) ~(1/3) + b*cxe)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3)
)/abs(c)~(5/3) + 1/8*(sqrt(3)*bxc*e - 2*bxc*d*abs(c)~(1/3))*log(x~2 + sqrt
(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/abs(c)~(5/3) - 1/8*(sqrt(3)*b*c*e + 2
*xbxcxd*abs(c) ~(1/3))*log(x~2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/ab
s(c)~(5/3)

329.  [(d+ex)(a+ barctan (cz?)) dz
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3.29.9 Mupad [B] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 485, normalized size of antiderivative = 1.70

be z?

/(d + ex) (a + barctan (cz®)) dz = atan(cz?) ( + bdm)

6
+ <Z In (—root (4096 abct—1024a® 3 B B +576a b 2 d? e —48a b’ cde*+648° > d® 418 €8, a, k) (r
k=1

243 b5 & g4 243 b5 & B 2
_ 3b2c d’e — il c4d € a:> root(4096a604—1024a3b3c?’d3—|—576a2b4c2d2e2
2
—48ab5cde4+64b6czd6-I—b666,a,k)> +adz+ ae233
input Lint((a + b*atan(c*x~3))*(d + e*x),x) J

output | atan(c*x~3) *(b*d*x + (bxe*x~2)/2) + symsum(log(- root(4096*a~6*c~4 - 1024%
a"3*%b"3%c"3*%d"3 + 576*a"2*%b"4xc”"2xd"2*%e"2 — 48*a*b~5xckd*e"4 + 64xbT6xc” 2%
4”6 + b"6*e”6, a, k)*(root(4096*a”6*c~4 - 1024*a~3*b"3*c~3*d"3 + 576*a”2+*b
“4xc”2xd"2%e"2 - 48xaxb~5kxckdxe~4 + 64*b"6xc”2*d"6 + b~ 6*e”6, a, k)*(root(
4096*a~6*%c”4 — 1024*a”3*b"3*c”3*d"3 + 576*%a"2*xb~4*c”2*xd"2*%e”2 — 48*axb”b*c
*d*e~4 + 64xb"6xc”"2*xd"6 + b"6%e”6, a, k)*(1944*b~2*c~10*d*e - 486%b~2%c”10
*e~2*x + 3888*root (4096*a~6*xc™4 - 1024*a”~3*b~3*c"3*d~3 + 576%a"2xb~4*c~2*d
“2xe”2 - 48%axb”~bkcxd*e”4 + 64*%b"6*xc"2*%d"6 + b~6*e”6, a, k)*bkcT1lkxd*x) -

(243*%b~3*c"9%e~3) /2) - 486*b~4*c~10*d"4*x) - (243*%b~5xc”~9*d~4*e)/2 - (243%
b~5xc~9*d"3*%e”2+*x) /4) *root (4096*a~6*c"4 - 1024*a”3%b"3*%c"3*d"3 + 576%a”2*b
“4xc”2xd"2xe”2 — 48%a*b”5*c*d*e”4 + 64*xb"6*c"2*d"6 + b~ 6*e”6, a, k), k, 1,
6) + a*xdxx + (axe*x"2)/2

329.  [(d+ex)(a+ barctan (cz?)) dz
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3.30.1 Optimal result

Integrand size = 18, antiderivative size = 739

/ a + barctan (cz?®) dp — (a + barctan (cz?)) log(d + ex)
d+ex B e
e(l— 6\/ —sz>
belog | ———+ | log(d + ex)
—C2d+e
+
2v/—c2e

6 2
e(1+ —C w)
_W) log(d + ex)

2v/—c?e
e(\3/ —1+ 6\/ —C2x)
— log(d + ex
g/—c2d— \3/ —1e g( )
2v/ —c%e
e(( 12343/ =2 )
N —c2a—(-1)2/3¢

> log(d + ex)

2/ —c%e
(—1)2/3e(l+ V-1V —C2x>
V—c2at(—1)2/3¢

2/ —c%e
Y/ —1e (1+(—1)2/3 Y, —c%)
bclog Y P Yo log(d + ex)
24/ —c%e

bc PolyLog ( ” V—Cl(drer) ) bc PolyLog ( v (d+e"")>

—C d—e + —C2d+e

24/ —c%e 2v/—c2e

S/ 2
be PolyLog (2 = (d+6“’) )

2\/—_02
be PolyLog (2 V—02<d+e“”> )

YV —c2d+ 3

) log(d + ex)

_|_

24/ —c%e
$/_ 2
bc PolyLog (2 C(d+ea) )
—C2d—(—1)2/3¢
2¢/—c%e
V —CQ(d—}-ew)
bc PolyLo ,
Y g( V—c2at(~1)2/3¢
24/ —c%e

+
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output | (at+b*arctan(c*x~3))*1n(e*x+d) /e+1/2*b*xcx1n(e*x(1-(-c~2)~(1/6)*x)/((-c~2)~ (1
/6)*d+e) )*x1n(e*x+d) /e/(-c~2) " (1/2)-1/2xb*cx1n(-e*x (1+(-c~2) ~(1/6)*x) / ((-c~2
)~ (1/6)*d-e)) *1n(exx+d) /e/(-c~2) ~(1/2)+1/2¥b*c*1n(-e*x ((-1)~(1/3)+(-c~2) "~ (1
/6)*x)/((-c~2)~(1/6)*d-(-1)~(1/3) *e) ) *1n(exx+d) /e/ (-c~2) " (1/2) -1/2%b*c*1n(
—ex((-1)7(2/3)+(-c"2)~(1/6)*x) / ((-c~2) ~(1/6) *d-(-1) " (2/3) *e) ) *1n(e*x+d) /e/
(-c72)~(1/2) +1/2*b*c*1n((-1) ~(2/3) *e* (1+(-1) ~(1/3) *(-c~2) " (1/6) *x) / ((-c~2)
~(1/6)*d+(-1)"(2/3)*e) ) *1n(e*x+d) /e/(-c~2) " (1/2)-1/2*xb*c*x1n((-1) " (1/3) *e*(
1+(-1)"(2/3)*(-c~2) " (1/6) *x) / ((-c~2) ~(1/6) *d+(-1) ~(1/3) *e) ) *1n(e*x+d) /e/ (-
c”2)~(1/2)-1/2*bxc*xpolylog(2, (-c~2)~(1/6) * (e*xx+d) / ((-c~2)~(1/6)*d-e)) /e/ (-
c~2)~(1/2)+1/2xbxcxpolylog(2, (-c~2)~(1/6) * (e*xx+d) / ((-c~2)~(1/6) *d+e)) /e/ (-
c~2)~(1/2)+1/2*b*c*polylog(2, (-c~2)~(1/6) * (exx+d) / ((-c~2)~(1/6) *d-(-1)~(1/
3)*e))/e/(-c~2)~(1/2)-1/2*%bxcxpolylog(2, (-c~2) " (1/6) * (exx+d) / ((-c~2)~(1/6)
*d+(-1)~(1/3)*e)) /e/(-c"2)~(1/2)-1/2*b*c*polylog(2, (-c~2) " (1/6) * (exx+d) / ((
-c72)7(1/6)*d-(-1)"(2/3)*e)) /e/(-c~2) " (1/2)+1/2xb*c*polylog(2, (-c~2) ~(1/6)
* (exx+d) /((-c~2)~(1/6)*d+(-1)~(2/3)*e)) /e/(-c"2)~(1/2)

3.30.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.98 (sec) , antiderivative size = 522, normalized size of antiderivative = 0.71

/ a + barctan (cz?) alog(d + ex)
dr =
d+ex e
e(—i+\/§—2 2 Cm)

23/cd+ <—i+\/§) e

e (i+\/§—2 2 Cw)

23/cd+ <z+\/§> e

b (2 arctan (cz®) log(d + ex) — i(log ( ) log(d + ex) — log ( ) log(d + ¢

_|_

input Integrate[(a + b*ArcTan[c*x~3])/(d + exx),x]

3.30. [ etbardtener) gy



CHAPTER 3. LISTING OF INTEGRALS 230

output | (axLog[d + e*x])/e + (b*(2*ArcTan[c*x~3]*Logl[d + e*x] - I*(Log[(ex(-I + Sq
rt[3] - 2xc~(1/3)*x))/(2%c~(1/3)*d + (-I + Sqrt[3])*e)]*Logld + e*x] - Log
[(ex(I + Sqrt[3] - 2*c~(1/3)*x))/(2*%c~(1/3)*d + (I + Sqrt[3])*e)]*Logld +

exx] + Logl(ex(I - c~(1/3)*x))/(c~(1/3)*d + Ixe)]l*Logld + e*x] - Log[-((e*
(I +c™(1/3)%x))/(c™(1/3)*d - Ixe))]*Logld + exx] - Logl(ex(-I + Sqrt[3] +
2xc~(1/3)*x))/(-2%c~(1/3)*d + (-I + Sqrt[3])*e)]l*Logld + exx] + Logl[(ex*(I
+ Sqrt[3] + 2*%c~(1/3)*x))/(-2xc~(1/3)*d + (I + Sqrt[3])*e)]*Logld + exx]

- PolyLog[2, (c~(1/3)*(d + e*x))/(c”(1/3)*d - Ixe)] + PolyLogl[2, (c~(1/3)*
(@ + exx))/(c™(1/3)*d + I*e)] - PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2xc~(1/3
)xd + I*xe - Sqrt[3]*e)] + PolyLogl[2, (2%c~(1/3)*(d + e*x))/(2xc~(1/3)*d +

(-1 + Sqrt[3])*e)] + PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2*%c~(1/3)*d - (I +

Sqrt[3])*e)] - PolyLogl[2, (2%c~(1/3)*(d + e*x))/(2xc~(1/3)*d + (I + Sqrt[3
1*e)1)))/ (2%e)

3.30.3 Rubi [A] (verified)

Time = 1.38 (sec) , antiderivative size = 687, normalized size of antiderivative = 0.93,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 157 Ryles used

' integrand size
= {5391, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3
/ a + barctan (cac ) i
d+ ex
l 5391
log(d + ez) (a + barctan (cz?)) ~ 3bc [ %{ﬁfﬂc)dz
€ e
l 2863
3bcf __ c?log(d+ex)z? _ ¢ log(d+ex)z? s
log(d + ex) (a + barctan (c2’)) W (Vi) | (a2
¢ - e
l 2009
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log(d + ez) (a + barctan (cz®))
e

6\/ —02(d+ew) 6\/ —02(d+e:c) 6\/ _Cz(d+ez) 6\/ —Cz(d+ex)
PolyLog 2,76 PolyLog 2,76 PolyLog 2,—6 3 PolyLog 2,—6 3
\V/ _C2d—e V _C2d+e \V/ —C2d— V —1e + \V/ _C2d+ V _16‘

6v—c? - 6v—c? - 6v—c? 6v—c?

3bc

;
input | Int[(a + b*ArcTan[c*x~3])/(d + e*x),x]

output| ((a + b*ArcTan[c*x~3])*Logld + e*x])/e - (3*bxcx(-1/6%(Logl[(ex(1 - (-c~2)~
(1/6)*x))/((-c"2)~(1/6)*d + e)]l*Logld + e*x])/Sqrt[-c~2] + (Logl[-((ex(1 +
(-c”2)"(1/6)*x))/((-c~2)"(1/6)*d - e))]*Logld + exx])/(6*%Sqrt[-c"2]) - (Lo
gl-((ex((-1)"(1/3) + (-c2)~(1/6)*x))/((-c"2)~(1/6)*d - (-1)~(1/3)*e))]1*Lo
gld + exx])/(6*Sqrt[-c~2]) + (Logl[-((ex((-1)"(2/3) + (-c72)~(1/6)*x))/((-c
~2)~(1/6)*d - (-1)"(2/3)*e))]1*Logld + e*x])/(6*Sqrt[-c~2]) - (Logl[((-1)~(2
/3)*xex(1 + (-1)7(1/3)*(-c"2)"(1/6)*x))/((-c"2)~(1/6)*d + (-1)~(2/3)*e)]*Lo
gld + e*x])/(6%Sqrt[-c~2]) + (Logl((-1)~(1/3)*ex(1 + (-1)~(2/3)*(-c~2)~(1/
6)*x))/((-c"2)~(1/6)*d + (-1)~(1/3)*e)]*Logld + exx])/(6%Sqrt[-c~2]) + Pol
yLogl[2, ((-c~2)"(1/6)*(d + e*x))/((-c~2)~(1/6)*d - e)]/(6%Sqrt[-c~2]) - Po
lyLog[2, ((-c™2)"(1/6)*(d + exx))/((-c~2)"(1/6)*d + e)]1/(6%Sqrt[-c2]) - P
olyLogl[2, ((-c™2)~(1/6)*(d + e*x))/((-c"2)~(1/6)*d - (-1)~(1/3)*e)]/(6*Sqr
t[-c~2]) + PolyLogl[2, ((-c2)~(1/6)*(d + e*x))/((-c~2)~(1/6)*d + (-1)~(1/3
)*e)]/(6*Sqrt[-c~2]) + PolyLogl[2, ((-c72)7(1/6)*(d + e*xx))/((-c~2)~(1/6)*d
- (-1)"~(2/3)*e)]1/(6*Sqrt[-c~2]) - PolyLog[2, ((-c~2)~(1/6)*(d + e*x))/((-
c"2)7(1/6)*d + (-1)~(2/3)*e)]/(6xSqrt[-c~2]))) /e

3.30.3.1 Defintions of rubi rules used

rukaZOOQ{Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] |

ruk32863‘Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((h_.)*(x_))
‘“(m_.)*((f_) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
‘ + b*Loglcx(d + e*x)"n])"p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQl[{a, b, c

,d, e, £, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q] ‘
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ruka5391‘Int[((a_.) + ArcTan([(c_.)*(x_)"(n_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol]
‘:> Simp[Logl[d + exx]*((a + b*ArcTan[c*x"n])/e), x] - Simp[b*cx(n/e) Int[x
‘“(n - 1)*(Logld + e*x]/(1 + c™2*x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e,
‘n}, x] && IntegerQ[n] ‘

3.30.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.24 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.23

method | result
be?
3 _RI:RootOf(_2662—602d_Z5+15c2d2_Z4—2002d3_Z3+1502d4_ZZ—662d5_Z+c21
default aln(ex+d) + bln(ez+d) arctan(cz3) .
e e 2c
be?
5 __RI=RootOf(_Z%c2 —6c2d__Z°4+15¢2d2_Z*—20c2d3__ 7P +15c2d4 7P —6c2d5_ Zc2.
£ aln(ex+d) + bln(ex+d) arctan(cz3) .
parts . - -
ib (ln(em—i—d) In (L—RIE
. b ]n(ez+d) ]n(_ic m3+]_) _RI:RootOf(C_Z3—3_226d+3_Zc d2—cd3+e3 RootOf(_Zz+1,index=1>) —
risch 5 —
e 2e
inputLint((a+b*arctan(c*x‘3))/(e*x+d),x,method=_RETURNVERBOSE) J

output‘a*ln(e*x+d)/e+b*1n(e*x+d)/e*arctan(c*x“B)—1/2*b/c*e“2*sum(1/(_R1”3-3*_R1“2
 *d+3%_R1¥d"2-d"3)* (1n(e*x+d) *1n((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1))
,_R1=Root0f (_Z~6*c~2-6%_Z 5%c 2%d+15% Z~4%c~2%d~2-20% Z~3%c~2%d"3+15% Z~2x
‘c‘2*d‘4—6*_Z*c‘2*d‘5+c‘2*d“6+e“6)) ‘

3.30.5 Fricas [F]

dz

/ a + barctan (cz?®) / barctan (cz®) + a
dz =
d+ex er+d

inputLintegrate((a+b*arctan(c*x“3))/(e*x+d),x, algorithm="fricas") J

a0, ] ertenie’] gy



CHAPTER 3. LISTING OF INTEGRALS

233

output Lintegral((b*arctan(c*x“S) + a)/(exx + d), x)

3.30.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/ a + barctan (cz?)
d+ex

input Lintegrate ((atb*atan(c*x**3))/(e*x+d) ,x)

output LTimed out

3.30.7 Maxima [F]

3 3
/a-l—barctan (cx )dx _ / barctan (cx®) + a i
d+ex er+d

input Lintegrate ((atb*arctan(c*x~3))/(e*x+d) ,x, algorithm="maxima")

output L2*b*integrate(1/2*arctan(c*x‘3)/(e*x + d), x) + axlog(exx + d)/e

3.30.8 Giac [F]

3 3
/a+barctan (cx )dx _ / barctan (cx®) + a i
d+ex ex +d

input Lintegrate ((atbxarctan(c*x~3))/(exx+d) ,x, algorithm="giac")

output Lintegrate((b*arctan(c*x“3) + a)/(exx + d), x)
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3.30.9 Mupad [F(-1)]
Timed out.

dz

/ a + barctan (cz?) / a + batan(cz?)
dz =
d+ex d+ex

input Lint((a + b*atan(c*x”3))/(d + e*x),x)

output Lint((a + bxatan(c*x73))/(d + e*x), x)
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3.31 f a+barctan (cz3) da

(d+ex)?
3.31.1 Optimalresult . . .. ... .. . ... .. .
3.31.2 Mathematica [A] (verified) . . . . . . . . .. ... L 237
3.31.3 Rubi [A] (verified) . . . . .. ... ... 238
3.31.4 Maple [A] (verified) . .. ... ... ... ... . 2400
3.31.5 Fricas [F(-1)] . . . . . o o 241]
3.31.6 Sympy [F(-1)] . . . . o 242
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3.31.1 Optimal result

Integrand size = 18, antiderivative size = 906

/ a + barctan (cz®) do— bc*3de® arctan (§/cx)  bc2d® arctan (cz?)
(d+ ca)? P&+ b e (Pd6 + )
_a+barctan (cz®) N bc*3d(v/3cd® + €3) arctan (V3 — 2/cx)
e(d + ex) 2 (c2d® + €f)

bc2/3d(\/_cd3 — €®) arctan (v/3 + 2¢/cx)
2 (c?dS + €5)

1+ 262/3
V3bc*3e(v/—2d? + €®) arctan (— \\,/§—c>

+
2 (—c2)*/3 (c2d6 + €b)

V3bc®*Be(v/—2d® — €*) arctan <&/3t§§+2w>
N 2 (—c2)*/3 (c2dS + ¢f)
bc*Pe(v/—c2d® + €°) log (\6/—_02 - 02/393)
- 2 (—c2)*/3 (c2d6 + €b)
bc5/3e(\/—_czd3 — 63) log <\6/—_02 + c2/3w)

92 (_02)2/3 (c2d6 + €f)
3bcd®e?log(d + ex) ~ bc®/3d*log (1 + c*/3x?)

c2ds + 66 2 (c%db + €5)
bc?3d(cd® — v/3€3) log (1 — V/3+/cx + */32?)
B 4 (c2dS + e%)
bcz/3d(cd3 +4/3¢3 )log (1+ V3ex + c2/3x2)
4 (c2db + €f)

bc*3e(v/—c2d® — €?) log <V3 —c2 — B3y —cx + c4/3x2>
4 (_02)2/3 (c2d6 + €f)
b Pe(vV/—c2d® + €?) log (\/3 —c2 + 3V —c2z + c4/3:c2)

4 (=c2)*3 (2dS + €b)
_ bed®e?log (1 + c*°)
2 (c?dS + €9)

+
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output | -b*c~(2/3) *d*e~3*%arctan(c~(1/3)*x)/(c~2*xd~6+e~6) +b*c~2*d "5*arctan(c*x~3) /e
/(c~2*%d"6+e~6)+(-a-b*arctan(c*x~3))/e/ (e*xx+d) +3*xb*xc*xd~2%e”~2*1n (e*x+d) /(c~2
*d~6+e76)+1/2xb*c” (5/3) *d"4x1n(1+c~(2/3)*x"2) / (c"2*%d"6+e~6) —1/2*b*c*d"2xe~
2%1n(c™2*x"6+1) /(c"2*%d"6+e”6)+1/2*%b*c” (2/3) *d*arctan (2*c” (1/3) *x+3~(1/2) ) *
(-e"3+c*d~3%37(1/2))/(c"2*d"6+e~6)-1/2*bxc~(2/3) *d*arctan(2*c~(1/3) *x-3" (1
/2))*(e”~3+c*xd"3%37(1/2))/(c"2*xd"6+e~6)-1/4*b*c~ (2/3) *d*1n(1+c~(2/3) *x~2-c~
(1/3)*x*37(1/2) ) *(c*d~3-e"3*37(1/2)) /(c"2*%d"6+e"6)-1/4*b*c~ (2/3) *d*1n(1+c”
(2/3)*x~2+c~(1/3) *x*3~(1/2) ) *(c*d~3+e~3*37(1/2) )/ (c"2*d"6+e~6) -1/2*b*c~ (5/
3)*ex1n((-c~2)~(1/6)+c~(2/3) *x) *(-e~3+d"3*(-c~2)~(1/2)) /(-c~2)~(2/3) / (c™2*
d~6+e”6)+1/4xbxc”(5/3) *e*x1n((-c~2) ~(1/3)-c~(2/3)*(-c~2) ~(1/6) *x+c~ (4/3) *x~
2)*(-e~3+d"3*%(-c~2)~(1/2))/(-c~2)~(2/3) / (c"2%d"6+e~6) -1/2%b*xc” (5/3) *e*arct
an(1/3*(c~(4/3)+2%(-c~2)~(5/6)*x) /c~(4/3)*3~(1/2))*3~(1/2) *(-e~3+d~3*(-c"2
)=(1/2))/(-c~2)~(2/3) /(c"2*d~6+e~6) +1/2*b*c~(5/3) *ex1n((-c~2) ~(1/6)-c~(2/3
Y*x)*(e”3+d"3*(-c~2) " (1/2))/(-c"2)~(2/3) / (c"2*d"6+e~6) -1/4*b*c~(5/3) *ex1n(
(-c72)7(1/3)+c~(2/3)*(-c~2) " (1/6) *x+c~ (4/3) *x~2) *(e~3+d"3*(-c~2) ~(1/2)) /(-
c~2)7(2/3) /(c"2*d"6+e"6)+1/2*%bxc~ (5/3) *e*xarctan (1/3* (1+2xc~(2/3) *x/(-c~2)~
(1/6))%37(1/2))*3~(1/2)*(e~3+d"3*%(-c"2)~(1/2))/(-c"2)~(2/3) / (c"2*d"6+e"6)

3.31.2 Mathematica [A] (verified)

Time = 10.48 (sec) , antiderivative size = 536, normalized size of antiderivative = 0.59

/ a + barctan (cz?) i

(d+ ex)?
_ —4av/c(Pd® + €°) — dbed(c*/3d* — HPdPe? + e*) (d + ex) arctan (V/cx) — 4b3/c(cPd® + €f) arctan (ca®)

-

inputtlntegrate[(a + b*ArcTan[c*x73])/(d + e*x)~2,x]

~—
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(-4xaxc™(1/3)*(c"2%d"6 + e~6) - 4*bkcxdx(c~(4/3)*d"4 - c~(2/3)*d"2*e”"2 + e

~4)x(d + exx)*ArcTan[c”(1/3)*x] - 4*b*c~(1/3)*(c"2*d"6 + e~6)*ArcTan[c*x"3
1 - 2*%b*c™(2/3)*(2*%c~(5/3)*d"5 - Sqrt[3]*c~(4/3)*d"4*e + cxd"3*e"2 - c~(1/
3)*d*e~4 + Sqrt[3]*e”5)*(d + e*x)*ArcTan[Sqrt[3] - 2xc~(1/3)*x] + 2%b*c~(2
/3)*%(2%c~(5/3)*d"5 + Sqrt[3]*c~(4/3)*d"4*e + c*d"3*e”2 - c~(1/3)*d*e"4 - S
qrt[3]1*e~5)*(d + e*x)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 12*b*c~(4/3)*d"2*e"3
*(d + exx)*Logld + exx] + 2*xbkex(c™2+%d"4 + c~(2/3)*e"4)*(d + exx)*Logl[l +
c~(2/3)*x72] - bxc~(2/3)*ex(c”(4/3)*d"4 - Sqrt[3]*c*d"3*e - Sqrt[3]*c~(1/3
)*xd*xe”~3 + e"4)*(d + exx)*Logl[l - Sqrt[3]*c™(1/3)*x + c~(2/3)*x"2] - b*c~(2
/3)*ex(c~(4/3)*d"~4 + Sqrt[3]*c*d~3*e + Sqrt[3]1*c~(1/3)*d*e”3 + e~4)*(d + e
xx)*xLog[1 + Sqrt[3]*c~(1/3)*x + c~(2/3)*x72] - 2xbxc~(4/3)*d"2xe"3*(d + e*
x)*Log[1l + c™2%x76])/(4*c”(1/3)*ex(c"2*xd"6 + e"6)*(d + exx))

3.31.3 Rubi [A] (verified)

Time = 1.45 (sec) , antiderivative size = 913, normalized size of antiderivative = 1.01,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 157 Ryles used

integrand size
= {5395, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

barct 3
/a+ arctan (cz®) e
(d + ex)?
l 5395
3be [ szzul)diﬂ a + barctan (cz?)
e e(d + ex)
| 7276
d2et (d—ex) (c2z2d*+c2e2atd?—et)
3be | ((02d6+666)(d+ex) (c?dB+e5)(c2aB+1) ) dz _ a+barctan (cz?)
e e(d + ex)
| 2009
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3be

3
carctan(cz®)d® | c*/3elog(c2/3a?+1)dt | 3 log(dtex)d? _ log(cPad+1)d? et arctan(ﬁm)d e(\/gcd3+e3) arctan (\/5
3(c2db+ef) 6(c2db+€S) c?db+eb 6(c?d®+eb) 3 %(c2d6+eﬁ) 6 %(Czde_,_es)

a + barctan (cz?)
e(d + ex)

input‘Int[(a + bxArcTan[c*x~3])/(d + e*x)~2,x]

output

-((a + bxArcTan[c*x"3])/(ex(d + e*x))) + (3*bxcx(-1/3*(d*e"4xArcTan[c”(1/3
)*x])/(c”(1/3)*(c”2%d"6 + e76)) + (cxd"5xArcTan[c*x"3])/(3*(c"2*d"6 + e76)
) + (d*e*x(Sqrt[3]*c*d~3 + e~3)*ArcTan[Sqrt[3] - 2xc~(1/3)*x])/(6%c™(1/3)*(
c"2xd"6 + e76)) + (d*e*x(Sqrt[3]*c*d~3 - e~ 3)*ArcTan[Sqrt[3] + 2*c~(1/3)*x]
)/ (6xc™(1/3)*(c™2%d"6 + e76)) + (c~(2/3)*e"2x(Sqrt[-c~2]*d"3 + e~3)*ArcTan
[(1 + (2%c~(2/3)*x)/(-c~2)~(1/6))/Sqrt [31])/(2*Sqrt [3]*(-c~2) ~(2/3) *(c~2*d
"6 + e76)) - (c~(2/3)*e"2x(Sqrt[-c~2]*d"3 - e~3)*ArcTan[(c~(4/3) + 2*(-c~2
)~ (5/6)*x)/(Sqrt [31*c~(4/3))1)/(2xSqrt [3]1*(-c~2)~(2/3)*(c"2%d"6 + e76)) +

(c™(2/3)*e~2%(Sqrt[-c~2]*d"3 + e~3)*Log[(-c"2)~(1/6) - c~(2/3)*x])/(6%(-c~
2)7(2/3)*(c"2%d"6 + e76)) - (c~(2/3)*e”2x(Sqrt[-c~2]*d"3 - e~3)*Log[(-c~2)
~(1/6) + c~(2/3)*x])/(6%x(-c"2)"(2/3)*(c"2%d"6 + e76)) + (d"2xe~3*Logld + e
*xx])/(c”2*d"6 + e”6) + (c~(2/3)*d"4*exLogl[l + c~(2/3)*x~2])/(6%(c"2*d"6 +

e76)) - (dxex(cxd"3 - Sqrt[3]*e~3)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x"2
1)/(12%c~(1/3)*(c"2%xd"6 + e76)) - (d*e*x(cxd~3 + Sqrt[3]*e~3)*Logl[1l + Sqrt[
31*c™(1/3)*x + c~(2/3)*x72])/(12*%c~(1/3)*(c"2*%d"6 + e76)) + (c~(2/3)*e"2*(
Sqrt[-c"21*d"3 - e”3)*Log[(-c~2)~(1/3) - c~(2/3)*(-c"2)"(1/6)*x + c~(4/3)*
x72])/(12%x(-c~2)~(2/3)*(c"2%d"6 + e76)) - (c~(2/3)*e"2*(Sqrt[-c"2]*d"3 + e
~3)*Log[(-c72)7(1/3) + c~(2/3)*(-c"2)~(1/6)*x + c~(4/3)*x~2])/(12%(-c~2)~(
2/3)*(c”2*d"6 + e76)) - (d~2*e"3*Logl[l + c~2%x~6])/(6x(c”2*d"6 + e76))))/e
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3.31.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5395 | Int[((a_.) + ArcTan[(c_.)*(x_)~(n_)I*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - S
imp [b*c*(n/(e*(m + 1))) Int[x"(n - 1)*x((@ + exx)"(m + 1)/(1 + c~2*x™(2*n)
)), x1, x]1 /; FreeQ[{a, b, c, 4, e, m, n}, x] && NeQ[m, -1]

ruk37276/Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

3.31.4 Maple [A] (verified)

Time = 1.73 (sec) , antiderivative size = 862, normalized size of antiderivative = 0.95

method | result size
default | Expression too large to display | 862

parts Expression too large to display | 862

inputLint((a+b*arctan(c*x“3))/(e*x+d)‘2,x,method=_RETURNVERBOSE)
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-a/(e*xx+d) /e+b* (-1/ (exx+d) /exarctan(c*x~3)+3*c/ex(d"2*xe”~3/(c~2*d"6+e”6) *1n
(exx+d)+(-1/12%1n(x"2+3"(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) ~(2/3)
*c”2*%d"4*e-1/6%(1/c~2) " (7/6)*arctan(2*x/(1/c"2)~(1/6)+37(1/2) ) *c"2*d*e"4-1
/12%1n(x~2-3"(1/2)*(1/c~2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) " (2/3) *c~2*d~4*e-
1/6%(1/c~2)~(7/6) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *c~2*xd*e~4+1/3*(1/c"2)"
(4/3)*arctan(2*x/(1/c~2) ~(1/6)-3"(1/2))*3~(1/2) *c~2*e~5+1/6*1n(x~2+(1/c"2)
~(1/3))*(1/c”2)~(2/3) *c~2%d~4*e-1/3%(1/c~2) ~(7/6) *arctan(x/(1/c~2)~(1/6)) *
c™2xd*e~4+1/3/(1/c”2) " (1/6)*arctan(x/(1/c"2) " (1/6))*d"3*e"2+1/6/(1/c"2)~ (1
/6)*arctan(2*x/(1/c”2)~(1/6)+37(1/2))*d"3*e"2-1/6*(1/c~2) " (1/3) *arctan (2*x
/(1/c”2)"(1/6)+37(1/2))*37(1/2) *e~5+1/3*(1/c~2) ~(1/2) *arctan (2*x/(1/c~2) " (
1/6)+37(1/2))*c~2%d"5+1/6/(1/c~2) "~ (1/6) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *
d"3*e”2-1/6%(1/c"2)~(1/3)*arctan(2*x/(1/¢c"2)~(1/6)-3"(1/2))*3"(1/2) *e~5+1/
3x(1/c”~2)"(1/2)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2) )*c~2*d~5-1/3*%(1/c~2) ~(1/2
Y*arctan(x/(1/c~2)~(1/6))*c~2*xd"5-1/12%1n(x~2+3~(1/2)*(1/c~2)~(1/6) *x+(1/c
~2)7(1/3))*(1/c~2)"(1/3)*e"5-1/6%1n(x"2+3"(1/2)*(1/c~2)~(1/6) *x+(1/c"2)~ (1
/3))*d"2%e"3-1/12*%1n(x"2-3"(1/2)*(1/c"2) " (1/6)*x+(1/c~2)~(1/3))*(1/c"2)~ (1
/3)*e~5-1/6%1n(x~2-3"(1/2)*(1/c~2)~(1/6) *x+(1/c~2)~(1/3) ) *d"2*%e~3+1/6*1n(x
~2+(1/c”2)"(1/3))*(1/c~2)~(1/3)*e~5-1/6*1n(x"2+(1/c~2) ~(1/3) ) *d"2*e~3+1/6%
(1/¢c~2)~(2/3)*arctan(2*x/(1/c~2) ~(1/6)+3~(1/2))*3~ (1/2) *c~2*d"4*e+1/12*1n (

x72-37(1/2)*%(1/c~2) " (1/6) *x+(1/c~2) " (1/3))*37(1/2) *(1/c~2) ~(7/6) *c™2*d*. . .

3.31.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/ a + barctan (cz?)
(d+ ex)?

e

inputLintegrate((a+b*arctan(c*x“3))/(e*x+d)‘2,x, algorithm="fricas")

~—

-

outputLTimed out
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3.31.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/ a + barctan (cz®)
(d+ ex)?

-

input Lintegrate ((at+b*atan (cxx**3)) / (e*xx+d) *%2,x)

~—

outputLTimed out

~—

3.31.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 464, normalized size of antiderivative = 0.51

a + barctan (cz®)
5 Hh
(d+ ex)
8 4 1 2 <\/§c%d4e+2 c3d5+c%d362—\/§c% e5—c% de4) arctan | 2
4 (03 d®—c2d3e?+4-c3 de4) arctan (cg x)
_1 12d%¢*log (ex +d) 3 - 2
4 c2db + €5
a
e’x + de

~

inputLintegrate((a+b*arctan(c*x“3))/(e*x+d)‘2,x, algorithm="maxima")

|

output | 1/4*((12*d"2xe"2xlog(e*x + d)/(c”2*d"6 + e76) - (4*(c~(8/3)*d"5 - c~2xd~3*
e"2 + ¢~ (4/3)*d*e"4)*arctan(c”(1/3)*x)/c”(56/3) - 2*(sqrt(3)*c~(8/3)*d 4x*e

+ 2%c73%d"5 + c~(7/3)*d"3%e"2 - sqrt(3)*c”~(4/3)*e”5 - c~(5/3)*d*e~4)*arcta
n((2%c~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c™2 + 2*(sqrt(3)*c~(8/3)*d 4*e

- 2%¢c™3*d"5 - c~(7/3)*d"3%e"2 - sqrt(3)*c~(4/3)*e"5 + c~(5/3)*d*e~4)*arcta
n((2*c™(2/3)*x - sqrt(3)*c~(1/3))/c”(1/3))/c"2 + (sqrt(3)*c~(7/3)*d"3*e"2

+ c7(8/3)*d"4xe + sqrt(3)*c~(5/3)*d*xe”4 + 2xc~2xd"2*e"3 + c~(4/3)*e”5)*log
(c™(2/3)*x72 + sqrt(3)*c™(1/3)*x + 1)/c”2 - (sqrt(3)*c~(7/3)*d"3%e”2 - c"(
8/3)*d"4*e + sqrt(3)*c~(5/3)*d*e”4 - 2%c~2*%d"2*e”3 - c~(4/3)*e”5)*log(c~(2
/3)*x72 - sqrt(3)*c~(1/3)*x + 1)/c”2 - 2%(c”(8/3)*d"4*e - c~2xd"2%e"3 + ¢~
(4/3)*e75)*1og(c~(2/3)*x2 + 1)/c”2)/(c™2*d"6*e + e77))*c - 4*arctan(c*x”3
)/(e"2xx + dxe))*b - a/(e”2*x + dxe)
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3.31.8 Giac [F]

dz

/a+bmdmﬂm%d__/bmdmﬂw%+a
(d+ ex)? (ex + d)*

-

input | integrate((atb*arctan(c*x~3))/(exx+d)~2,x, algorithm="giac")

\

output‘sageo*x

3.31.9 Mupad [B] (verification not implemented)

Time = 0.84 (sec) , antiderivative size = 2105, normalized size of antiderivative = 2.32

barct 3
/ a+ barctan (cz”) dxz = Too large to display

(d+ ex)?

input | int((a + b*atan(c*x~3))/(d + e*x)~2,x)

output | symsum(log((729*b~6*c~14*d*e”2 + 54432xroot (64*c~2+%d"6*e" 6%z~ 6 + 64*e”12%z
6 + 192xb*ckxd"2%e"8%z"5 + 48%b"2xc”"2xd"4*xe"4*z"4 - 16%b”"3*cke"6%z"3 + 12%
b~4*c"2xd"2%e”"2%2"2 + b"6%c”2, z, k)“6xc”12%e”15%x + T729%b"6*c"14%e"3*x -
31104*root (64*c~2*d"6*xe”6%z"6 + 64*xe”12%z"6 + 192%b*c*d~2*e”8%z"5 + 48%b~2
*C"2%d"4xe"4%z"4 - 16%b"3*c*xe”"6%z"3 + 12xbT4*cT2%d"2*e”2%z"2 + b~6*c”2, z,
k) "6*c"14%d"7*e"8 - 243*root(64*c”2*%d"6*e”6%z"6 + 64*xe"12*%z"6 + 192%b*c*d
T“2%e”8%z"5 + 48%bT2%cT2%d"4*e"4%z"4 - 16%b " 3*c*xe"6%z"3 + 12%xb74*cT2%d"2*e”
2%z"2 + b"6%c”2, z, k)*b~5*c”15%d"5 + 62208*root (64*c”2*xd"6*e"6*x2z"6 + 64*e
T12%z76 + 192%bxc*d"2%e”"8%z"5 + 48%b"2kc"2%d"4*e"4*z"4 - 16%b"3*kc*e"6*z"3
+ 12%b74%c™2%d"2%e”2%z"2 + b76%c”2, z, k) “6*c”12*d*e"14 + 5832*root (64*c”2
*d"6%e"6%2"6 + 64%e”12%z"6 + 192%bkckd"2%e”"8%z"5 + 48%b"2%c"2*d"4*e”"4%z"4
- 16%b~3%c*e”6%2"3 + 12¥b"4*c”2xd"2%e"2%2"2 + b~6xc”2, z, k) “2*¥b"4*c"14xd"
3*xe~4 - 1944*root(64*c”~2xd"6*%e”"6*2"6 + 64%e”12%z"6 + 192%bkcxd"2%e”~8*z"5 +
48%b"2%c"2*%d"4*e"4*xz"4 - 16*%b"3kc*e”6%z"3 + 12%b"4*xc”2*d"2%e"2*z"2 + bT6*
c"2, z, k)“3%b"3*%c”15%d"7*e”2 + 15552%root (64*c"2*xd"6*e"6*x2"6 + 64*e"12%z"
6 + 192%bxc*d"2*e”"8%z"5 + 48%b72%c"2%d"4*e"4*z"4 - 16%b"3*c*e”6%z"3 + 12%b
“4xcT2%d"2%e"2%z"2 + b76%*c”2, z, k) “4*b"2%c”14*d"5*e”6 - 10692*root (64*c”2
*d"6%e”"6%2"6 + 64*e"12%z76 + 192%bkckd"2%e”"8*z"5 + 48%b"2%c"2*d"4*e”"4*z"4
- 16%b~3%c*e”6%z"3 + 12¥b~4*c”2xd"2%e"2%z"2 + b~6xc”2, z, k) “3*b"3*kc"13x*d*
e”8 + 101088*root (64*c~2*xd"6*e”~6*2z"6 + 64%e”12%z"6 + 192%bkcxd 2%e”~8*z"...

a arctan C(L'S
331 [t gy
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

244
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,

4.1. Listing of Grading functions
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX

253

if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):

4.1. Listing of Grading functions
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function

4.1. Listing of Grading functions
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:

4.1. Listing of Grading functions
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 258

def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):

4.1. Listing of Grading functions
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

4.1. Listing of Grading functions
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation

4.1. Listing of Grading functions
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